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Pontryagin’s maximum principle for the Roesser model
with a fractional Caputo derivative

Shakir Sh. YUSUBOVo and Elimhan N. MAHMUDOVo

In this paper, we study the modern mathematical theory of the optimal control problem
associated with the fractional Roesser model and described by Caputo partial derivatives, where
the functional is given by the Riemann-Liouville fractional integral. In the formulated problem,
a new version of the increment method is applied, which uses the concept of an adjoint integral
equation. Using the Banach fixed point principle, we prove the existence and uniqueness of a
solution to the adjoint problem. Then the necessary and sufficient optimality condition is derived
in the form of the Pontryagin’s maximum principle. Finally, the result obtained is illustrated by
a concrete example.
Key words: fractional optimal control, Pontryagin’s maximum principle, Caputo derivative,
Roesser model

1. Introduction

Modern optimal control theory is an important branch of mathematics that
optimizes some objective functions and has many applications in science, en-
gineering, and operations research. The scope of its application is constantly
expanding, starting from the study of economic models and ending with math-
ematical models in physics. The rapid development of the theory of control of
systems with lumped parameters is largely associated with the use of Pontryagin’s
maximum principle [32]. Further, various necessary conditions for optimality of
the first and higher order are obtained for various systems [11,24,26,27,38,39].
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Interest in the study of the problem of optimal control does not fade away
and is reinforced by new applied problems. Opportunities in the study of systems
described by equations with fractional derivatives have opened a new layer of
unexplored problems in the management of such systems.

It is known that materials with memory and hereditary effects are better
modeled by fractional order models than by integer ones [8, 19, 31, 34]. Optimal
control theory is a field of mathematics that has been developed for many years,
but fractional optimal control theory is a completely new field of mathemat-
ics. Fractional optimal control problem can be defined with respect to various
definitions of fractional derivatives. But the most important types of fractional
derivatives are the Riemann-Liouville and Caputo fractional derivatives.

In the modern theory of optimal control, there are already many works contain-
ing the formulation and results of the study of various optimal control problems
for systems of fractional order. Main directions of research here are related to
necessary optimality conditions (see, e.g. [2, 17] and the references therein) and
numerical methods for constructing optimal controls (see e.g., [33] and the ref-
erences therein). Pontryain’s maximum principle for fractional optimal control
problems proved in [6, 16, 44–46].

For effective control of many systems, real control objects must be con-
sidered as objects with distributed parameters, i.e. objects whose state at each
moment of time is characterized by functions. Optimal control problems arise
for systems whose state is described by differential equations in partial deriva-
tives, functional-differential or integral equations-distributed or, in other words,
infinite-dimensional systems. Optimal control problems described by hyperbolic
equations considered in various papers and various necessary optimality condi-
tions were obtained [13, 40–42].

In the analysis of many physical phenomena, researchers consider partial dif-
ferential equations in two dimensions using fractional (noninteger) order partial
differential operators. The most interesting areas where this approach has found
application are two-dimensional models describing the dynamics of atomic dis-
location in crystals [9], anomalous diffusion processes [28], and nonlinear ca-
ble equations used in electrophysiology [7]. Recently, fractional order partial
differential equations with local and nonlocal conditions have been intensively
studied [1, 25, 43].

The control of distributed systems described by fractional-order equations is
a promising direction in the development of control theory, including from the
point of view of mathematical modelling and applied problems, but there are still
few works on this topic, see, for example, [14,18]. The paper [18] investigates the
optimal control problem associated with the fractional Roesser model described
by Riemann-Liouville partial derivatives. The existence theorem for optimal
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solutions and the maximum principle for such a problem with inhomogeneous
boundary conditions are proved.

The works [5,10,12,15,20–23,30,36,37,47], focuses on different order time-
invariant and time-varying finite-dimensional systems, covering both continuous
and discrete-time topics.

In [10] the class of nonlinear neutral fractional-integro-differential inclusions
with infinite delay in Banach spaces is of interest. On the basis of Martelli’s fixed
point theorem, a theorem on the existence of mild solutions of fractional-integro-
differential inclusions is obtained. The paper [15] studies two types of problems
(the initial problem and the nonlocal Cauchy problem) for differential equations
of fractional order with Hilfer’s 𝜓-derivative in the multidimensional case. On
the basis of the equivalence relation, new and general results are established for
the existence of differential equations of fractional order with Hilfer 𝜓-operators
of several variables in the space of weighted continuous functions for the non-
local Cauchy problem. The work [37] considers such qualitative properties as
uniform stability, asymptotic stability, and Mittag-Leffler stability of a trivial so-
lution and boundedness of nonzero solutions of a system of nonlinear fractional
integrodelay differential equations with Caputo fractional derivative, multiple
kernels, and multiple delays are investigated. The paper [30] considers a semilin-
ear functional-differential equation of fractional order in a Banach space under
the assumption that its linear part is a generator of a noncompact semigroup. It
is assumed that the nonlinearity satisfies the regularity condition expressed in
terms of noncompactness measures. The theory of condensing mappings is used
to obtain results about local and global existence. The same approach is applied
to a neutral functional differential equation. The paper [4] discusses a new class
of singular fractional systems in a multidimensional state space described by the
Roesser continuous-time models. Necessary and sufficient conditions for asymp-
totic stability and feasibility are established using linear matrix inequalities. The
article [3] is devoted to the global practical problem of stabilization with Mittag-
Leffler feedback for a class of uncertain systems of fractional order, which is a
wider class of nonlinearities than the Lipschitz ones. The article [47] consid-
ers an optimal control problem in which the dynamic system is controlled by a
nonlinear Caputo fractional state equation. First, a linearized maximum principle
is obtained, then the concept of a quasi-singular control is introduced, and on
this basis an analogue of the Legendre-Clebsch conditions is obtained. When the
analogue of the Legendre-Clebsch condition degenerates, a high-order necessary
optimality condition is obtained. The article [29] discusses the problem of linear-
quadratic (LQ) optimization for irregular singular systems of fractional order.
The purpose of this article is to find pairs of control states that satisfy the dy-
namic constraint in the form of irregular singular systems of fractional order, such
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that the objective functional LQ is minimized. In [35], positive linear-fractional
systems with continuous time are considered. Positive fractional systems without
delays and positive fractional systems with a single control delay are studied.

As far as we know, the necessary optimality condition of the Pontryagin’s
maximum principle type for Roesser processes described by Caputo-fractional
partial derivatives has not yet been studied. Therefore, this paper is devoted to the
derivation of a necessary and sufficient optimality condition of the Pontryagin
maximum principle type for an optimal control problem with distributed param-
eters. In this paper, we study the optimal control problem in which the state of the
controlled object is described by Caputo fractional partial derivatives. First, the
investigated problem is reduced to an equivalent integral equation and, using the
Banach principle, the existence and uniqueness of a solution to the problem for
each fixed admissible control is proved. The posed problem of optimal control is
investigated using a new version of the increment method, in which the concept of
a conjugate equation of an integral form is essentially used. The adjoint equation
is the sum of partial operators of fractional integration with weight. Using com-
mutation of fractional integrals with power functions, one can go directly from
weighted fractional integrals to nonweighted fractional integrals. Then, using the
fixed point of the Banach principle, we prove the existence and uniqueness of a
solution to the adjoint problem, after which a necessary and sufficient optimality
condition is derived in the form of the Pontryagin’s maximum principle.

The rest of the paper is organized as follows. In Section 2, the definitions and
basic properties of partial fractional order integrals and derivatives are recalled,
and also some preliminary results are proved. Section 3 gives a formulation of
the optimal control problem related to the fractional Roesser model described by
partial Caputo derivatives. Section 4 is devoted to the proof of the theorem on the
existence and uniqueness of the trajectory. Section 5 calculates the increment of
the functional, proves the existence and uniqueness of a solution to the conjugate
equation, and proves the Pontryagin’s maximum principle. An example is given
to illustrate the result.

2. Notations, definitions, and preliminary results

In this section, we give some definitions and basic concepts of partial fractional
integrals and derivatives (for details, see [1, 19, 34]).

Let numbers 𝑟, 𝑛𝑖, 𝑖 = 1, 2, 𝑛 ∈ N be fixed. Let R𝑛 and R𝑛×𝑛 be the spaces
of 𝑛-dimensional vectors and (𝑛 × 𝑛)-matrices. By ∥ · ∥, we denote a norm in R𝑛

and the corresponding norm in R𝑛×𝑛. Let numbers 𝑥0
𝑖
, 𝑋𝑖 ∈ R, 𝑥0

𝑖
< 𝑋𝑖, 𝑖 = 1, 2

be fixed, 𝐺𝑖 = (𝑥0
𝑖
, 𝑋𝑖), 𝑖 = 1, 2, 𝐺 = 𝐺1 ×𝐺2, and let 𝑋 be one of the spaces R𝑛

or R𝑛×𝑛.
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Let 𝐿1(𝐺, 𝑋) the Lebesgue space of summable functions defined on 𝐺 with
values in 𝑋 , endowd with its usual norm ∥ · ∥𝐿1 . 𝐿∞(𝐺, 𝑋) the Lebesgue space
of essentially bounded functions defined on𝐺 with values in 𝑋 , endowed with its
usual norm ∥𝜑(·, ·)∥ [𝑥0

1 , 𝑋1]×[𝑥0
2 , 𝑋2] = ess sup

(𝑥1,𝑥2)∈[𝑥0
1 , 𝑋1]×[𝑥0

2 , 𝑋2]
∥𝜑(𝑥1, 𝑥2)∥. 𝐶 (𝐺, 𝑋)

the space of continuous functions on 𝐺 with values in 𝑋 , endowed with the
uniform norm ∥ · ∥𝐺 .

