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LEAST SQUARES EVALUATION OF THE GLOBAL ENTROPY GENERATION
IN THE ALUMINIUM ELECTROLYSIS CELL

OSZACOWANIE GLOBALNEGO ZRODLA ENTROPII W PROCESIE ELEKTROLIZY
ALUMINIUM

Clasical thermodynamic analysis of any thermal and chemical process is usually based on the
first law of thermodynamics. Such an approach is not sufficient when deeper understanding of the
mechanism and nature of each elementary process is required. The use of the first and second law of
thermodynamics together is necessary to solve practical problems more effectivly. Especially,
application of the entropy generation rate and lost available energy (or exergy) concepts enhance
our understanding of thermal process. Such an extended analysis is proposed to detect possible
ways to decrease the electric energy consumption. Additionally, least squares adjustment
procedure is proposed to make mathematical models of elementary processes taking place inside
electrolysis cell more reliable.

Powszechnie prowadzona analiza termodynamiczna przebiegu réznego rodzaju proceséw
cieplnych i chemicznych opiera si¢ zazwyczaj na I-szej zasadzie termodynamiki. W przypadkach,
gdy wymagane jest glebsze zrozumienie mechanizmu i natury proceséw elementarnych, takie
podjscie nie jest wystarczajace. Bardziej efektywne wyniki otrzyma¢ mozna laczac I-sza i Il-ga
zasade trmodynamiki. Szczgblnie wartoSciowe jest wprowadzenie pojgcia produkcji entropii
w celu wykrycia wszystkich Zrédet nieodwracalnosci termodynamicznej i ich wielkosci. Takie
rozszerzenie analizy zostalo zaproponowane w artykule w odniesieniu do procesu elektrolizy
aluminium. Jej celem jest wskazanie mozliwosci obnizenia zuzycia energii elektrycznej. Ponadto
pokazano jak ortogonalna metoda najmniejszych kwadratéw umozliwia uzyskanie bardziej
wiarygodnych wynikéw obliczen rozkladu zrédel entropii.
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1. Introduction

Classical thermodynamic analysis of any technological process is usually based on
the First Law of Thermodynamics in the form of energy (enthalpy) balances. Such an
approach is useful in engineering practice as it makes analysis easier in the global scale
neglecting modeling of the elementary processes, allows calculation of the thermal
efficiency and makes possible to control quality of the measurement results. Additionally,
graphical presentation of the energy balance is simple in the form of Sankey diagram.

In the case of aluminium electrolysis process, design of the new electrolyzer or its
modernization is always based on the enthalpy balance.

However, deeper thermodynamic analysis leads to the conclusion that such an approach
is not sufficient. The First Law of Thermodynamics guarantees the exact equivalence of the
various forms of energy (allowing all forms to be measured in the common unit such as
joules ) but it does not guarantee interconversibility. Thermal energy (heat) is in a peculiar
and unique position, for whereas all other forms can be completely converted into thermal
energy, the reverse process is impossible, only a portion of the heat can be converted into
mechanical energy [7]. This general conclusion comes from the Second Law of
Thermodynamics using entropy as the state function describing degree of irreversibility of
the process. There are many effects whose presence [2] during a process renders it
irreversible. In aluminium electrolysis process most important are:

— heat transfer through a finite temperature difference,

— spontaneous chemical reactions between anode and cathode,

— mixing of matter at different composition and states (alumina and liquid

electrolyte),

— friction in the flow of liquid electrolyte and aluminium,

— electric current flow through a resistance.

The term irreversibility is used to identify effects such as these. As stated in [2],
engineers should be able to recognize irreversibilities, evaluate their influence and develop
cost-effective means for reducing them. However, the need to achieve profitable rates of
production, high heat transfer rates, high electric current densities and so on invariably
dictates the presence of significant irreversibilities. Irreversibilities are tolerated to some
degree in every type of system but there magnitude should be as low as possible and
necessary from the engineering point of view.

