
1. Introduction 

The analysis of boundary layer flow along with the radiation pa-

rameter is significant in different materials such as glass fabri-

cations, liquid metallic fluids, and high-temperature plasmas. 

The specific transport problems seem to be highly nonlinear 

when combined with thermal convection fluid flows. 
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Abstract 

This work aims to study the combined effects of concentration and thermal radiation on a steady flow of Jeffrey nanofluid 
under the Darcy-Forchheimer relation over a flat nonlinear stretching sheet of variable thickness. A varying magnetic field 
influences normal to the flow movement is considered to strengthen the Jeffery nanofluid conductivity. However, a little 
effect of the magnetic Reynolds number is assumed to eliminate the impact of the magnetic field range. The higher-order 
nonlinear partial differential equations (PDEs) and convective boundary conditions are transformed into nonlinear ordinary 
differential equations (ODEs) by applying corresponding transformations. Then the ODEs are numerically solved with 
Runge-Kutta method via shooting technique. This process is applied for convergent relations of nanoparticle temperature, 
concentration, and velocity distributions. The influence of different fluid parameters like thermophoresis, melting param-
eter, Deborah number, chemical reaction parameter, Brownian motion parameter, inertia parameter and Darcy number on 
the flow profiles is explained through graphical analysis. Thermal radiation is emitted by accelerated charged particles, 
and the enhanced particle motion at higher temperatures causes a more significant discharge of radiation. Also, it was 
concluded that the heat generation parameter enhances the momentum boundary layer thickness and reduces the thermal 
and solutal boundary layer thickness over a Jeffrey nanofluid. 
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Nomenclature 

a0, b0  constants 

B0  stregth of magnetic field, kg/(s2 A) 

C  fluid concentration 

Cfx  skin friction coefficient 

Cp ‒ specific heat capacity at constant pressure, J/(kg K) 

C∞ ‒ fluid concentration in the free stream 

DB ‒ diffusion coefficient due to Brownian effect, m2/s 

DT ‒ diffusion coefficient due to thermal effect, m2/s 

D∞ ‒ diffusion of the fluid far away from sheet, m2/s 

Da  ‒ Darcy number 

F ‒ dimensionless velocity 

k ‒ porosity parameter 

K ‒ Deborah number 

k* ‒ absorption coefficient  

Le  Lewis number 

M ‒ magnetic field parameter 

n  shape parameter 

Nb ‒ Brownian motion parameter 

Nt ‒ thermophoresis parameter 

Nux ‒ Nusselt number 

p  pressure, kg/(m s2) 

Pr ‒ Prandtl number 

R ‒ radiation parameter 

Re ‒ local Reynolds number 

Shx ‒ Sherwood number 

T ‒ temperature, K 

u ‒ velocity component in x direction, m/s 

v ‒ velocity component in y direction, m/s 

x ‒ direction along the surface, m 

y ‒ direction normal to the surface, m  

 

 

 

Greek symbols 

α ‒ thermal diffusivity, m2/s 

β ‒ interaction parameter 

βs ‒ heat generation parameter 

 ‒ variable thermal conductivity 

Γ ‒ chemical reaction parameter 

η ‒ similarity variable (dimensionless) 

θ ‒ dimensionless fluid temperature  

λs ‒ concentration buoyancy parameter 

λt ‒ thermal buoyancy parameter 

υ ‒ kinematic viscosity, m2/s 

ξ ‒ similarity variable 

ρ  ‒ fluid density, kg m-3 

σ* ‒ Stefan-Boltzmann constant, W/(m2 K4) 

τ ‒ ratio of heat capacities 

ψ ‒ stream function,  

Φ ‒ concentration in dimensionless form 

 

Subscripts and Superscripts 

∞ ‒ ambient condition 

w ‒ condition on surface  

* ‒ dimensionless properties  

' ‒ differentiation with respect to η  

 

Abbreviations and Acronyms 

BL ‒ boundary layer 

CNT ‒ carbon nanotubes  

IVP ‒ initial value problem 

MBL ‒ momentum boundary layer 

MHD ‒ magnetohydrodynamic 

ODE ‒ ordinary differential equation 

PDE ‒ partial differential equations 

 

The distribution of temperature in the boundary layer is al-

tered by the presence of thermal radiation at high temperatures, 

which affects the heat transfer near the wall. Because of their 

unique industrial applications, non-Newtonian liquid flows have 

attracted the interest of many researchers and scientists. Non-

Newtonian fluids entitle a non-linear relation between stress and 

strain. The study of non-Newtonian flows and their features is 

not easy when compared to Newtonian fluids. To investigate the 

characteristics of non-Newtonian fluid flows, the Navier-Stokes 

equations are crucial. It has also been suggested to use a variety 

of fluid models to describe the properties of non-Newtonian liq-

uids. One of the non-Newtonian liquids whose behaviour is be-

ing examined by means of a variety of models is Jeffrey fluid. 