Definition 1. Let 𝛼1 ∈ (0, 1), and 𝑢(·) ∈ 𝐿1(𝐺). The left-sided and right-sided
partial Riemann-Liouville fractional integrals of the order 𝛼1 of 𝑢(·) with respect
to 𝑥1 are defined by the expressions(

𝐼
𝛼1
𝑥0

1+
𝑢

)
(𝑥1, 𝑥2) =

1
Γ(𝛼1)

𝑥1∫
𝑥0

1

(𝑥1 − 𝑠1)𝛼1−1 𝑢 (𝑠1, 𝑥2) d𝑠1 ,

(
𝐼
𝛼1
𝑋1−𝑢

)
(𝑥1, 𝑥2) =

1
Γ(𝛼1)

𝑋1∫
𝑥1

(𝑠1 − 𝑥1)𝛼1−1 𝑢 (𝑠1, 𝑥2) d𝑠1 ,

for almost all 𝑥 ∈ 𝐺, where Γ(·) is the (Euler’s) Gamma function defined as

Γ(𝜉) =
∞∫

0

𝑡𝜉−1𝑒−𝑡 d𝑡, 𝜉 > 0.

Analogously, we define the integrals(
𝐼
𝛼2
𝑥0

2+
𝑢

)
(𝑥1, 𝑥2) =

1
Γ(𝛼2)

𝑥2∫
𝑥0

2

(𝑥2 − 𝑠2)𝛼2−1 𝑢 (𝑥1, 𝑠2) d𝑠2,

(
𝐼
𝛼2
𝑋2−𝑢

)
(𝑥1, 𝑥2) =

1
Γ(𝛼2)

𝑋2∫
𝑥2

(𝑠2 − 𝑥2)𝛼2−1 𝑢 (𝑥1, 𝑠2) d𝑠2,

for almost all 𝑥 ∈ 𝐺.
The Beta function is defined by the Euler integral of the first kind:

𝐵(𝛼, 𝛽) =
1∫

0

𝑡𝛼−1(1 − 𝑡)𝛽−1d𝑡, 𝛼, 𝛽 > 0.
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The function is connected with the Gamma functions by the relation 𝐵(𝛼, 𝛽) =
Γ(𝛼)Γ(𝛽)
Γ(𝛼 + 𝛽) .

Definition 2. The left-sided partial Riemann-Liouville fractional derivative of
order 𝛼1 ∈ (0, 1) of 𝑢(·) with respect to 𝑥1 is defined by the expression(

𝐷
𝛼1
𝑥0

1+
𝑢

)
(𝑥1, 𝑥2) =

𝜕

𝜕𝑥1

(
𝐼
1−𝛼1
𝑥0

1+
𝑢

)
(𝑥1, 𝑥2),

for almost all 𝑥 ∈ 𝐺.
Similarly, we define the derivative(

𝐷
𝛼2
𝑥0

2+
𝑢

)
(𝑥1, 𝑥2) =

𝜕

𝜕𝑥2

(
𝐼
1−𝛼2
𝑥0

2+
𝑢

)
(𝑥1, 𝑥2),

for almost all 𝑥 ∈ 𝐺.

Definition 3. The left-sided partial Caputo fractional derivative (regularized
derivative)of order 𝛼1 ∈ (0, 1) of 𝑢(·) with respect to 𝑥1 is defined by expression(
𝐷
𝛼1
1 𝑢

)
(𝑥1, 𝑥2) ≡

(
𝑐𝐷

𝛼1
𝑥0

1+
𝑢

)
(𝑥1, 𝑥2)

=
𝜕

𝜕𝑥1

(
𝐼
1−𝛼1
𝑥0

1+

(
𝑢(·, 𝑥2) − 𝑢

(
𝑥0

1, 𝑥2

)))
(𝑥1, 𝑥2)

=
1

Γ(1 − 𝛼1)
𝜕

𝜕𝑥1

𝑥1∫
𝑥0

1

(𝑥1 − 𝑠1)−𝛼1
(
𝑢 (𝑠1, 𝑥2) − 𝑢(𝑥0

1, 𝑥2)
)

d𝑠1 .

Similarly, we define the derivative(
𝐷
𝛼2
2 𝑢

)
(𝑥1, 𝑥2) ≡

(
𝑐𝐷

𝛼2
𝑥0

2+
𝑢

)
(𝑥1, 𝑥2)

=
𝜕

𝜕𝑥2

(
𝐼
1−𝛼2
𝑥0

2+

(
𝑢 (𝑥1, ·) − 𝑢(𝑥1, 𝑥

0
2))

)
(𝑥1, 𝑥2)

=
1

Γ(1 − 𝛼2)
𝜕

𝜕𝑥2

𝑥2∫
𝑥0

2

(𝑥2 − 𝑠2)−𝛼2
(
𝑢 (𝑥1, 𝑠2) − 𝑢(𝑥1, 𝑥

0
2)

)
𝑑𝑠2 ,

where 𝛼2 ∈ (0, 1).
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By 𝐴𝐶𝛼∞(𝐺, R𝑛1+𝑛2) = 𝐴𝐶
𝛼1
∞ (𝐺, R𝑛1) × 𝐴𝐶

𝛼2
∞ (𝐺, R𝑛2) we denote the set of

all functions 𝑧 = (𝑧1, 𝑧2) : 𝐺 → R𝑛1 × R𝑛2 such that

𝑧1(𝑥) = 𝜓2(𝑥2) +
1

Γ(𝛼1)

𝑥1∫
𝑥0

1

(𝑥1 − 𝜏1)𝛼1−1𝜑1(𝜏1, 𝑥2)d𝜏1 , 𝑥 ∈ 𝐺 a.e.,

𝑧2(𝑥) = 𝜓1(𝑥1) +
1

Γ(𝛼2)

𝑥2∫
𝑥0

2

(𝑥2 − 𝜏2)𝛼2−1𝜑2(𝑥1, 𝜏2)d𝜏2 , 𝑥 ∈ 𝐺 a.e.,

where 𝜓2(·) ∈ 𝐿∞(𝐺2, R𝑛1), 𝜓1(·) ∈ 𝐿∞(𝐺1, R𝑛2), 𝜑1(·) ∈ 𝐿∞(𝐺, R𝑛1),
𝜑2(·) ∈ 𝐿∞(𝐺, R𝑛2).

Proposition 1. For any 𝜓𝑖 (·) ∈ 𝐿∞(𝐺𝑖,R𝑛 𝑗 ), 𝑖, 𝑗 = 1, 2, 𝑖 ≠ 𝑗 , and
𝜑𝑖 (·) ∈ 𝐿∞(𝐺, R𝑛𝑖 ), 𝑖 = 1, 2 the functions 𝑧𝑖 (·) ∈ 𝐴𝐶

𝛼𝑖
∞ (𝐺, R𝑛𝑖 ), 𝑖 = 1, 2 are

correctly defined for almost all 𝑥 ∈ 𝐺. The inequalities

𝑧1(𝑥2
1, 𝑥2) − 𝑧1(𝑥1

1, 𝑥2)


 ¬ 2

Γ(𝛼1+1) ∥𝜑1(·, 𝑥2)∥ [𝑥0
1 ,𝑋1] (𝑥

2
1 − 𝑥

1
1)
𝛼1, 𝑥2 ∈ 𝐺2 a.e.,

𝑧2(𝑥1, 𝑥

2
2) − 𝑧2(𝑥1, 𝑥

1
2)



 ¬ 2
Γ(𝛼2+1) ∥𝜑2(𝑥1, ·)∥ [𝑥0

2 ,𝑋2] (𝑥
2
2 − 𝑥

1
2)
𝛼2, 𝑥1 ∈ 𝐺1 a.e.,

are valid for 𝑥1
1 < 𝑥

2
1, 𝑥

1
2 < 𝑥

2
2, 𝑥

1
1, 𝑥

2
1 ∈ 𝐺1, 𝑥

1
2, 𝑥

2
2 ∈ 𝐺2.

In particular
a) 𝑧1(·, 𝑥2) ∈ 𝐶 (𝐺1, R𝑛1) and 𝑧1(𝑥0

1, 𝑥2) = 𝜓2(𝑥2) for almost all 𝑥2 ∈ 𝐺2,

b) 𝑧2(𝑥1, ·) ∈ 𝐶 (𝐺2, R𝑛2) and 𝑧2(𝑥1, 𝑥
0
2) = 𝜓1(𝑥1) for almost all 𝑥1 ∈ 𝐺1.

Proposition 2. For any 𝑧(·) = (𝑧1(·), 𝑧2(·)) ∈ 𝐴𝐶𝛼∞(𝐺, R𝑛1+𝑛2), the val-
ues (𝑐𝐷𝛼1

𝑥0
1+
𝑧1) (𝑥1, 𝑥2), (𝑐𝐷𝛼2

𝑥0
2+
𝑧2) (𝑥1, 𝑥2) are correctly defined for almost

all (𝑥1, 𝑥2) ∈ 𝐺. Moreover, the inclusions (𝑐𝐷𝛼1
𝑥0

1+
𝑧1) (·) ∈ 𝐿∞(𝐺, R𝑛1),

(𝑐𝐷𝛼2
𝑥0

2+
𝑧2) (·) ∈ 𝐿∞(𝐺, R𝑛2) holds and(
𝐼
𝛼1
𝑥0

1+
(𝑐𝐷𝛼1

𝑥0
1+
𝑧1)

)
(𝑥1, 𝑥2) = 𝑧1(𝑥1, 𝑥2) − 𝑧1(𝑥0

1, 𝑥2), 𝑥2 ∈ 𝐺2 a.e.,(
𝐼
𝛼2
𝑥0

2+
(𝑐𝐷𝛼2

𝑥0
2+
𝑧2)

)
(𝑥1, 𝑥2) = 𝑧2(𝑥1, 𝑥2) − 𝑧2(𝑥1, 𝑥

0
2), 𝑥1 ∈ 𝐺1 a.e..
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3. Problem statement

The investigation object of the present paper is optimal control problem where
system is driven by the linear Roesser equation with a fractional Caputo derivative
of the order 𝛼 = (𝛼1, 𝛼2) , 𝛼𝑖 ∈ (0, 1), 𝑖 = 1, 2:(

𝐷
𝛼1
1 𝑧1

)
(𝑥) = 𝑎1(𝑥)𝑧1(𝑥) + 𝑎2(𝑥)𝑧2(𝑥) + 𝑓1 (𝑥, 𝑢(𝑥)) , 𝑥 ∈ 𝐺 a.e.,(

𝐷
𝛼2
2 𝑧2

)
(𝑥) = 𝑏1(𝑥)𝑧1(𝑥) + 𝑏2(𝑥)𝑧2(𝑥) + 𝑓2 (𝑥, 𝑢(𝑥)) , 𝑥 ∈ 𝐺 a.e.