The measure of the irreversibility of any process is entropy generation called also
— entropy source end entropy production. To define it, consider open thermodynamic
system and its interaction with the environment (Fig.1)
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Fig.1. Open thermodynamic system and its interaction with the environment

From the Second Law of Thermodynamics [1]
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AsBejan states [1], the essence of the second law of thermodynamics is expressed by the
inequality sign in Equation (1). The change from state 1 to state 2 can be effected in a variety
of ways, that is along many paths. The special path along which entropy is not generated is
the termed reversible. Path for which ng > 0 are considered irreversible. It means that if

(Seen), < (Seen),

it makes sense to say that path A is more reversible than path B. The entropy generation S,,,
1S path dependent, hence, not a thermodynamic property. It should never be confused with
the thermodynamic property entropy change (S,-S,).

The most important conclusion derived from the above considerations is the
relationship between lost available work W,,,, or exergy [3] and entropy generation S, It is
known in thermodynamics as the Gouy-Stodola theorem and takes the form [1,3]

W[UA‘I £ TOSgen b (3)

where T, represents temperature of environment.
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This theorem states that the lost available energy is directly proportional to the entropy
production which depends solely on the degree of thermodynamic irreversibility of the
process. If engineering systems and their components are to operate such that the
destruction of available work is minimized, then the design of such systems must begin with
the minimization of entropy generation [1]. It means that the most important problem is the
identification of the entropy generation rates as the effects of different elementary processes
such as momentum, heat and mass transfer, chemical reactions and so on.

2. Two ways of calculation of entropy generation rates

In general, two theoretically independent methods can be proposed to evaluate
entropy generation rates. It is proposed to term them as direct and indirect ways. The direct
method results from the solution of the mathematical models of each elementary process
and then using them for calculation of entropy sources. For example, from the solution of
the boundary value problem of heat transfer, the map of entropy sources is possible to be
done. Considering simultaneous heat and electric current flows, the solution of the system
of Poissonequations with appropriate boundary conditions gives possibility to analyse the
influence of internal heat sources on the entropy production.

The indirect method is based on the exergy analysis (balance) of the process. In such
a way, only the global value of the entropy generation can be obtained. It results from the
fact that the exergy is exempt from the law of conservation and the exergy balance equation
is closed by the term called exergy losses which are equal to the previously defined lost
available energy. Both methods for an aluminium electrolysis cell will be described in the
following considerations.

2.1. Direct method analysis of elementary processes

The cross section of the aluminium electrolysis cell is presented in Fig. 2.
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Fig.2. Schematic illustration of the aluminium electrolysis cell [4]
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The electrolyte contains Al,Os(s) dissolved in molten cryolite, Na;AlF4(1). The overall cell
reaction is:

4A1,05(s) + 6C(s) — 8AI(l) + 6CO,(g). “4)

Liquid aluminium is produced in the volume between the carbon anode and carbon cathode.
Because of the contact of the carbon anode with air, an excess reaction in which carbon is
consumed take place

2C(s) + O5(g) = CO(g). (5)

The feeding of alumina is almost continuous so the steady state thermodynamic conditions
can be assumed. The anode consists of carbon blocks and steel connectors. Alumina covers
the anode. Electric current is flowing from the liquid aluminium to the steel bars. The
bottom and the sides of the electrolyser are insulated with refractories. Average electrolyte
temperature is 960°C. The cell potential is 4.1V. The current density is about 4.6%10° A/m?
and current efficiency is equal to 0.95. Additionally in the case of a 230 kA cell of Hydro
Aluminium in Ovre Ardal, Norway [4], the cathode and anode surface areas are 50 m? and
30 m? respectively. Aluminium production is 73.3 kg Al per hour. Heat losses to the
surroundings through external surfaces of the electrolyser have been evaluated from energy
balance equation and are equal

Q = 6.5 kWh/kgA]
The measured average input of electric energy was
W, =140 = 12.9 kWh/kgai,

where [ is the electric currant (230 kA) and 4@ is e cell potential (4.1V).
The minimum work necessary for the process obtained from thermodynamic
calculation is

Wel, min — IA@min =54 kWh/kgAl'
Therefore, thermodynamic efficiency of the process is

Wel, min _ 54

== = 0.42.
W, 129

77!/1 e

The difference
W(’[ - Wpl, min — 6W[051

represents the total lost work in the electrolysis cell and from second law of ther-
modynamics is directly proportional to the entropy generation according to Equation (3).
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Thus, d W), can be obtained by calculating Sge,, for all elementary processes occuring in the
cell. Bellow, the results of calculation carried out by Kjelstrup and Bedeaux [4] are
presented.