Viscous fluids are developed using a single constitutive equa-

tion. There are several models of non-Newtonian materials ac-

cessible because these fluids have a variety of features that no 

single constitutive expression can adequately describe. The dif-

ferential and rate-type liquid categories have gained the atten-

tion of numerous scholars. A significant non-Newtonian liquid 

that can determine the impact of retardation and relaxation is 

Jeffrey fluid. In bioengineering, geophysics, oil reservoir pro-

cess, and chemical and nuclear technologies, Jeffrey fluid mod-

els are widely used. Many investigators, like Waqas [1] and Pal 

et al. [2] have studied and analysed Jeffrey fluid under various 

characteristics. Abdullah et al. [3] examined the magnetohydro-

dynamic (MHD) Jeffrey nanofluid flow over a stretching sheet. 

Turkyilmazoglu and Pop [4] discussed the flow and heat transfer 

of a Jeffrey fluid near the stagnation point on a stretching or 

shrinking sheet with a parallel external flow by using an analyt-

ical method. They observed the skin friction coefficient de-

creases as the stretching parameter of the sheet increases. Hayat 

et al. [5] reported on the MHD stagnation point flow of Jeffrey 

fluid near a stretching sheet with variable sheet thickness. They 

examined that the thermal boundary layer thickness increases 

with an increase in the heat generation parameter. Mabood et al. 

[6] studied the features of the heat flux model for a stagnation 

point flow of Jeffrey fluid past a flat stretching sheet. They ob-

served that the momentum boundary thickness increases with an 

increase in Deborah number while decreasing the thermal 

boundary layer thickness. 

Few researchers worked towards the combination of stretch-

ing sheet and thermal radiation influences on Jeffrey nanofluid. 

Using active energy and nonlinear thermal radiation effects, 

Hayat et al. [7] investigated the entropy generation optimisation 

of MHD Jeffrey nanofluid along a flat stretched surface. Tech-

nologies and businesses have investigated how to use the melt-

ing phenomenon. Researchers have focused on enhancing effi-

cient, environmentally friendly, and energy-efficient systems. 
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These technologies are associated with planetary power and the 

recovery of excess heat. Three procedures (latent, sensible heat 

and chemical energy) have been implemented for energy stor-

age. The MHD stagnation point flow of a Casson nanofluid as 

well as the combined effects of heat radiation and velocity slip 

were discussed by Besthapu et al. [8]. Kumar [9] later studied 

the differential transform method for transient hydro-magnetic 

Jeffrey liquid flow with a flat stretched sheet. 

Many different fields, including heat exchanger coils, based 

pumps, solidification, and welding operations, etc., involve the 

melting phenomena. In addition to Newtonian cooling and non-

linear thermal radiation, Sen et al. [10] observed a thermal dis-

tributed homogeneous–heterogeneous interaction inside the 

MHD flow of Jeffrey fluid. By using the Fourier law and an in-

finite plate, Asjad et al. [11] modified the extended heat flux 

flow in Jeffrey fluid. Muhammad et al. [12] investigated a Jef-

frey nanofluid flow under convective heat or mass circum-

stances. Anitha and Gireesha [13] explored the thermal analysis 

of Jeffrey nanofluid through microchannel applying Buongi-

orno’s model. A stretched cylinder has been employed to exam-

ine the heat transfer analysis of Jeffrey nanofluid by Hayat et al. 

[14] and Ur Rasheed et al. [15]. Khan et al. [16] and Dadhich  

et al. [17] also examined the impact of thermal radiation on Jef-

frey fluid. The different engineering and industrial applications 

such as heat transformers, chemical reactors and geothermic 

systems are associated with a convective permeable channel. 

The mechanical phenomenon, i.e. effect of diffusion and drag 

force, is dealt with in the Darcy-Forchheimer model. At first, it 

was known as the Darcian flow model, and as a modified Darcy-

Forchheimer model was later extended toward nanofluid flow. 