(1)

The boundary conditions for (1) are given in the following form

𝑧1

(
𝑥0

1, 𝑥2

)
= 𝜑10(𝑥2), 𝑥2 ∈ 𝐺2 ,

𝑧2

(
𝑥1, 𝑥

0
2

)
= 𝜑01(𝑥1), 𝑥1 ∈ 𝐺1 a.e.,

(2)

where 𝐷𝛼𝑖
𝑖

, 𝑖 = 1, 2 are the partial 𝛼𝑖-order Caputo derivatives, 𝑧1(𝑥1, 𝑥2) ∈ R𝑛1 ,
𝑧2(𝑥1, 𝑥2) ∈ R𝑛2 are state vectors, the functions 𝑎𝑖 : 𝐺 → R𝑛1×𝑛𝑖 , 𝑏𝑖 : 𝐺 → R𝑛2×𝑛𝑖 ,
𝑖 = 1, 2, 𝜑10 : 𝐺2 → R𝑛1 , 𝜑01 : 𝐺1 → R𝑛2 are essentially bounded, 𝑢(·) is
𝑟-dimensional measurable and bounded vector function of controlling effects on
the 𝐺, 𝑓1(𝑥, 𝑢) ( 𝑓2(𝑥, 𝑢)) is 𝑛1 (𝑛2)-dimensional vector function defined on
𝐺 × R𝑟 and satisfying conditions:

1) measurable and bounded by 𝑥 in 𝐺 for all 𝑢 ∈ R𝑟 ,
2) 𝑓𝑖 (𝑥, 𝑢), 𝑖 = 1, 2 are continuous by 𝑢 in R𝑟 for almost all 𝑥 ∈ 𝐺.

It is assumed that almost everywhere on 𝐺 the controlling effects satisfy the
boundedness of the type of the inclusion:

𝑢(𝑥) ∈ 𝑉, (3)

𝑉 is a nonempty bounded set in R𝑟 .
As a solution of the problem (1)-(2) corresponding to the fixed control func-

tion 𝑢(·), we consider the function 𝑧(·) = (𝑧1(·), 𝑧2(·)) ∈ 𝐴𝐶
𝛼1
∞ (𝐺, R𝑛1) ×

𝐴𝐶
𝛼2
∞ (𝐺, R𝑛2) satisfies differential equations (1) and condition (2) for almost

every 𝑥 ∈ 𝐺, 𝑥1 ∈ 𝐺1, 𝑥2 ∈ 𝐺2, respectively.
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The goal of the optimal control problem is the minimization of the functional

𝐽 (𝑢) = 1
Γ(𝛽1)Γ(𝛽2)

𝑋1∫
𝑥0

1

𝑋2∫
𝑥0

2

(𝑋1 − 𝑥1)𝛽1−1(𝑋2 − 𝑥2)𝛽2−1

×
[
𝑐′1(𝑥)𝑧1(𝑥) + 𝑐

′
2(𝑥)𝑧2(𝑥) + 𝑓0(𝑥, 𝑢(𝑥))

]
d𝑥

+ 1
Γ(𝛽1)

𝑋1∫
𝑥0

1

(𝑋1 − 𝑥1)𝛽1−1 𝑑′1(𝑥1)𝑧2 (𝑥1, 𝑋2) d𝑥1

+ 1
Γ(𝛽2)

𝑋2∫
𝑥0

2

(𝑋2 − 𝑥2)𝛽2−1 𝑑′2(𝑥2)𝑧1 (𝑋1, 𝑥2) d𝑥2 (4)

determined in the solutions of problem (1)–(2) for admissible control satisfying
the condition (3).

Here 𝑐1(·) ∈ 𝐿∞(𝐺, R𝑛1), 𝑐2(·) ∈ 𝐿∞(𝐺, R𝑛2), 𝑑1(·) ∈ 𝐿∞(𝐺1, R𝑛2),
𝑑2(·) ∈ 𝐿∞(𝐺2, R𝑛1), scalar function 𝜑0(𝑥, 𝑢) defined on 𝐺 × 𝑉 and satisfying
conditions 1) measurable and bounded by 𝑥 in 𝐺 for all 𝑢 ∈ 𝑉 , 2) 𝜑0(𝑥, 𝑢) is
continuous by 𝑢 in 𝑉 for almost all 𝑥 ∈ 𝐺, 𝛼𝑖 ¬ 𝛽𝑖 < 1 + 𝛼𝑖, 𝑖 = 1, 2.
The admissible control together with corresponding solutions of the problem
(1)–(2) is called an admissible process. The admissible process (𝑢(·), 𝑧(·)) being
the solution of problem (1)–(4), i.e. minimizing the functional (4) at constraints
(1)–(3) is said to be an optimal process, while 𝑢(·) – an optimal control.

4. Existence and uniqueness of the solution of the problem (1)–(4)

Solutions of system (1)–(2) on admissible controls we will consider a vector
of functions of the form

𝑧1(𝑥) = 𝜑10(𝑥2) +
1

Γ(𝛼1)

𝑥1∫
𝑥0

1

(𝑥1 − 𝜏1)𝛼1−1 𝜑1 (𝜏1, 𝑥2) d𝜏1 ,

𝑧2(𝑥) = 𝜑01(𝑥1) +
1

Γ(𝛼2)

𝑥2∫
𝑥0

2

(𝑥2 − 𝜏2)𝛼2−1 𝜑2 (𝑥1, 𝜏2) d𝜏2 ,

(5)

for which equations (1) and initial conditions (2) are satisfied almost every-
where on 𝐺, where 𝜑1(·) ∈ 𝐿∞(𝐺, R𝑛1), 𝜑2(·) ∈ 𝐿∞(𝐺, R𝑛2). It is obvi-
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ous that this solution 𝑧(·) = (𝑧1(·), 𝑧2(·)) belongs to the set 𝐴𝐶𝛼∞(𝐺,R𝑛1+𝑛2)
� 𝐴𝐶𝛼1

∞ (𝐺,R𝑛1) × 𝐴𝐶𝛼2
∞ (𝐺,R𝑛2). It is easy to see that the existence of a solution

to system (1)–(2) in the set 𝐴𝐶𝛼∞(𝐺,R𝑛1+𝑛2), corresponding to a control 𝑢, is
equivalent to the existence of a solution to system

𝜑1(𝑥) =
𝑎1(𝑥)
Γ(𝛼1)

𝑥1∫
𝑥0

1

(𝑥1 − 𝜏1)𝛼1−1 𝜑1 (𝜏1, 𝑥2) d𝜏1

+ 𝑎2(𝑥)
Γ(𝛼2)

𝑥2∫
𝑥0

2

(𝑥2 − 𝜏2)𝛼2−1 𝜑2 (𝑥1, 𝜏2) d𝜏2 + 𝑚1(𝑥, 𝑢(𝑥)), 𝑥 ∈ 𝐺 a.e.,

(6)

𝜑2(𝑥) =
𝑏1(𝑥)
Γ(𝛼1)

𝑥1∫
𝑥0

1

(𝑥1 − 𝜏1)𝛼1−1 𝜑1 (𝜏1, 𝑥2) d𝜏1

+ 𝑏2(𝑥)
Γ(𝛼2)

𝑥2∫
𝑥0

2

(𝑥2 − 𝜏2)𝛼2−1 𝜑2 (𝑥1, 𝜏2) d𝜏2 + 𝑚2(𝑥, 𝑢(𝑥)), 𝑥 ∈ 𝐺 a.e.,

in the set 𝜑(·) = (𝜑1(·), 𝜑2(·)) ∈ 𝐿∞(𝐺,R𝑛1+𝑛2), where 𝑚1(𝑥, 𝑢(𝑥)) =

𝑓1(𝑥, 𝑢(𝑥)) − 𝑎1(𝑥)𝜑10(𝑥2) − 𝑎2(𝑥)𝜑01(𝑥1), 𝑚2(𝑥, 𝑢(𝑥)) = 𝑓2(𝑥, 𝑢(𝑥)) −
𝑏1(𝑥)𝜑10(𝑥2) − 𝑏2(𝑥)𝜑01(𝑥1).