Lost work due to charge transfer.

The potential drop across the electrolyte produces losses (mainly ohmic) which can be
evaluated from the equation

; 1
Wlosl,l - TO (Sgen)l = TO T (_ A¢1) = 13 kWh/kgAls

where T. (960°C(1233K)) is bulk electrolyte temperature and electric potential drop
is (4@, =-1.7 V).

The diffusion layer at cathode surface is the next source of reversibility. Close
to the cathode, ions of Na* are accumulated creating thin diffusion layer with
gradients in chemical potential and in electric potential. Typical thickness of the
diffusion layer is 4x = 1 mm.

The lost work is

P
© — Ax = 0.05 kWh/kga;,

Wo: =
lost, 2 Tcx A

where A is the cathode surface area, y represents conductivity of the boundary layer
(19kS - m™)

The anode overpotential of about 0.50 V is the main source of the lost work at the electrode
surfaces. The lost work given by the thermal and electric forces is

Wi = 0.48 kWhikga,.
Because of the low overpotential at the cathode surface, the entropy production can be
neglected.

Heat and electric current flow through carbon parts of the anode and cathode. From linear
thermodynamics of irreversible processes, the entropy production is

Z ; 1 1
(Sgen)3 = QA (?.) + i (— A¢)9

where
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where A x represents thicknesses of anode and cathode blocks, & is thermal conductivity of
the carbon and 7 is Peltier heat.
After calculation

Wlost I
Wlos/ I

= 0.33 kWhkg,,
= 0.34 kWhikga,.

anode

cathode

Lost work due to carbon consumption.

According to the reaction (5) the anode carbon consumption is about 0.4 kg/kgas. The
Gibbs free enthalpy of the reaction (4) is —219.5 kJ/molcq, so

W1051,4 = O]. kWh/kgAl

and is negligible in comparison to other losses (according to [4]).
Lost work due to heat transfer to surroundings.

Entropy production results directly from the entropy fluxes exchanged through the wall
between heat sources having temperatures 7, and 7; . Lost work is

(1 1
Wios,s = ToQo (F - F) = 4.8 kWh/kga,,

0 [

where Q, = 0.65 kWh/kgy, is the heat flow to surroundings (from enthalpy balance
equation). It is necessary to point out that the above evaluation can be inaccurate as the exact
data can only be obtained from the solution of the boundary value problem of heat transfer
described by partial differential Kirchh o ffequation (conduction and convection in liquid
electrolyte and aluminium) with appropriate boundary conditions.

Summing up, the lost work in the total cell is equal to

D Wioe = 7.7 KWh/kg,,

and differs from the value 7.5 kWh/kg,, obtained on the basis of theoretical considerations
W min and measurement results in industry as

ZW[(J.H = el — We[,mjn =i 129 - 54 = 75 kWh/kgAl

To obtain the most probable value of the total lost work, exergy approach together with least
squares adjustment is proposed.
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2.2. Indirect method — exergy approach

Let’s consider aluminium electrolysis cell as the ,,black box” with exergy flows as
shown in Fig.3.
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Fig. 3. System under consideration
Assuming steady-state process, the exergy balance takes the following form [3]
Buo, + B. + Bo, + Bur, + Ey = Bu + Bs + B, + By + 0B, (6)

where 0B denotes global exergy losses, due to the irreversibilities inside the system
including exergy losses due to the heat flux to surroundings (system boundary temperature
equal to the surroundings temperature).

From Eq. (6) we obtain

OB = BAIZO, + Bc + Bcr t BA/F, # E('[ = BAI = BA = BI = B(:f 7
and using expression that

6B = TOSgen (8)
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we have finally

; 1 ;
]
A

Calculation results.
Exergy fluxes have been calculated using the equation
Bi = mibzh,iv

where m; is the mass flow rate of the i-th substrate or product of the process and by,;
represents thermal specific exergy of the i-th flux according to relation

b/h,i = bplz,i + bch,is

where b,,; and b,; are physical and chemical specific exergies, respectively. They were
calculated from the equation [3]

T P
bow=c,|(T—To) = To In | + RT In —, 9)
Ty Py
where b, 1s taken from the table of normal chemical exergies. [3].