This model was developed to explain the mechanical phenome-

non in the analysis of heat flow in a fluid stream. The extra ve-

locity term and drag force parameter in the equation of momen-

tum, both of which have a negative sign, result in the Darcy-

Forchheimer model. Several applications such as natural com-

pound recovery strategy, soil material science, living tissue tran-

sitions, and junk storage (specifically gas litter) are included in 

this model. A few earlier investigations on the Darcy-Forchhei-

mer model are reported by many researchers [1820]. Seth and 

Mandal [21] employed the Darcy-Forchheimer model to analyse 

the Casson fluid flow. In connection with the Darcy-Forchhei-

mer model, the problems concentrating on the fluid flows over 

a radially stretching sheet have attracted a huge number of re-

searchers. 

A notable amount of research was carried out on the prob-

lems of fluid flows due to nonlinear radially stretched surfaces. 

Bilal Ashraf et al. [22] studied MHD Jeffrey nanoliquid over  

a radially stretching surface along with radiative and mixed con-

vection. Hayat et al. [23] examined the flow characteristics of 

Jeffrey fluid due to the nonlinear surface that can be stretchable 

in the radial direction. Ali et al. [24] incorporated a porous Reyn-

olds number and a contracting/relaxing parameter in their anal-

ysis of the mass/heat transfer flow around metallic oxide nano-

particles close to perpendicularly moving extremely permeable 

discs. For the numerical results, they also used a correct quasi-

linearization technique. Much research has introduced nonlinear 

stretching sheets into the Darcy-Forchheimer model of flow. 

Lund et al. [25] deliberated stability analysis of Casson nanoliq-

uid flow past a stretchable exponential sheet with the help of the 

Darcy-Forchheimer model. Furthermore, the obtained results 

showed that several solutions occur only for high suction. In ad-

dition, the effect of a magnetic field is very useful in many 

chemical and engineering applications of nanoliquids. proper-

ties. In industries like thermal engineering, geothermal opera-

tions, chemical and petroleum equipment, etc., flow-saturating 

porous media is important. 

Darcy law pays particular attention to permeable space. The 

Darcy principle is not intended for places where permeable 

channels experience increased flow rates because of uneven sur-

rounding wall surfaces. Therefore, a non-Darcian effect result-

ing from a porous media is required to study the heat transfer 

and flow analysis. Khani et al. [27] examined the case of fluid 

flow saturating a non-Darcy permeable media with heat transfer. 

Hayat et al. [28] took into consideration the convective carbon 

nanotubes (CNTs) nanofluid flow over a non-Darcy permeable 

media. Siddiq et al. [29] and Madhu et al. [30] used the non-

Darcy Forchheimer principle to evaluate the MHD radiative 

flow of the Carreau fluid to a stretching surface. They observed 

the Darcy-Forchheimer flow of MHD Powell-Eyring nanofluid 

past stretchable non-linear radial disc under the influence of ac-

tivating energy. Later, problems with Darcy-Forchheimer MHD 

fluid flows were reviewed by Madkhali et al. [31], Machireddy 

et al. [32], Ramesh et al. [33] and Eswaramoorthi et al. [34]. Re-

cently, the two-dimensional mixed convection and radiative 

Al2O3-Cu/H2O hybrid nanofluid flow over a vertical exponen-

tially shrinking sheet with partial slip conditions has been ana-

lysed by Asghar et al. [35]. For this study, a physical model of 

the influence of thermal radiation on the two-dimensional flow 

of a hybrid nanofluid was developed. Asghar et al. [36] also in-

vestigated the effect of thermal radiation and the three-dimen-

sional magnetized rotating flow of a hybrid. 

The heat generation/absorption parameter is non-dimen-

sional and depends on the amount of heat generated or absorbed 

in the fluid. The dual solutions of MHD Al2O3+Cu hybrid 

nanofluid in the presence of Joule heating were studied by Sajjad 

et al. [37]. Teh and Asghar [38] explained three-dimensional 

MHD hybrid nanofluid flow in the presence of Joule heating 

with a rotating stretching sheet. Furthermore, Asghar et al. 

[3941] investigated the two-dimensional hybrid nanofluid flow 

with the effects of thermal slip condition, Joule heating and heat 

generation/heat absorption. Moreover, Gohar et al. [42] studied 

heat and mass transfer of Darcy-Forchheimer hybrid nanofluid 

flow due to an extending curved surface. Satyanarayana et al. 