Applying the Banach contraction principle, we shall prove a theorem on the
existence and uniqueness of a solution 𝑧(·) = (𝑧1(·), 𝑧2(·)) of system (1)–(2) for
any control 𝑢(·) ∈ 𝐿∞ (𝐺,R𝑟) .
Theorem 1. Let the above conditions are met for given tasks (1)–(4). Then prob-
lem (1)–(2) possesses a unique solution 𝑧(·) = (𝑧1(·), 𝑧2(·)) ∈ 𝐴𝐶𝛼∞(𝐺, R𝑛1+𝑛2)
corresponding to any control 𝑢(·) ∈ 𝐿∞ (𝐺, R𝑟) .
Proof. Let us consider the Banach space 𝐿∞,𝑒 (𝐺,R𝑛1+𝑛2) of essential bounded
functions Φ(·) = (Φ1(·), Φ2(·)) with the Bielecki norm

∥Φ(·)∥∞,𝑒 = ∥Φ1(·)∥∞,𝑒 + ∥Φ2(·)∥∞,𝑒 = esssup
𝑥∈𝐺

(
∥Φ1(𝑥)∥ 𝑒−(𝑥1−𝑥0

1)𝑘𝑒−(𝑥2−𝑥0
2)𝑘

)
+ esssup

𝑥∈𝐺

(
∥Φ2(𝑥)∥ 𝑒−(𝑥1−𝑥0

1)𝑘𝑒−(𝑥2−𝑥0
2)𝑘

)
,

where 𝑘 > 0 is a fixed constant.
It is easy to see that this norm is equivalent to the classical one and conse-

quently, 𝐿∞,𝑒 (𝐺, R𝑛1+𝑛2) with the Bielecki norm is complete. To prove this theo-
rem it suffices to show that for any control 𝑢(·) ∈ 𝐿∞,𝑒 (𝐺,R𝑟) there exists a unique



PONTRYAGIN’S MAXIMUM PRINCIPLE FOR THE ROESSER MODEL
WITH A FRACTIONAL CAPUTO DERIVATIVE 281

fixed point of the operator 𝐴 = (𝐴1, 𝐴2) : 𝐿∞,𝑒 (𝐺, R𝑛1+𝑛2) → 𝐿∞,𝑒 (𝐺, R𝑛1+𝑛2) ,

(𝐴1𝜑) (𝑥) =
𝑎1(𝑥)
Γ(𝛼1)

𝑥1∫
𝑥0

1

(𝑥1 − 𝜏1)𝛼1−1𝜑1(𝜏1, 𝑥2)d𝜏1

+ 𝑎2(𝑥)
Γ(𝛼2)

𝑥2∫
𝑥0

2

(𝑥2 − 𝜏2)𝛼2−1𝜑2(𝑥1, 𝜏2)d𝜏2 + 𝑚1(𝑥, 𝑢(𝑥)), 𝑥 ∈ 𝐺 a.e.,

(7)

(𝐴2𝜑) (𝑥) =
𝑏1(𝑥)
Γ(𝛼1)

𝑥1∫
𝑥0

1

(𝑥1 − 𝜏1)𝛼1−1𝜑1 (𝜏1, 𝑥2) d𝜏1

+ 𝑏2(𝑥)
Γ(𝛼2)

𝑥2∫
𝑥0

2

(𝑥2 − 𝜏2)𝛼2−1𝜑2(𝑥1, 𝜏2)d𝜏2 + 𝑚2(𝑥, 𝑢(𝑥)), 𝑥 ∈ 𝐺 a.e.

Under the conditions imposed on the tasks it follows that (𝐴𝜑) (·) ∈
𝐿∞,𝑒 (𝐺, R𝑛1+𝑛2). Hence, the operator 𝐴 is correctly defined. Let us show that
this operator is a contraction. Let us fixed 𝜑(·) = (𝜑1(·), 𝜑2(·)), 𝜓(·) =

(𝜓1(·), 𝜓2(·)) ∈ 𝐿∞,𝑒 (𝐺, R𝑛1+𝑛2). For almost all 𝑥 ∈ 𝐺, we derive

∥(𝐴1𝜑) (𝑥)−(𝐴1𝜓) (𝑥)∥ ¬
𝑎1

Γ(𝛼1)

𝑥1∫
𝑥0

1

(𝑥1 − 𝜏1)𝛼1−1 ∥𝜑1 (𝜏1, 𝑥2) − 𝜓1(𝜏1, 𝑥2)∥ d𝜏1

+ 𝑎2

Γ(𝛼2)

𝑥2∫
𝑥0

2

(𝑥2 − 𝜏2)𝛼2−1 ∥𝜑2 (𝑥1, 𝜏2) − 𝜓2 (𝑥1, 𝜏2)∥ d𝜏2,

∥(𝐴2𝜑) (𝑥)−(𝐴2𝜓) (𝑥)∥ ¬
𝑏1

Γ(𝛼1)

𝑥1∫
𝑥0

1

(𝑥1 − 𝜏1)𝛼1−1 ∥𝜑1 (𝜏1, 𝑥2) − 𝜓1(𝜏1, 𝑥2)∥ d𝜏1

+ 𝑏2

Γ(𝛼2)

𝑥2∫
𝑥0

2

(𝑥2 − 𝜏2)𝛼2−1 ∥𝜑2 (𝑥1, 𝜏2) − 𝜓2 (𝑥1, 𝜏2)∥ d𝜏2 ,

where 𝑎𝑖 = esssup
𝑥∈𝐺

∥𝑎𝑖 (𝑥)∥, 𝑏𝑖 = esssup
𝑥∈𝐺

∥𝑏𝑖 (𝑥)∥, 𝑖 = 1, 2.
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Since

∥𝜑1(𝜉1, 𝑥2) − 𝜓1(𝜉1, 𝑥2)∥ ¬ ∥𝜑1(𝜉1, 𝑥2) − 𝜓1(𝜉1, 𝑥2)∥ 𝑒−(𝜉1−𝑥0
1)𝑘𝑒−(𝑥2−𝑥0

2)𝑘

× 𝑒(𝜏1−𝑥0
1)𝑘𝑒(𝑥2−𝑥0

2)𝑘

¬ ∥𝜑1(·) − 𝜓1(·)∥∞,𝑒 𝑒(𝜏1−𝑥
0
1)𝑘𝑒(𝑥2−𝑥0

2)𝑘 ,

𝑥0
1 ¬ 𝜉1 ¬ 𝜏1 ¬ 𝑋1, 𝑥0

2 ¬ 𝑥2 ¬ 𝑋2 ,

and

∥𝜑2 (𝑥1, 𝜉2) − 𝜓2(𝑥1, 𝜉2)∥ ¬ ∥𝜑2(𝑥1, 𝜉2) − 𝜓2(𝑥1, 𝜉2)∥ 𝑒−(𝑥1−𝑥0
1)𝑘𝑒−(𝜉2−𝑥0

2)𝑘

× 𝑒(𝑥1−𝑥0
1)𝑘𝑒(𝜏2−𝑥

0
2)𝑘

¬ ∥𝜑2(·) − 𝜓2(·)∥∞,𝑒 𝑒(𝑥1−𝑥0
1)𝑘𝑒(𝜏2−𝑥

0
2)𝑘 ,

𝑥0
1 ¬ 𝑥1 ¬ 𝑋1, 𝑥0

2 ¬ 𝜉2 ¬ 𝜏2 ¬ 𝑋2 ,

then for a.e., 𝑥 ∈ 𝐺 we obtain

∥(𝐴1𝜑) (𝑥) − (𝐴1𝜓) (𝑥)∥

¬
©­­­«
𝑎1

Γ(𝛼1)

𝑥1∫
𝑥0

1

(𝑥1 − 𝜏1)𝛼1−1 𝑒(𝜏1−𝑥
0
1)𝑘 d𝜏1𝑒(𝑥2−𝑥0

2)𝑘
ª®®®¬ ∥𝜑1(·) − 𝜓1(·)∥∞,𝑒

+
©­­­«
𝑎2

Γ(𝛼2)

𝑥2∫
𝑥0

2

(𝑥2 − 𝜏2)𝛼2−1 𝑒(𝜏2−𝑥
0
2)𝑘 d𝜏2𝑒(𝑥1−𝑥0

1)𝑘
ª®®®¬ ∥𝜑2(·) − 𝜓2(·)∥∞,𝑒 ,

∥(𝐴2𝜑) (𝑥) − (𝐴2𝜓) (𝑥)∥

¬
©­­­«
𝑏1

Γ(𝛼1)

𝑥1∫
𝑥0

1

(𝑥1 − 𝜏1)𝛼1−1 𝑒(𝜏1−𝑥
0
1)𝑘 d𝜏1𝑒(𝑥2−𝑥0

2)𝑘
ª®®®¬ ∥𝜑1(·) − 𝜓1(·)∥∞,𝑒

+
©­­­«
𝑏2

Γ(𝛼2)

𝑥2∫
𝑥0

2

(𝑥2 − 𝜏2)𝛼2−1 𝑒(𝜏2−𝑥
0
2)𝑘 d𝜏2𝑒(𝑥1−𝑥0

1)𝑘
ª®®®¬ ∥𝜑2(·) − 𝜓2(·)∥∞,𝑒 .

Taking the inequality

1
Γ(𝛼𝑖)

𝑥𝑖∫
𝑥0
𝑖

(𝑥𝑖 − 𝜏𝑖)𝛼𝑖−1 𝑒(𝜏𝑖−𝑥
0
𝑖
)𝑘 d𝜏𝑖 ¬ 𝑒(𝑥𝑖−𝑥

0
𝑖
)𝑘 𝑘−𝛼𝑖 , 𝑖 = 1, 2
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into account, we have

∥(𝐴1𝜑) (·) − (𝐴1𝜓) (·)∥∞,𝑒 ¬
𝑎1

𝑘𝛼1
∥𝜑1(·) − 𝜓1(·)∥∞,𝑒 +

𝑎2

𝑘𝛼2
∥𝜑2(·) − 𝜓2(·)∥∞,𝑒 ,

∥(𝐴2𝜑) (·) − (𝐴2𝜓) (·)∥∞,𝑒 ¬
𝑏1

𝑘𝛼1
∥𝜑1(·) − 𝜓1(·)∥∞,𝑒 +

𝑏2

𝑘𝛼2
∥𝜑2(·) − 𝜓2(·)∥∞,𝑒 .

Denoting 𝑎 = max {𝑎1, 𝑎2, 𝑏1, 𝑏2}, 𝛼 = min {𝛼1, 𝛼2}, from these inequalities we
obtain

∥(𝐴𝜑) (·) − (𝐴𝜓) (·)∥∞,𝑒 ¬
2𝑎
𝑘𝛼

∥𝜑(·) − 𝜓(·)∥∞,𝑒 .