The second term in (9) is related to the anode gas and its value is zero as P = P,.
Our measurement results for one of the Polish aluminium plant is listed in Table 1.

TABLE 1
Measurement results
Mass or mol flow rates Chemical composition Temperature
Substance
kg/kga or kmol/kga, - K
Substrates
ALO; 1.889 £ 0.05 1.0 298
Anode carbon 0.534 £ 0.02 1.0 298 "
Cryolite 0.01 + 0.005 1.0 288 [ £3
(Na;AlFe) s
AlF, 0.039 £ 0.015 1.0 298
Products

Al (liquid) 1.0 1.0 1223

AlF; = 0.07939 R
Electrolyte losses 0.049 £ 0.015 NasAlF, = 02061 | ¥ 5% 1223

+10
Carbon foam 0.088 £ 0.030 1.0 1223
CO =0.324
Anode gas 0.088 £ 0.030 CO, = 0.362 + 5% 1223
N, = 0.311
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The electric energy consumption = 54 180 kJ/kga, (15.05 + 1.0 kWh/kgAl) and the heat flux
to surroundings = 34 514 kJ/kgs (9.31 £ 1.0 kWh/kg,, ) (from the enthalpy balance
equation).

Calculation results for the exergy balance are presented in Table 2.

TABLE 2
Exergy balance
Exergy flux kWh/kga
Substance
Chemical Physical Thermal
Substrates
ALO; 1.05 0. 1.05 £ 0.03
Anode carbon 5.08 0. 5.08 £0.76
Cryolite (Na;AlF,
okt (Hagalhs] 0.03 0. 0.03 + 0.007
AlF;
Electric energy 15.05 0. 155+1.0
X 21.21 0. 2121%1.26
Products
Al (liquid) 0.13 0.14 9.27 £ 0.37
Electrolyte losses 0.14 0.01 0.15 £0.022
Carbon foam 0.14 0.01 0.15 £ 0.022
Anode gas 2.15 0.35 2.50 £ 0.50
> 11.56 0.51 12.07 £0.62

From the exergy balance (Eq. 7)
0B =21.21 - 12.07 = 9.14 kWh/kgy
and from Egq. 8.

) 9.14
(Sgen), = 208 - 0.0307 kWh/kga.

From [4]

. 7.70
(Sun)y = 555 = 0.0263 kWhikg,.

Percentage difference is

_ (Sgen)l - (SL’K’")Z

Diff% :
W (Sé’e")m

’
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] 1 . .
where (Sg.n),, 1s the mean value = E[(ng)l + (Sgen),]
0.0307-0.0263
Diff% = y 100 = 15.4%.
> (0.0307 +0.0263)

Using data from Table 2, thermodynamic efficiency ratio (or reversibility ratio)

B
Niewefr = E‘

i

can be calculated (B. and B, are exergy flows entering and leaving the system,
respectively).
Also, the exergy dissipation of the process can be expressed as

0B = 0B =B, - B_

together with exergetic efficiency

chemical exergy of the useful product

Ny = =
exergy entering the system

After calculations:

= ﬂth,eﬁ = 2121 = 56.9%

— OB = 21.21 — 12.07 = 9.14 kWh/kg,,
_9.14 a8

== T

3. Least squares adjustment

Because of the inevitable measurement errors the result of entropy generation rates
depends on the method of calculations. The values from direct and indirect methods are
different as stated in 2.2. To obtain most probable values the least squares method is
proposed. General considerations are discussed bellow.

Let ny, denote a minimum number of independent variables necessary for unique
solution of the mathematical model and n be a number of given functionally independent
observations. When n is greater than ny, the redundancy or number of statistical degrees of
freedom defined as r =n — ny s said to exist, and an adjustment becomes necessary in order
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to obtain a unique solution. Because of the statistical properties of the experimental results,
redundant observations are not compatible with the model and any arbitrarily chosen subset
of experimental results can be used to satisfy the model equations. In such a case a unique
solution when redundant measurements are considered can only be obtained when an
additional criterion is imposed.