[43] investigated nanofluid under the influence of suction/injec-

tion in a convective medium. Mamatha et al. [44] discussed the 

mass transfer analysis of two-phase flow in a suspension of mi-

croorganisms. Finally, Madhusudhana Rao et al. [45] studied the 

heat and mass transfer mechanism on the three-dimensional 

flow of inclined magneto Carreau nanofluid with chemical reac-

tion. 
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The goal of the current study, which was motivated by the 

research, is to identify a Darcy Forchheimer 2D thin flow of Jef-

frey nanofluid with heat generation or absorption and thermal 

radiation over a stretchable flat sheet. Under the relevant bound-

ary conditions, the coupled nonlinear PDEs can be numerically 

solved using the MATLAB solver with the help of the Runge-

Kutta method via shooting technique. The effects of physical pa-

rameters on the fluid concentration (Φ(ξ)) and temperature 

(θ(ξ)), and the velocity field (F' (ξ)), are graphically displayed 

for numerous sets of physical parameter values. The thermo-

phoresis parameter enhances the heat transfer rate and deceler-

ates the mass transfer rate. Also, it was observed that the thermal 

radiation parameter increases the heat transfer rate. 

2. Mathematical analysis  

Let us consider a steady a two-dimensional laminar and incom-

pressible magnetohydrodynamic flow of Jeffrey nanofluid with 

heat generation or absorption and thermal radiation over  

a stretchable flat sheet, as shown in Fig. 1.  

After employing the usual boundary layer analysis, the basic 

partial differential equations governing the conservation of 

mass, momentum, energy, and concentration for the Jeffrey 

nanofluid flow can be written as, respectively [46].

 𝑢𝑥 + 𝑣𝑦 = 0, (1) 

 𝑢 𝑢𝑥 + 𝑣 𝑢𝑦 =
𝜐

(1+𝜆𝑠)
[𝑣 𝑢𝑦𝑦 + 𝜆𝑡(𝑣 𝑦𝑦𝑦𝑦 + 𝑢 𝑢𝑥𝑦𝑦 + 𝑢𝑦𝑢𝑥𝑦) − (

𝜎2𝐵0
2

𝜌
+

𝜐𝜀

𝑘
) 𝑢 −

𝜀𝑐𝑏

 √𝑘
𝑢2𝑢𝑥𝑢𝑥𝑦], (2) 

 (𝑢 𝑇𝑥 + 𝑣 𝑇𝑦) = 𝛼𝑇𝑦𝑦 + 𝜏 (𝐷𝐵𝐶𝑦𝑇𝑦 +
𝐷𝑇

𝑇∞
𝑇𝑦

2) +
16𝜎∗𝑇∞

3

3𝑘∗𝜌𝑐𝑝
𝑇𝑦𝑦 +

𝑄0(𝑇0−𝑇𝑚)

𝜌𝑐𝑝
, (3) 

 (𝑢 𝐶𝑥 + 𝑣 𝐶𝑦) = 𝐷𝐵𝐶𝑦𝑦 +
𝐷𝑇

𝑇∞
𝑇𝑦𝑦 − 𝐾𝑛(𝐶 − 𝐶𝑤)𝑚, (4) 

 

where u and v represent the velocity vector components in x and 

y directions, respectively, υ is the kinematic viscosity, ρ is the 

fluid density, cp is its specific heat,  is the variable thermal con-

ductivity, k is the permeability, B0 is the strength of the magnetic 

field, cb is the drag force, whereas λs and λt denote the concen-

tration and thermal buoyancy parameters, respectively. Parame-

ters DB and DT represent Brownian and thermal diffusivities, re-

spectively, T is the field temperature, α denotes thermal diffu-

sivity, C is the fluid concentration, Q0 is the heat generation/ab-

sorption, τ is the ratio of heat capacities., σ* and k* represent the 

Stefan-Boltzmann constant and the absorption coefficient, re-

spectively, and Kn stands for the n-th order chemical reaction. 

Subscripts ∞ and w refer to free stream (ambient) and surface 

(wall), respectively. 

Boundary conditions near and away from the sheets surface 

were described as:

 {𝑢 = 𝑢𝑤(𝑥) = 𝑎0(𝑥 + 𝑏0)𝑛, 𝑣 = 0, 𝑇 = 𝑇𝑤 , 𝐶 = 𝐶𝑤  at 𝑦 = 𝛿(𝑥 + 𝑏0)
(1−𝑛)

2

𝑇 → 𝑇∞, 𝐶 → 𝐶𝑤 , 𝑢 → 0                            as 𝑦 → ∞
. (5) 

Introducing the non-dimensional quantities: 

 𝜓(𝑥, 𝑦) = √
2𝜐𝑎0

𝑛+1
(𝑥 + 𝑏0)𝑛+1 𝑓(𝜂), (6a) 

 𝜂 = 𝑦√
(𝑛+1)

2𝜐
(𝑥 + 𝑏0)𝑛−1, (6b) 