Thus due to the choice of the number 𝑘 , the operator 𝐴 is a contraction. By the
Banach contraction principle, this operator has a unique fixed point, which is
a unique solution 𝜑(·) = (𝜑1(·), 𝜑2(·)) ∈ 𝐿∞,𝑒 (𝐺, R𝑛1+𝑛2) of the system (6).
Hence, problem (1)–(2) has a unique solution. □

5. Necessary and sufficient conditions for optimality

The aim of this section is to derive the necessary optimality conditions
for problem (1)–(4). To obtain the necessary and sufficient conditions for op-
timality, first we find increment of the functional (4). Let (𝑢(·), 𝑧(·)) be a fixed
admissible process in problem (1)-(4). Along with this process, consider another
admissible process (𝑢(·) = 𝑢(·) +Δ𝑢(·), 𝑧(·) = 𝑧(·) +Δ𝑧(·)). Then the increment
Δ𝑧(·) of the state 𝑧(·) is a solution to the system of linear partial differential equa-
tion with a fractional Caputo derivative of the order 𝛼 = (𝛼1, 𝛼2), 𝛼𝑖 ∈ (0, 1),
𝑖 = 1, 2:(

𝐷
𝛼1
1 Δ𝑧1

)
(𝑥) = 𝑎1(𝑥)Δ𝑧1(𝑥) + 𝑎2(𝑥)Δ𝑧2(𝑥) + Δ 𝑓1(𝑥, 𝑢(𝑥)), 𝑥 ∈ 𝐺 a.e.,(

𝐷
𝛼2
2 Δ𝑧2

)
(𝑥) = 𝑏1(𝑥)Δ𝑧1(𝑥) + 𝑏2(𝑥)Δ𝑧2(𝑥) + Δ 𝑓2(𝑥, 𝑢(𝑥)), 𝑥 ∈ 𝐺 a.e.,

with the following conditions

Δ𝑧1

(
𝑥0

1, 𝑥2

)
= 0, 𝑥2 ∈ 𝐺2 a.e.,

Δ𝑧2

(
𝑥1, 𝑥

0
2

)
= 0, 𝑥1 ∈ 𝐺1 a.e.,

where Δ 𝑓𝑖 (𝑥, 𝑢(𝑥)) = 𝑓𝑖 (𝑥, 𝑢(𝑥) + Δ𝑢(𝑥)) − 𝑓𝑖 (𝑥, 𝑢(𝑥)), 𝑖 = 1, 2.
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We introduce some nontrivial vector functions 𝜓1 : 𝐺 → R𝑛1 and 𝜓2 : 𝐺 →
R𝑛2 . Then the increment of objective functional (4) may be represented as

Δ𝐽 (𝑢) = 1
Γ(𝛽1)Γ(𝛽2)

𝑋1∫
𝑥0

1

𝑋2∫
𝑥0

2

(𝑋1 − 𝑥1)𝛽1−1(𝑋2 − 𝑥2)𝛽2−1

×
[
𝑐′1(𝑥)Δ𝑧1(𝑥) + 𝑐

′
2(𝑥)Δ𝑧2(𝑥) + Δ 𝑓0(𝑥, 𝑢(𝑥))

]
d𝑥

+ 1
Γ(𝛽1)

𝑋1∫
𝑥0

1

(𝑋1 − 𝑥1)𝛽1−1 𝑑′1(𝑥1)Δ𝑧2(𝑥1, 𝑋2)d𝑥1

+ 1
Γ(𝛽2)

𝑋2∫
𝑥0

2

(𝑋2 − 𝑥2)𝛽2−1 𝑑′2(𝑥2)Δ𝑧1(𝑋1, 𝑥2)d𝑥2

+ 1
Γ(𝛼1)Γ(𝛼2)

𝑋1∫
𝑥0

1

𝑋2∫
𝑥0

2

(𝑋1 − 𝑥1)𝛼1−1(𝑋2 − 𝑥2)𝛼2−1

×
{
𝜓′

1(𝑥)
[(
𝐷
𝛼1
1 Δ𝑧1

)
(𝑥) − 𝑎1(𝑥)Δ𝑧1(𝑥) − 𝑎2(𝑥)Δ𝑧2(𝑥)

− Δ 𝑓1(𝑥, 𝑢(𝑥))
]
+ 𝜓′

2(𝑥)
[(
𝐷
𝛼2
2 Δ𝑧2

)
(𝑥)

− 𝑏1(𝑥)Δ𝑧2(𝑥) − 𝑏2(𝑥)Δ𝑧2(𝑥) − Δ 𝑓2(𝑥, 𝑢(𝑥))
]}

d𝑥.

Using relation

Δ𝑧1(𝑥) =
1

Γ(𝛼1)

𝑥1∫
𝑥0

1

(𝑥1 − 𝜏1)𝛼1−1
(
𝐷
𝛼1
1 Δ𝑧1

)
(𝜏1, 𝑥2)d𝜏1 ,

Δ𝑧2(𝑥) =
1

Γ(𝛼2)

𝑥2∫
𝑥0

2

(𝑥2 − 𝜏2)𝛼2−1
(
𝐷
𝛼2
2 Δ𝑧2

)
(𝑥1, 𝜏2)d𝜏2 ,
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we get

Δ𝐽 (𝑢) = 1
Γ(𝛽1)Γ(𝛽2)

𝑋1∫
𝑥0

1

𝑋2∫
𝑥0

2

(𝑋1 − 𝑥1)𝛽1−1(𝑋2 − 𝑥2)𝛽2−1

×
𝑐

′
1(𝑥)

1
Γ(𝛼1)

𝑥1∫
𝑥0

1

(𝑥1 − 𝜏1)𝛼1−1
(
𝐷
𝛼1
1 Δ𝑧1

)
(𝜏1, 𝑥2)d𝜏1 + 𝑐′2(𝑥)

× 1
Γ(𝛼2)

𝑥2∫
𝑥0

2

(𝑥2 − 𝜏2)𝛼2−1
(
𝐷
𝛼2
2 Δ𝑧2

)
(𝑥1, 𝜏2)d𝜏2 + Δ 𝑓0(𝑥, 𝑢(𝑥))

 d𝑥

+ 1
Γ(𝛽1)

𝑋1∫
𝑥0

1

(𝑋1 − 𝑥1)𝛽1−1𝑑′1(𝑥1)
1

Γ(𝛼2)

𝑋2∫
𝑥0

2

(𝑋2 − 𝑥2)𝛼2−1
(
𝐷
𝛼2
2 Δ𝑧2

)
(𝑥1, 𝑥2)d𝑥2d𝑥1

+ 1
Γ(𝛽2)

𝑋2∫
𝑥0

2

(𝑋2 − 𝑥2)𝛽2−1𝑑′2(𝑥2)
1

Γ(𝛼1)

𝑋1∫
𝑥0

1

(𝑋1 − 𝑥1)𝛼1−1
(
𝐷
𝛼1
1 Δ𝑧1

)
(𝑥1, 𝑥2)d𝑥1d𝑥2

+ 1
Γ(𝛼1)Γ(𝛼2)

𝑋1∫
𝑥0

1

𝑋2∫
𝑥0

2

(𝑋1 − 𝑥1)𝛼1−1(𝑋2 − 𝑥2)𝛼2−1

×
𝜓

′
1(𝑥)


(
𝐷
𝛼1
1 Δ𝑧1

)
(𝑥) − 𝑎1(𝑥)

1
Γ(𝛼1)

𝑥1∫
𝑥0

1

(𝑥1 − 𝜏1)𝛼1−1
(
𝐷
𝛼1
1 Δ𝑧1

)
(𝜏1, 𝑥2)d𝜏1

− 𝑎2(𝑥)
1

Γ(𝛼2)

𝑥2∫
𝑥0

2

(𝑥2 − 𝜏2)𝛼2−1
(
𝐷
𝛼2
2 Δ𝑧2

)
(𝑥1, 𝜏2)d𝜏2 − Δ 𝑓1 (𝑥, 𝑢(𝑥))


+ 𝜓′

2(𝑥)

(
𝐷
𝛼2
2 Δ𝑧2

)
(𝑥) − 𝑏1(𝑥)

1
Γ(𝛼1)

𝑥1∫
𝑥0

1

(𝑥1 − 𝜏1)𝛼1−1
(
𝐷
𝛼1
1 Δ𝑧1

)
(𝜏1, 𝑥2) d𝜏1

− 𝑏2(𝑥)
1

Γ(𝛼2)

𝑥2∫
𝑥0

2

(𝑥2 − 𝜏2)𝛼2−1
(
𝐷
𝛼2
2 Δ𝑧2

)
(𝑥1, 𝜏2)𝑑𝜏2 − Δ 𝑓2 (𝑥, 𝑢(𝑥))


 d𝑥.
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Using the Dirichlet formulas for permutation, the order of integration and
after simple transformations we have

Δ𝐽 (𝑢) = − 1
Γ(𝛼1)Γ(𝛼2)

𝑋1∫
𝑥0

1

𝑋2∫
𝑥0

2

(𝑋1−𝑥1)𝛼1−1(𝑋2−𝑥2)𝛼2−1Δ𝑢𝐻 (𝑥1, 𝑥2)d𝑥1d𝑥2

+ 1
Γ(𝛼1)Γ(𝛼2)

𝑋1∫
𝑥0

1

𝑋2∫
𝑥0

2

(𝑋1−𝑥1)𝛼1−1(𝑋2−𝑥2)𝛼2−1

{[
𝜓′

1(𝑥) −
(𝑋1−𝑥1)1−𝛼1

Γ(𝛼1)

×
𝑋1∫

𝑥1

(𝑋1−𝜏1)𝛼1−1(𝜏1−𝑥1)𝛼1−1 (𝜓′
1(𝜏1, 𝑥2)𝑎1(𝜏1, 𝑥2)