Let I denote a vector of all experimental results and let I be a vector of
estimates that satisfies the model equations. In general the values of [ are different
from [ and a difference vector

which has been termed as either a correction or a residual, plays an important role in
calculations. Due to the redundancy the number of estimates for [ or V is infinite. To
calculate the most probable solution, consistent with the model, the least squares principle
is commonly used as an additional criterion. The least squares principle requires the
condition

Ui

fN=vVIM?V= Z(ﬂ

2
) — minimum
i=1
to be satisfied simultaneously with the model equations where M ~* is the weight matrix of
the observations (experimental results). The weight M ~ matrix is square and diagonal and
of an order equal to the number of observations.

Calculation procedure.

Mathematical model equations, usually in a differential form, describing any
physical or chemical process are always divided into two groups: governing equations and
conditions for unique solution. Their mathematical form is usually non-linear and an
analytical solution can be obtained only for very simple problems. To obtain a solution,
numerical methods are widely used. It means that the system of differential model equations
is transformed into a system of nonlinear algebraic equations and our further discussion will
be focused on such an approach.

Let us assume that the mathematical model can be performed by the following system of
algebraic non-linear equations:

fECH=03G=1,.J), (10)

where vector matrices [ and % represent a set of variables the values of which
are estimated a priori by experimental results (/) and a set of unknowns (x), calculated
from the model Eqgs. (10)
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Introducing experimental results / and approximations for unknowns x the system of model
Egs. (10) is replaced by

.fl(lv x) = wi*

where [ = (I;.....[;), x = (x},...x,,) and W, represents the residua of the original system of
non-linear model Eqgs.(10) and their values are evaluated using experimental results and
approximations of the unknowns.

To solve the problem numerically, a linearization procedure is applied using the
zero and first-order terms of the Taylor expansion. Defining the estimates (most
probable values) as:

I=1+V
and

X=x+Y,

where V represents unknown corrections to the experimental results /, and Y corrections to
the approximations of non-measured variables x, the system (10) can be written in the form:

fiV,Y) =w;

and after linearization, in the matrix form

AV + BY = W,
where
daf
A=—
Jx

1s a J X k Jacobi matrix of rank equal to J,

a
Reol
dx
is a J X m Jacobi matrix of rank equal to m, and f = {f.....;}"
The least squares procedure can now be formulated as follows: minimize

p(V)=VIM?V
subject to the model equations
AV + BY = W.

The variables (V,LLY,%,x) € E" where E" denotes an n-dimensional Euclidean space
(n=m+k).

To solve the problem effectively, the Lagrange multipliers method can be used, which
leads to the system of additional linear equations [5,6]
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ATK=M7?V
and
BTK =0,

where K is the column matrix of Lagrange multipliers. A routine calculation gives
finally:

Y=G'B'F'W (11)
V=M?ATF" (W - BY) (12)
where
F=AM?AT
and
G=B'F'B.

If the accuracy of the solution of a linearized problem is not sufficient the iterative
procedure must be applied. In such a case, to get the solution of an original non-linear
problem the values of elements of the Jacobi matrices A and B are continuously corrected
at each iteration step. The solutions (11) and (12) are now used to calculate, a posteriori,
errors of the directly measured variables, unknowns and any function containing model
variables. Using the law of error propagation, the expressions for the covariance matrices
can be derived in the forms [6]

M3=M?- CAM?
and
M%=[B"F~BT",
where
C=M?ATF'[E-BG'B'F™]

and E is the unit diagonal matrix.
A condition for the model’s adequacy can be formulated in different ways, but the
Lipschitz condition in the form [6]

[T-1] < ku;
or
(V] <k,

(where kis the Lipschitzconstant) seems to be most effective from the numerical point of
view. The mathematical model is then accepted if the Lipschitz condition is satisfied for
all experimental results. In our calculations k = 2 will be chosen (confidence level = 95%).
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Condition equation.

The single condition equation is obtained in an easy way comparing total Wi, from direct
method and exergy balance equation and takes the form

WIOSI.I e Wlosr..’. + vvlostj + Wlostlanode + ch)stlcathode + Wlosr.4 + w/Iosl.S =

= Banos + Be + Be, + Baps + Ey — Bay— By — B - Brf

or in the direct form

1 T, I? . 1 1
To’i(_qul) + TOZ;\— Ax + Wiges + Wlostlunode + vvloszlcalhode -+ Wlosl,4 + T QO (FO = E) =

C.