 𝑢 = 𝑎0(𝑥 + 𝑏0)𝑛𝑓′(𝜂), (6c) 

   𝜐 = −√
𝜐(𝑛+1)

2
𝑎0(𝑥 + 𝑏0)𝑛−1  (𝑓(𝜂) + 𝜂 (

𝑛−1

𝑛+1
)) (𝑥 + 𝑏0)𝑛𝑓′(𝜂), (6d) 

 𝜃(𝜂) =
𝑇−𝑇𝑤

𝑇−𝑇∞
,   𝛷(𝜂) =

𝐶−𝐶𝑤

𝐶−𝐶∞
, (6e) 

 

Fig. 1. Physical description of the problem. 
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the set of dimensionless form of the governing Eqs. (2)(4) 

along with the boundary conditions (Eq. (5)) are converted to the  

set of ODEs as: 

 

___________________________________________________ 

 𝐹′′′ − K [(
𝑛−1

2
) 𝐹′𝐹𝑖𝑣 − (𝑛 − 1)𝐹′𝐹′′′ − (

3𝑛−1

2
) 𝐹′′2

] − (
2𝑛

𝑛+1
) (1 + 𝜆𝑠)𝐹′2

− (
2

𝑛+1
) (1 + 𝜆𝑠)(𝑀𝐹′ − 𝛽𝐹′2

− Da𝐹′) = 0, (7) 

 
1

Pr
(1 +

4𝑅

3
) 𝜃′′ + 𝑓𝜃′ + 𝑁𝑡𝜃′𝛷′ +

2

𝑛+1
𝜆𝜃 = 0, (8) 

 𝛷′′ + PrLe𝛷′ +
𝑁𝑡

𝑁𝑏
𝜃′′ + 𝛤𝛷𝑚 = 0, (9) 

_________________________________________________________________________________ 

where K, Da, Pr, and Le are the Deborah, Darcy, Prandtl and 

Lewis numbers, respectively, R is a thermal radiation parameter, 

M is a magnetic field parameter, Γ denotes a chemical reaction 

parameter, n is a shape factor, whereas Nt and Nb are the ther-

mophoresis and Brownian motion parameters. Parameter β rep-

resents inertia parameter. 

The corresponding non-dimensional boundary conditions 

are: 

 {
𝛷(0) = 0, 𝐹′(0) = 1, 𝜃(0) = 0, 𝐹(0) = 0

𝐹′(∞) → 0, 𝜃(∞) → 0, 𝛷(∞) → 0
, (10) 

where the parameters in the Eqs. (7)(9) are assumed as: 

 𝑀 = √
𝜎

𝑎𝜌
𝐵0, Pr =

𝜐

𝛼
, Le =

𝛼

𝐷𝐵
, Da =

𝜐𝜀

𝑘𝑎0(𝑥+𝑏0)𝑛−1,   

 𝑁𝑡 =
𝜏𝐷𝑇(𝑇𝑤−𝑇∞)

𝜐𝑇∞
, 𝑁𝑏 =

𝜏𝐷𝐵(𝐶𝑤−𝐶∞)

𝜐
, 𝑅 =

4𝜎∗𝑇∞
3  

𝑘𝑘∗ ,   

 𝛽 =
𝜀𝐶𝑏(𝑥+𝑏0)

√𝑘
, 𝛤 = 𝑥𝐾𝑛(𝐶𝑤 − 𝐶∞)𝑛−1.  

For engineering interest, skin friction coefficient, Nusselt 

and Sherwood numbers are represented as, respectively: 

 𝐶𝑓𝑥 =
𝜏 

1

2
𝜌𝑢𝑤

2
, Nu𝑥 =

(𝑥+𝑏0)𝑞𝑤 

𝑘(𝑇𝑤−𝑇∞)
, Sh𝑥 =

(𝑥+𝑏0)𝑞𝑚 

𝐷𝐵(𝐶𝑤−𝐶∞)
 , 

where qw is the heat flux and qm represents the mass flux. 

With the help of non-dimensional variables (Eqs. (6)), the 

aforementioned Cfx, Nux and Shx are rewritten as: 

 Re
1

2 𝐶𝑓𝑥 =
1

1+𝜆𝑠
(𝐹′′(0) + 𝐾(𝐹′(0))𝐹′′(0) +  

  − (
𝑛+1

2
) 𝐹(0)𝐹′′′(0)),  

 Re−
1

2 Nu𝑥 = −(1 + 𝑅)√
𝑛+1

2
 𝜃′(0);  

 Re−
1

2 Sh𝑥 = −√
𝑛+1

2
 𝛷′(0),  

or 

 Re−
1

2 Sh𝑥 = −
𝑎0(𝑥+𝑏0)𝑛+1

𝜐
  

where Shx is the local Sherwood number due to stretching ve-

locity. 