+ 𝜓′
2(𝜏1, 𝑥2)𝑏1(𝜏1, 𝑥2)

)
d𝜏1 +

Γ(𝛼2) (𝑋1−𝑥1)1−𝛼1 (𝑋2−𝑥2)𝛽2−𝛼2

Γ(𝛽1)Γ(𝛽2)

×
𝑋1∫

𝑥1

(𝑋1−𝜏1)𝛽1−1(𝜏1−𝑥1)𝛼1−1𝑐′1(𝜏1, 𝑥2)d𝜏1

+Γ(𝛼2) (𝑋2 − 𝑥2)𝛽2−𝛼2

Γ(𝛽2)
𝑑′2(𝑥2)

] (
𝐷
𝛼1
1 Δ𝑧1

)
(𝑥1, 𝑥2)

+
𝜓′

2(𝑥) −
(𝑋2−𝑥2)1−𝛼2

Γ(𝛼2)

𝑋2∫
𝑥2

(𝑋2−𝜏2)𝛼2−1(𝜏2−𝑥2)𝛼2−1

×
(
𝜓′

1(𝑥1, 𝜏2)𝑎2(𝑥1, 𝜏2) + 𝜓′
2(𝑥1, 𝜏2)𝑏2(𝑥1, 𝜏2)

)
d𝜏2

+ Γ(𝛼1) (𝑋1−𝑥1)𝛽1−𝛼1 (𝑋2−𝑥2)1−𝛼2

Γ(𝛽1)Γ(𝛽2)

𝑋2∫
𝑥2

(𝑋2−𝜏2)𝛽2−1(𝜏2−𝑥2)𝛼2−1𝑐′2(𝑥1, 𝜏2)d𝜏2

+ Γ(𝛼1) (𝑋1−𝑥1)𝛽1−𝛼1

Γ(𝛽1)
𝑑′1(𝑥1)

] (
𝐷
𝛼2
2 Δ𝑧2

)
(𝑥1, 𝑥2)

}
d𝑥1d𝑥2 , (8)

where

𝐻 (𝑥) = 𝜓′
1(𝑥) 𝑓1 (𝑥, 𝑢(𝑥)) + 𝜓

′
2(𝑥) 𝑓2 (𝑥, 𝑢(𝑥))

− Γ(𝛼1)Γ(𝛼2) (𝑋1 − 𝑥1)𝛽1−𝛼1 (𝑋2 − 𝑥2)𝛽2−𝛼2

Γ(𝛽1)Γ(𝛽2)
𝑓0 (𝑥, 𝑢(𝑥)) .
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In order to simplify this expression, we will use the arbitrariness of vector-
functions 𝜓1(·) and 𝜓2(·) to define the conjugate system. For this let

𝜓1(𝑥) =
(𝑋1 − 𝑥1)1−𝛼1

Γ(𝛼1)

𝑋1∫
𝑥1

(𝑋1 − 𝜏1)𝛼1−1 (𝜏1 − 𝑥1)𝛼1−1 [
𝑎′1(𝜏1, 𝑥2)𝜓1(𝜏1, 𝑥2)

+ 𝑏′1(𝜏1, 𝑥2)𝜓2(𝜏1, 𝑥2)
]

d𝜏1 −
Γ(𝛼2) (𝑋1 − 𝑥1)1−𝛼1 (𝑋2 − 𝑥2)𝛽2−𝛼2

Γ(𝛽1)Γ(𝛽2)

×
𝑋1∫

𝑥1

(𝑋1 − 𝜏1)𝛽1−1 (𝜏1 − 𝑥1)𝛼1−1 𝑐1(𝜏1, 𝑥2)d𝜏1

− Γ(𝛼2) (𝑋2 − 𝑥2)𝛽2−𝛼2

Γ(𝛽2)
𝑑2(𝑥2), 𝑥 ∈ 𝐺 a.e., (9)

𝜓2(𝑥) =
(𝑋2 − 𝑥2)1−𝛼2

Γ(𝛼2)

𝑋2∫
𝑥2

(𝑋2 − 𝜏2)𝛼2−1 (𝜏2 − 𝑥2)𝛼2−1 [
𝑎′2(𝑥1, 𝜏2)𝜓1(𝑥1, 𝜏2)

+ 𝑏′2(𝑥1, 𝜏2)𝜓2(𝑥1, 𝜏2)
]

d𝜏2 −
Γ(𝛼1) (𝑋1 − 𝑥1)𝛽1−𝛼1 (𝑋2 − 𝑥2)1−𝛼2

Γ(𝛽1)Γ(𝛽2)

×
𝑋2∫

𝑥2

(𝑋2 − 𝜏2)𝛽2−1(𝜏2 − 𝑥2)𝛼2−1𝑐2(𝑥1, 𝜏2)d𝜏2

− Γ(𝛼1) (𝑋1 − 𝑥1)𝛽1−𝛼1

Γ(𝛽1)
𝑑1(𝑥1), 𝑥 ∈ 𝐺 a.e. (10)

Taking into account these equalities in (8), for the functional increment we obtain
the formula

Δ𝐽 (𝑢) = − 1
Γ(𝛼1)Γ(𝛼2)

×
𝑋1∫

𝑥0
1

𝑋2∫
𝑥0

2

(𝑋1 − 𝑥1)𝛼1−1(𝑋2 − 𝑥2)𝛼2−1Δ𝑢𝐻 (𝑥1, 𝑥2)d𝑥2d𝑥1 . (11)

The problem (9), (10) is said to be a conjugated problem.
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Lemma 1. For any 𝑎(·) ∈ 𝐿∞(𝐺, R𝑛) the function

𝑙1(𝑥) =
Γ(𝛼2) (𝑋1 − 𝑥1)1−𝛼1 (𝑋2 − 𝑥2)𝛽2−𝛼2

Γ(𝛽1)Γ(𝛽2)

×
𝑋1∫

𝑥1

(𝑋1 − 𝜏1)𝛽1−1 (𝜏1 − 𝑥1)𝛼1−1 𝑎(𝜏1, 𝑥2)d𝜏1 , 𝑥 ∈ 𝐺 (12)

(
𝑙2(𝑥) =

Γ(𝛼1) (𝑋1 − 𝑥1)𝛽1−𝛼1 (𝑋2 − 𝑥2)1−𝛼2

Γ(𝛽1)Γ(𝛽2)

×
𝑋2∫

𝑥2

(𝑋2 − 𝜏2)𝛽2−1 (𝜏2 − 𝑥2)𝛼2−1 𝑎(𝑥1, 𝜏2)d𝜏2, 𝑥 ∈ 𝐺
)

essentially bounded and continuous with respect to variable 𝑥1 (𝑥2).
Proof. We first prove the essentially boundedness of the function 𝑙1(·). Passing
to the norm R𝑛 in (12), we obtain

∥𝑙1(𝑥)∥ ¬
Γ(𝛼2) (𝑋1 − 𝑥1)1−𝛼1 (𝑋2 − 𝑥2)𝛽2−𝛼2

Γ(𝛽1)Γ(𝛽2)

×
𝑋1∫

𝑥1

(𝑋1 − 𝜏1)𝛽1−1 (𝜏1 − 𝑥1)𝛼1−1 d𝜏1 ∥𝑎(·)∥𝐿∞ , 𝑥 ∈ 𝐺.

Now we change the variables of the right-hand side of inequality

∥𝑙1(𝑥)∥ ¬
Γ(𝛼2) (𝑋1 − 𝑥1)1−𝛼1 (𝑋2 − 𝑥2)𝛽2−𝛼2

Γ(𝛽1)Γ(𝛽2)

×
1∫

0

𝑧𝛼1−1(1 − 𝑧)𝛽1−1 (𝑋1 − 𝑥1)𝛼1+𝛽1−1 d𝑧 ∥𝑎(·)∥𝐿∞

¬
Γ(𝛼1)Γ(𝛼2)

Γ(𝛽2)Γ(𝛼1 + 𝛽1)

(
𝑋1 − 𝑥0

1

) 𝛽1 (
𝑋2 − 𝑥0

2

) 𝛽2−𝛼2
∥𝑎(·)∥𝐿∞ , 𝑥 ∈ 𝐺.

By the scheme from [34, Lemma 3.2], we can prove the equality

𝑙1(𝑥) =
Γ(𝛼1)Γ(𝛼2) (𝑋1 − 𝑥1)𝛽1−𝛼1 (𝑋2 − 𝑥2)𝛽2−𝛼2

Γ(𝛽1)Γ(𝛽2)

× 1
Γ(𝛼1)

𝑋1∫
𝑥1

(𝜏1 − 𝑥1)𝛼1−1
(
𝑎 (𝜏1, 𝑥2) +

(
R𝛼1,𝛽1
𝑋1− 𝑎 (·, 𝑥2)

)
(𝜏1, 𝑥2)

)
d𝜏1 ,
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where(
R𝛼1,𝛽1
𝑋1− 𝑎(·, 𝑥2)

)
(𝑥1, 𝑥2) =

(1 − 𝛽1) sin𝛼1 𝜋

𝜋

×
𝑋1∫

𝑥1

𝐾𝛼1,𝛽1 (𝑋1 − 𝑥1, 𝑋1 − 𝜏1) 𝑎(𝜏1, 𝑥2)d𝜏1 ,

𝐾𝛼1,𝛽1 (𝜉, 𝜂) = 𝜂𝛽1−1
1∫

0

𝑧𝛼1 (1 − 𝑧)−𝛼1 (𝜂 + 𝑧(𝜉 − 𝜂))−𝛽1 d𝑧, 𝜉 > 𝜂 > 0.