MA103 Den a0y + W cbanc + 1Mo b cper + 17 aipy Do aips + Eot —

T,
— Mg {bch,Al + ¢pal ':(Tr -To) - Tp IHF}} =

0

. T,
— Ny {bch,A + Cp,A |:(TA . T()) = To lnF:l} —
0

T,
— n'ch{bch_cf + Cpof l:(T,;f - To) - TO lI’le:| }

0

Measurement results together with a priori errors are given in the text. In the case of data
from [4], a priori measurement errors were assumed to be 5% (lack of information).
Calculation have been carried out using least square procedure described above, and the
results of exergy balance equation are presented in the Table 3.

After adjustment, total lost work in the electrolysis cell is

SWiost = (20.72 + 1.12) — (12.20 £ 0.60) = 8.43 + 1.61 kWh/kg,,
and entropy generation rate

; 8.43
(Seendota = 208 0.029 + 0.005 kWh/K-kg A

Percentage difference to the Kjelstrop and Bedeaux [4] result is

0.029 — 0.0263
Diff% = 5 100 = 9.8%

2 (0.029 + 0.0263)
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and thermodynamic efficiency

9.34 0.44
b= ST aAa =Y
T =313
TABLE 3
Calculation results (exrgy balance)
Thermal exergy flow rates kWh/kga,
Substance
Before adjustment After adjustment
(a priori) (a posteriori)
Substrates

AlO; 1.05 + 0.03 1.05 £ 0.03
Anode carbon 5.08 £ 0.76 4.73 £ 0.68

Cryolite (Na;AlFs)
0.03 £ 0.01 0.03 = 0.007

AlF;
Electric energy 15.05 + 1.00 1491 £+ 0.81
.3 21.21 £ 1.58 20.72 £ 1.12
Products

Al (liquid) 9.27 + 0.37 9.35+0.36
Electrolyte losses 0.15 £ 0.05 0.15 £ 0.02
Carbon foam 0.15 £ 0.05 0.15+0.02
Anode gas 2.50 £ 0.50 2.64 £ 048
= 12.07  0.62 12.29 + 0.60

4. Discussion

Total lost work calculated with adjustment procedure 8.43 = 1.61 kWh/kg,, is not very
close to the difference between real industrial energy consumption and the minimum work

S Wiy = 1491 — 5.40 = 9.51 kWh/kgy,

even the difference is within the error band. Comparison with Kjelstrup and Bedeaux
model calculation [4] shows that the more rigorous mathematical models of elementary
processes taking place in the electrolysis cell are necessary. Simplified assumptions in [4]
could lead to the large uncertainties. The largest lost work due to the irrevesibilities is
observed in the charge conducting pathways and heat transfer to surrounding resulting from
electric resistance of the electrode block and electrolyte layer. Both losses, as it is seen from
deeper analysis, can be reduced by a better cell design based on the minimization of entropy
generation in the cell. Additional research effort especially in the more rigorous
mathematical modelling of heat, momentum, mass and charge transfer is necessary.
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5. Conclusions

The use of the first and second laws of thermodynamics together to analyze thermal and
chemical processes is necessary to solve practical problems more effectively. Application
of the entropy generation and lost work (or lost available energy or exergy) concepts
enhance our understanding of thermal and chemical processes [3]. These functions allow us
to examine any process, no matter how complex, in relation to the theoretically more
efficient manner. As Szargut stated [3], engineers and scientist have been using enthalpy
balances for more than a century to quantify the loss of efficiency in a process due to the loss
of energy. Entropy generation assessment allows to quantify the lost of efficiency in
a process due to the loss of quality of the energy. The majority of the causes of
thermodynamic imperfection of thermal and chemical processes cannot be detected by
means of a energy balance. The main purpose of entropy generation analysis is to evaluate
quantitatively the causes of the thermodynamic imperfection of thermal processes. Such an
analysis gives information about the possibilities of improving thermal processes, but
cannot state whether or not the possible improvement is practicable. This question can only
be answered by an economic analysis. Adjustment procedure proposed in this paper makes
possible the mathematical models of elementary processes and entropy generation
calculations to be more reliable.
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