3. Solution methodology  

The familiar numerical technique Runge-Kutta method of 

fourth order was employed to obtain solutions of non-linear gov-

erning flow ordinary differential equations (7)(9) subjected to 

boundary conditions (10). The nonlinear derivative formations 

are reduced to simultaneous mathematical formulations. The in-

itial input value of the similarity variable is taken as zero and the 

free streamline as infinity for (F,θ,Φ). An infinity condition was 

presented for the free streamline but in the calculation, the max-

imum value of η is taken as 7. This value is appropriate to satisfy 

the flow region conditions for all the physical significances of 

dimensionless parameters. 

Higher-order differential equations are converted to linear 

formulations by introducing new variables: 

 (𝑓1 = 𝐹 ), (𝑓2 = 𝐹′ ), (𝑓3 = 𝐹′′ ), (𝑓4 = 𝐹′′′ ), (𝑓5 = 𝜃) ,   

 (𝑓6 = 𝜃′ ), (𝑓7 = 𝛷), (𝑓8 = 𝛷′ ).  

Equations (7)(9) are transformed into the following first-

order ODEs: 

___________________________________________________ 

 𝑓4
′ =

1

𝑘(
𝑛+1

2
)𝑓2

 [𝑓4 − 𝑘 (−(𝑛 − 1)𝑓2𝑓4 − (
3𝑛−1

2
) 𝑓3

2) (
2𝑛

𝑛+1
) (1 + 𝜆𝑠)𝑓2

2 − (
2

𝑛+1
) (1 + 𝜆𝑠)[𝑀𝑓2 − 𝛽𝑓2

2 − Da𝑓2]], (11) 

_________________________________________________________________________________ 

 𝑓6
′ =

1

𝑃𝑟(1+
4𝑅

3
)

[𝑓1𝑓6 + 𝑁𝑡𝑓6
2 + 𝑁𝑏𝑓6𝑓8 + (

2

𝑛+1
) 𝜆𝑓5], (12) 

 𝑓8
′ = − [Pr 𝐿𝑒 𝑓1𝑓8 +

𝑁𝑡

𝑁𝑏
𝑓6 + Γ𝑓7

𝑚]. (13) 

The results of governing flow equations of Jeffrey nanofluid 

were approximated numerically using MATLAB bvp4c soft-

ware [47] for the interpretation of dimensionless quantifiers. 

4. Algorithm 

The solution algorithm includes the following steps: 
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 First, the momentum, energy and conservation equations are  

converted into IVP (initial value problem) equations, as 

stated in Eqs. (11)(13). 

 The solvers continually call the ordinary differential equa-

tion (ODE) file to assess the system of differential equations 

at different times (for energy equations and momentum). 

These are the data (information) required to be defined for 

the ODE system to be computed. 

 The switch statement governs the type of output required so 

that the ODE file can pass the appropriate information (data) 

to the solver. In the default initial conditions (‘bvpinit’) case, 

the ODE file returns basic information (time span, initial 

conditions, and options) to the solver. 

 In the ‘Jacobian’ case, the MATLAB ODE45 file returns a 

Jacobian matrix to the solver. If the Jacobian value becomes 

an undefined value (infinity) an error is received, so there is 

a need to change the guess values and proceed further. 

 The physical governing parameters are guessed based on ex-

isting information like magnetic field, thermal radiation, 

thermal buoyancy, etc. 

Once all the initial conditions are found, the solver automat-

ically gives the plots as well as values in the command window. 

5. Results and discussion 

In this work, the combined effects of heat generation/absorption, 

melting heat transfer, and thermal radiation were investigated 

for the 2-D Darcy Forchheimer flow of a Jeffrey nanofluid past 

a flat stretchable sheet. Using the Runge-Kutta and shooting 

technique, the basic Eqs. (7)(9) and boundary conditions 

Eq. (10) were solved. For evaluating the consistency and accu-

racy of the solutions, numerical analysis of influence of the sig-

nificant parameters are demonstrated through graphs in this sec-

tion. To obtain the results, numerical computations are carried 

out by assuming different values of non-dimensional governing 

parameters such as: R = 1.1, M = 0.2, Nt = 0.2, Nb = 0.1, 

Da = 0.5, β = 1, βs = 0.6, n = 0.3, and Pr = 0.3. 