The following estimate holds for
(
R𝛼1,𝛽1
𝑋1− 𝑎(·, 𝑥2)

)
(𝑥1, 𝑥2) :


(R𝛼1,𝛽1

𝑋1− 𝑎(·, 𝑥2)
)
(𝑥1, 𝑥2)




 ¬ |1 − 𝛽1 | sin𝛼1 𝜋

(𝑋1 − 𝑥1)𝛽1𝜋

×
𝑋1∫

𝑥1

(𝑋1 − 𝜏1)𝛽1−1 ∥𝑎(𝜏1, 𝑥2)∥ d𝜏1

1∫
0

𝑧𝛼1−𝛽1 (1 − 𝑧)−𝛼1 d𝑧

¬
|1 − 𝛽1 | sin𝛼1𝜋

𝛽1𝜋
𝐵 (𝛼1 − 𝛽1 + 1, 1 − 𝛼1) ∥𝑎(·)∥𝐿∞ . (13)

Now we prove the continuous function 𝑙1(·) with respect to variable 𝑥1. Let
𝑥1

1, 𝑥
2
1 ∈

[
𝑥0

1, 𝑋1
]

and 𝑥1
1 < 𝑥

2
1. Then


𝑙1 (𝑥1

1, 𝑥2

)
− 𝑙1

(
𝑥2

1, 𝑥2

)


 ¬ Γ(𝛼2) (𝑋2−𝑥2)𝛽2−𝛼2
(
(𝑋1−𝑥1

1)
𝛽1−𝛼1−(𝑋1−𝑥2

1)
𝛽1−𝛼1

)
Γ(𝛽1)Γ(𝛽2)

×









𝑋1∫

𝑥1
1

(
𝜏1 − 𝑥1

1

)𝛼1−1 (
𝑎(𝜏1, 𝑥2) +

(
R𝛼1,𝛽1
𝑋1− 𝑎(·, 𝑥2)

)
(𝜏1, 𝑥2)

)
d𝜏1









+
Γ(𝛼2) (𝑋2 − 𝑥2)𝛽2−𝛼2

(
𝑋1 − 𝑥2

1
) 𝛽1−𝛼1

Γ(𝛽1)Γ(𝛽2)

×









𝑋1∫

𝑥1
1

(
𝜏1 − 𝑥1

1

)𝛼1−1 (
𝑎 (𝜏1, 𝑥2) +

(
R𝛼1,𝛽1
𝑋1− 𝑎 (·, 𝑥2)

)
(𝜏1, 𝑥2)

)
d𝜏1
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−
𝑋1∫

𝑥2
1

(
𝜏1 − 𝑥2

1

)𝛼1−1 (
𝑎(𝜏1, 𝑥2) +

(
R𝛼1,𝛽1
𝑋1− 𝑎 (·, 𝑥2)

)
(𝜏1, 𝑥2)

)
d𝜏1









¬

(
𝑋1 − 𝑥0

1

)𝛼1
𝑀𝛼1,𝛽1 ∥𝑎∥𝐿∞

(
𝑥2

1 − 𝑥
1
1

) 𝛽1−𝛼1 Γ(𝛼2)
(
𝑋2 − 𝑥0

2

) 𝛽2−𝛼2

Γ(𝛽1)Γ(𝛽2)

+
Γ(𝛼2)

(
𝑋2 − 𝑥2

) 𝛽2−𝛼2 (𝑋1 − 𝑥2
1
) 𝛽1−𝛼1

Γ(𝛽1)Γ(𝛽2)

(





𝑋1∫

𝑥2
1

(
(𝜏1 − 𝑥1

1)
𝛼1−1 − (𝜏1 − 𝑥2

1)
𝛼1−1

)
(
𝑎(𝜏1, 𝑥2) +

(
R𝛼1,𝛽1
𝑋1− 𝑎(·, 𝑥2)

)
(𝜏1, 𝑥2)

)
d𝜏1





+









𝑥2

1∫
𝑥1

1

(
𝜏1 − 𝑥1

1

)𝛼1−1 (
𝑎 (𝜏1, 𝑥2) +

(
R𝛼1,𝛽1
𝑋1− 𝑎(·, 𝑥2)

)
(𝜏1, 𝑥2)

)
d𝜏1









ª®®®¬

¬
Γ(𝛼2)

(
𝑋2 − 𝑥0

2

) 𝛽2−𝛼2

Γ(𝛽2)

{
1

Γ(𝛽1)

(
𝑋1 − 𝑥0

1

)𝛼1
𝑀𝛼1,𝛽1 ∥𝑎∥𝐿∞

(
𝑥2

1 − 𝑥
1
1

) 𝛽1−𝛼1

+ (𝑋1 − 𝑥2
1)
𝛽1−𝛼1

[��(𝑥2
1 − 𝑥

1
1)
𝛼1 − ((𝑋1 − 𝑥1

1)
𝛼1 − (𝑋1 − 𝑥2

1)
𝛼1)

��+ (𝑥2
1 − 𝑥

1
1)
𝛼1

]
× 𝑀𝛼1,𝛽1 | |𝑎 | |𝐿∞

}
¬

Γ(𝛼2)
(
𝑋2 − 𝑥0

2

) 𝛽2−𝛼2

Γ(𝛽2)

[
1

Γ(𝛽1)
(𝑋1 − 𝑥0

1)
𝛼1𝑀𝛼1,𝛽1 ∥𝑎∥𝐿∞ (𝑥2

1 − 𝑥
1
1)
𝛽1−𝛼1

+ 2
(
𝑋1 − 𝑥2

1

) 𝛽1−𝛼1
𝑀𝛼1,𝛽1 ∥𝑎∥𝐿∞

(
𝑥2

1 − 𝑥
1
1

)𝛼1
]
=

Γ(𝛼2)
(
𝑋2 − 𝑥0

2

) 𝛽2−𝛼2

Γ(𝛽2)

×
[

1
Γ(𝛽1)

(
𝑋1 − 𝑥0

1

)𝛼1 (
𝑥2

1 − 𝑥
1
1

) 𝛽1−𝛼1−𝛾
+ 2

(
𝑋1 − 𝑥2

1

) 𝛽1−𝛼1 (
𝑥2

1 − 𝑥
1
1

)𝛼1−𝛾
]

× 𝑀𝛼1,𝛽1 ∥𝑎∥𝐿∞
(
𝑥2

1 − 𝑥
1
1

)𝛾
¬ 𝑀

(
𝑥2

1 − 𝑥
1
1

)𝛾
,

where 𝑀𝛼1,𝛽1 =
1

𝛼1Γ(𝛽1)

(
1 + |1 − 𝛽1 | sin𝛼1 𝜋

𝛽1𝜋
𝐵 (𝛼1 − 𝛽1 + 1, 1 − 𝛼1)

)
,

𝛾 = min {𝛽1 − 𝛼1, 𝛼1} ,
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𝑀 =

3Γ(𝛼2)
(
𝑋2 − 𝑥0

2

) 𝛽2−𝛼2

Γ(𝛽2)
(𝑋1 − 𝑥0

1)
𝛽1−𝛾𝑀𝛼1,𝛽1 ∥𝑎∥𝐿∞ . □

Using Lemma 1 we can prove the following Lemma.

Lemma 2. For any Φ1(·), 𝐶1(·) ∈ 𝐿∞(𝐺, R𝑛1), (Φ2(·), 𝐶2(·) ∈ 𝐿∞(𝐺, R𝑛2))
and 𝑑2(·) ∈ 𝐿∞(𝐺2, R𝑛1), (𝑑1(·) ∈ 𝐿∞(𝐺1, R𝑛2)) the function

𝜓1(𝑥) =
(𝑋1 − 𝑥1)1−𝛼1

Γ(𝛼1)

𝑋1∫
𝑥1

(𝑋1 − 𝜏1)𝛼1−1 (𝜏1 − 𝑥1)𝛼1−1 Φ1(𝜏1, 𝑥2)d𝜏1

− Γ(𝛼2) (𝑋1−𝑥1)1−𝛼1 (𝑋2−𝑥2)𝛽2−𝛼2

Γ(𝛽1)Γ(𝛽2)

𝑋1∫
𝑥1

(𝑋1−𝜏1)𝛽1−1 (𝜏1−𝑥1)𝛼1−1𝐶1(𝜏1, 𝑥2)d𝜏1

− Γ(𝛼2)
Γ(𝛽2)

(𝑋2 − 𝑥2)𝛽2−𝛼2𝑑2(𝑥2),(
𝜓2(𝑥) =

(𝑋2 − 𝑥2)1−𝛼2

Γ(𝛼2)

𝑋2∫
𝑥2

(𝑋2 − 𝜏2)𝛼2−1(𝜏2 − 𝑥2)𝛼2−1Φ2(𝑥1, 𝜏2)d𝜏2

− Γ(𝛼1) (𝑋1−𝑥1)𝛽1−𝛼1 (𝑋2−𝑥2)1−𝛼2

Γ(𝛽1)Γ(𝛽2)

𝑋2∫
𝑥2

(𝑋2−𝜏2)𝛽2−1(𝜏2−𝑥2)𝛼2−1𝐶2(𝑥1, 𝜏2)d𝜏2

− Γ(𝛼1) (𝑋1 − 𝑥1)𝛽1−𝛼1

Γ(𝛽1)
𝑑1(𝑥1)

)
,

essentially bounded and continuous with respect to variable 𝑥1 (𝑥2).

Lemma 3. System of integral equations (9), (10) has a unique solution in the
space 𝐿∞,𝑒 (𝐺, R𝑛1+𝑛2).