The significance of radiation parameter (R) on the tempera-

ture profile θ(ξ) is interpreted through Fig. 2. It may be observed 

that an increase in thermal radiation parameter raises the fluid 

temperature over a flat stretching sheet since thermal radiation 

powers the varying temperatures to exchange energy. The parti-

cles move more rapidly due to higher kinetic energy. More par-

ticle collisions and more significant acceleration of charged par-

ticles result from this increased heat radiation. Accelerated 

charged particles are the source of electromagnetic radiation or 

thermal radiation, and the enhanced particle motion at higher 

temperatures causes a more significant discharge of radiation. 

Figures 3a and 3b show the effect of shape parameter n on 

the distributions of nanofluid concentration and temperature, re-

spectively, in presence of stretching sheet. It is perceived that 

both concentration and temperature decrease for the incremental 

values of shape parameter. 

From Figs. 4(a) and 4(b), illustrating the impact of thermo-

phoresis quantity (Nt) on Φ(ξ) and θ(ξ), it is found that both pro-

files enlarge for improved values of Nt in the case of heat gen-

eration. Hence, it can be inferred that the amount of heat and 

mass exchange will be increased by enhancing Nt. In fact, solid 

nanoparticles in the nanofluid experience a force in the direction 

opposite to the imposed temperature gradient. Hence, the nano-

particles tend to move from hot to cold. It is important to note 

that the thermophoresis parameter is positive when the temper-

ature of the wall is higher than the ambient temperature. 

Through Figs. 5a, 5b and 5c, the effect of the magnetic field 

parameter (M) on the velocity field (F(ξ)), temperature θ(ξ) and 

concentration (Φ(ξ)), respectively, is illustrated and explained. 
 

Fig. 2. Impact of R on θ(ξ). 

 

(a) 

 

(b) 

Fig. 3. Impact of n on: a) Φ(ξ), b) θ(ξ). 



Darcy Forchheimer two-dimensional thin flow of Jeffery nanofluid with heat generation/absorption and … 
 

253 
 

These results show that the magnetic field reduces the fluid ve-

locity by lowering the resistive force, known as the Lorentz 

force, whereas θ(ξ) and Φ(ξ) rise for improved values of M in 

the presence of stretching sheet. It is also found that the in-

creased magnetic parameter results in the concentration increase 

for both stretching and shrinking sheets. 

The influence of Deborah number (K) on temperature and 

concentration profiles of Jeffrey nanofluid is presented in 

Figs. 6a and 6b, respectively. The increasing Deborah number 

enhances the temperature rise over the stretching sheet since the 

extrapolated temperature depends on the mechanical properties 

of polymers. The Deborah number increases the concentration 

of nanofluid, which causes a reduction in the momentum bound-

ary layer (MBL) and a rise in the thermal boundary layer (TBL). 

  

(a) (b) 
 

Fig. 4. Effect of Nt on: a) Φ(ξ), b) θ(ξ). 

  

(a) (b) 

 

(c) 

 

Fig. 5. Influence of M on: a) F(ξ), b) θ(ξ), and c) Φ(ξ). 
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The impact of Darcy number (Da) on flow velocity, temper-

ature, and concentration of nanofluid past stretchable flat sheet 

is illustrated through Figs. 7a, 7b and 7c, respectively. It can be 

noticed noticed that the Darcy number accelerates the nanofluid 

flow and declines the temperature and concentration profiles of 

the nanofluid. Hence, it is concluded that an increasing Darcy 

number speeds up the motion of fluid particles, but it reduces 

the temperature of fluid near the stretching sheet. 

The concentration of nanofluid flow via a flat stretching 

sheet is depicted in Fig. 8 exhibiting the effect of a chemical 

reaction parameter (Γ), which increases the concentration of 

nanofluid close to the wall. The concentration of nanoparticles 

close to the surface may be dominated by chemical processes if 

the chemical reaction parameter has a greater value. A lower 

value denotes a greater influence of other variables, such as con-

vective transport. 

It is observed from Figs. 9a and 9b that growing β raises up 

θ(ξ) and Φ(ξ) of a nanofluid over the stretching surface. 

The influence of heat generation parameter βs on F(ξ), θ(ξ) 

and Φ(ξ) of the nanofluid past the stretchable non-linear flat 

sheet is displayed in Figs. 10a, 10b and 10c, respectively. It can 

be noticed that nanofluid velocity enlarges as the heat generation 

parameter increases. The impact of βs results in reducing the 

temperature of the fluid. In addition, the direction of heat trans-

fer is turned around all through heat generation. 

The impact of heat generation or absorption through 

a stretched surface on the concentration of nanofluid and the 

 

(a) 

 

(b) 

Fig. 6. Influence of K on: a) θ(ξ), and b) Φ(ξ).  

 

 

(a) 

 

(b) 

 

(c) 

Fig. 7. Influence of M on: a) F(ξ), b) θ(ξ), and c) Φ(ξ). 

 

Fig. 8. Effect of Γ on Φ(ξ). 
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thickness of the thermal boundary layer is also examined. The 

impact of Brownian motion parameter (Nb) on θ(ξ) and Φ(ξ) is 

exhibited through the Figs. 11a and 11b, respectively. The re-

sults show that the augmented Brownian movement enhances 

the temperature profile whereas it decrements the concentration 

of Jeffrey nanofluid past the stretching sheet.  
Figure 12 demonstrates the influence of Prandtl number (Pr) 

on Φ(ξ) and θ(ξ). The results show that an increase in Pr de-

creases the concentration Φ(ξ) and it surges up the θ(ξ) of the 

nanofluid along the stretching sheet. 

Figure 13 displays the impact of the Lewis number (Le) on 

the concentration of nanofluid flow. A dimensionless number 

known as the Lewis number is defined as the ratio of the thermal 

boundary thickness to the concentration boundary layer thick-

ness. The results reveal that the Lewis number reduces the con-

centration of nanofluid past the stretching surface. When it in-

creases, the fraction of nanoparticle volume increases and the 

rate of mass transfer increases.  

From Table 1 we can observe that M, β and Nt decrease the 

skin friction factor coefficient, and heat and mass transfer rates, 

  

(a) (b) 
 

Fig. 9. Impact β on: a) θ(ξ), and b) Φ(ξ). 

 

 
 

(a) (b) 

 

(c) 

 

Fig. 10. Effect of βs on: a) F(ξ), b) θ(ξ), and c) Φ(ξ). 
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but the opposite trend can be observed as regards the impact of 

chemical reaction parameter. Darcy parameter and heat source 

parameter enhance the heat and mass transfer rates but diminish 

the skin friction coefficient. Finally, the Prandtl number and 

thermal radiation parameter enhance the heat transfer rate. The 

goal of this work is to show that the thermophoresis parameter 

impacts flat stretching sheet irrespective of additional physical 

characteristics. A comparison of previous findings was used to 

evaluate the validity of the present analysis. Heat generation, 

chemical reaction, thermal relaxation, thermal radiation, Lewis 

number, Prandtl number, and Brownian motion parameters are 

found to be in excellent agreement with those of Noghrehabadi 

et al. [48] and Rasool et al. [49], which are shown in Table 2. 

 

6. Concluding remarks 

The present work investigates the influence of the rate of heat 

and mass transfer on the boundary layer flow of a Jeffrey fluid. 

Some of the key findings of the study are listed below: 

1) An increase in the thermal radiation parameter (R) leads 

to an increase in θ(ξ) over the flat stretching sheet and the 

shape parameter (n) decreases both concentration and 

temperature profiles. 

2) The concentration (Φ(ξ)) enlarges for improved metrics 

of thermophoresis parameter (Nt) in heat generation and 

hence, it could be inferred that the amount of heat and 

mass exchange increases by enhancing the thermophore-

sis parameter. 

3) The magnetic field parameter (M) lessens the fluid veloc-

ity F(ξ), whereas it increases both temperature and con-

centration in the presence of stretching sheet. 

4) The fluid velocity increases, and both, temperature and 

concentration, decrease over the stretching sheet for in-

creasing values of Deborah number (Da). 

5) Da accelerates the flow and the interaction parameter (β) 

declines temperature and concentration profiles. The 

concentration of nanofluid near the wall enlarges as 

chemical reaction parameter (Γ) increases.  

6) An increase in β augments the temperature and concentra-

tion of the nanofluid over stretching sheet. 

 

(a) 

 

(b) 

Fig. 11. Impact of Nb on: a) θ(ξ), and b) Φ(ξ). 

 
(a) 

 
(b) 

Fig. 12. Effect of Pr on: a) Φ(ξ), and b) θ(ξ). 

 

Fig. 13. Effect of Le on Φ(ξ). 
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7) The velocity enlarges as heat generation parameter increases 

and the impact of heat absorption/generation outcomes in re-

ducing θ(ξ) and Φ(ξ) distributions of the fluid over stretch-

ing sheet. 

8) Chemical reaction parameter enhances the mass transfer rate 

in a Jeffrey nanofluid. 

9) Thermophoresis and Brownian motion parameters decrease 

the heat transfer. 
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