Proof. Denote by 𝐿∞,𝑒 (𝐺, R𝑛1+𝑛2) = 𝐿∞,𝑒 (𝐺, R𝑛1) × 𝐿∞,𝑒 (𝐺, R𝑛2) the space
of essentially bounded functions 𝜑(·) = (𝜑1(·), 𝜑2(·)), defined on the𝐺 with the
Bielecki norm

∥𝜑(·)∥∞,𝑒 = ∥𝜑1(·)∥∞,𝑒 + ∥𝜑2(·)∥∞,𝑒
= esssup

𝑥∈𝐺

(
∥𝜑1(𝑥)∥ 𝑒−(𝑋1−𝑥1)𝑘𝑒−(𝑋2−𝑥2)𝑘

)
+ esssup

𝑥∈𝐺

(
∥𝜑2(𝑥)∥ 𝑒−(𝑋1−𝑥1)𝑘𝑒−(𝑋2−𝑥2)𝑘

)
.
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Obviously, 𝐿∞,𝑒 (𝐺, R𝑛1+𝑛2) is a Banach space. Using the right-hand sides of the
system of integral equations (9), (10) we introduce the following operators

(𝐾1𝜓) (𝑥) =
(𝑋1 − 𝑥1)1−𝛼1

Γ(𝛼1)

𝑋1∫
𝑥1

(𝑋1 − 𝜏1)𝛼1−1(𝜏1 − 𝑥1)𝛼1−1

×
[
𝑎′1 (𝜏1, 𝑥2) 𝜓1 (𝜏1, 𝑥2) + 𝑏′1 (𝜏1, 𝑥2) 𝜓2 (𝜏1, 𝑥2)

]
d𝜏1

− Γ(𝛼2) (𝑋1−𝑥1)1−𝛼1 (𝑋2−𝑥2)𝛽2−𝛼2

Γ(𝛽1)Γ(𝛽2)

𝑋1∫
𝑥1

(𝑋1−𝜏1)𝛽1−1(𝜏1−𝑥1)𝛼1−1 𝑐1(𝜏1, 𝑥2)d𝜏1

− Γ(𝛼2)
Γ(𝛽2)

(𝑋2 − 𝑥2)𝛽2−𝛼2 𝑑2(𝑥2), 𝑥 ∈ 𝐺, a.e.

(𝐾2𝜓) (𝑥) =
(𝑋2 − 𝑥2)1−𝛼2

Γ(𝛼2)

𝑋2∫
𝑥2

(𝑋2 − 𝜏2)𝛼2−1(𝜏2 − 𝑥2)𝛼2−1

×
[
𝑎′2 (𝑥1, 𝜏2) 𝜓1 (𝑥1, 𝜏2) + 𝑏′2 (𝑥1, 𝜏2) 𝜓2 (𝑥1, 𝜏2)

]
d𝜏2

− Γ(𝛼1) (𝑋1−𝑥1)𝛽1−𝛼1 (𝑋2−𝑥2)1−𝛼2

Γ(𝛽1)Γ(𝛽2)

𝑋2∫
𝑥2

(𝑋2−𝜏2)𝛽2−1(𝜏2−𝑥2)𝛼2−1 𝑐2(𝑥1, 𝜏2)d𝜏2

− Γ(𝛼1)
Γ(𝛽1)

(𝑋1 − 𝑥1)𝛽1−𝛼1 𝑑1(𝑥1), 𝑥 ∈ 𝐺, a.e.,

where 𝜓(·) = (𝜓1(·), 𝜓2(·)) ∈ 𝐿∞,𝑒 (𝐺, R𝑛1+𝑛2) .
Lemma 2 implies that (𝐾𝜓) (·) =

(
(𝐾1𝜓) (·), (𝐾2𝜓) (·)

)
∈ 𝐿∞,𝑒 (𝐺,R𝑛1+𝑛2) .

Hence, the operator 𝐾 is correctly defined. Let us show that this operator
is a contraction. Let us fix 𝜑(·) =

(
𝜑1(·), 𝜑2(·)

)
, 𝜓(·) =

(
𝜓1(·), 𝜓2(·)

)
∈

𝐿∞,𝑒 (𝐺, R𝑛1+𝑛2) . For almost all 𝑥 ∈ 𝐺, we derive

∥(𝐾1𝜑) (𝑥) − (𝐾1𝜓) (𝑥)∥ ¬
𝑎(𝑋1 − 𝑥1)1−𝛼1

Γ(𝛼1)

𝑋1∫
𝑥1

(𝑋1 − 𝜏1)𝛼1−1(𝜏1 − 𝑥1)𝛼1−1

×
[
∥𝜑1(𝜏1, 𝑥2) − 𝜓1(𝜏1, 𝑥2)∥ + ∥𝜑2(𝜏1, 𝑥2) − 𝜓2(𝜏1, 𝑥2)∥

]
d𝜏1,
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∥(𝐾2𝜑) (𝑥) − (𝐾2𝜓) (𝑥)∥ ¬
𝑎(𝑋2 − 𝑥2)1−𝛼2

Γ(𝛼2)

𝑋2∫
𝑥2

(𝑋2 − 𝜏2)𝛼2−1(𝜏2 − 𝑥2)𝛼2−1

×
[
∥𝜑1(𝑥1, 𝜏2) −𝜓1(𝑥1, 𝜏2)∥ − ∥𝜑2(𝑥1, 𝜏2) −𝜓2(𝑥1, 𝜏2)∥

]
d𝜏2 ,

where 𝑎 = max {𝑎1, 𝑎2, 𝑏1, 𝑏2}.
By the scheme from [34, Lemma 3.2] we can prove the inequality

∥(𝐾1𝜑) (𝑥) − (𝐾1𝜓) (𝑥)∥

¬
𝑎

Γ(𝛼1)

𝑋1∫
𝑥1

(𝜏1 − 𝑥1)𝛼1−1 (∥𝜑1 (𝜏1, 𝑥2) − 𝜓1 (𝜏1, 𝑥2)∥

+ ∥𝜑2(𝜏1, 𝑥2) − 𝜓2(𝜏1, 𝑥2)∥) +
(
R𝛼1
𝑋1−(∥𝜑1(·, 𝑥2) − 𝜓1(·, 𝑥2)∥

+ ∥𝜑2(·, 𝑥2) − 𝜓2(·, 𝑥2)∥)) (𝜏1, 𝑥2)d𝜏1, 𝑥 ∈ 𝐺, 𝑎.𝑒.
Using estimates (13) we have

∥(𝐾1𝜑) (𝑥) − (𝐾1𝜓) (𝑥)∥ ¬
𝑎𝑀𝛼1

Γ(𝛼1)

𝑋1∫
𝑥1

(𝜏1 − 𝑥1)𝛼1−1 (∥𝜑1(·, 𝑥2) − 𝜓1(·, 𝑥2)∥ [𝜏1,𝑋1]

+ ∥𝜑2(·, 𝑥2) − 𝜓2(·, 𝑥2)∥ [𝜏1,𝑋1]
)
d𝜏1

¬
𝑎𝑀𝛼1

Γ(𝛼1)
(
∥𝜑1(·) − 𝜓1(·)∥∞,𝑒 + ∥𝜑2(·) − 𝜓2(·)∥∞,𝑒

)
×

𝑋1∫
𝑥1

(𝜏1 − 𝑥1)𝛼1−1𝑒(𝑋1−𝜏1)𝑘 d𝜏1𝑒(𝑋2−𝑥2)𝑘

¬
𝑎𝑀𝛼1

𝑘𝛼1
𝑒(𝑋1−𝑥1)𝑘𝑒(𝑋2−𝑥2)𝑘 (

∥𝜑1(·) − 𝜓1(·)∥∞,𝑒
+ ∥𝜑2(·) − 𝜓2(·)∥∞,𝑒

)
, 𝑥 ∈ 𝐺, 𝑎.𝑒.,

where 𝑀𝛼1 = 1 + sin𝛼1𝜋

𝛼1𝜋
.

Similarly, we obtain the following inequality

∥(𝐾2𝜑) (𝑥) − (𝐾2𝜓) (𝑥)∥

¬
𝑎𝑀𝛼2

𝑘𝛼2
𝑒(𝑋1−𝑥1)𝑘𝑒(𝑋2−𝑥2)𝑘 (

∥𝜑1(·) − 𝜓1(·)∥∞,𝑒 + ∥𝜑2(·) − 𝜓2(·)∥∞,𝑒
)
,

where 𝑀𝛼2 = 1 + sin𝛼2𝜋

𝛼2𝜋
.
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We write the last two inequalities in the form

∥(𝐾1𝜑) (·) − (𝐾1𝜓) (·)∥∞,𝑒

¬
𝑎𝑀𝛼1

𝑘𝛼1

(
∥𝜑1(·) − 𝜓1(·)∥∞,𝑒 + ∥𝜑2(·) − 𝜓2(·)∥∞,𝑒

)
,

∥(𝐾2𝜑) (·) − (𝐾2𝜓) (·)∥∞,𝑒

¬
𝑎𝑀𝛼2

𝑘𝛼2

(
∥𝜑1(·) − 𝜓1(·)∥∞,𝑒 + ∥𝜑2(·) − 𝜓2(·)∥∞,𝑒

)
.

Summing these inequalities, we have

∥(𝐾𝜑) (·) − (𝐾𝜓) (·)∥∞,𝑒 ¬
(
𝑎𝑀𝛼1

𝑘𝛼1
+
𝑎𝑀𝛼2

𝑘𝛼2

)
∥𝜑(·) − 𝜓(·)∥∞,𝑒 .

Thus due to the choice of the number 𝑘 , the operator 𝐾 is a contraction. By
the Banach contraction principle, this operator has a unique fixed point, which
is a unique solution 𝜓(·) = (𝜓1(·), 𝜓2(·)) ∈ 𝐿∞,𝑒 (𝐺, R𝑛1+𝑛2) of the system
(9), (10).

Now, for a fixed (𝜃1, 𝜃2) ∈ 𝐺 we consider the following needle variation of
the admissible control 𝑢(·) :

Δ𝜀𝑢(𝑥) =
{
𝜐 − 𝑢(𝑥), 𝑥 ∈ 𝐺𝜀,

0, 𝑥 ∈ 𝐺\𝐺𝜀,
,

where 𝜐 ∈ 𝑉 is an arbitrary fixed point, 𝜀 > 0 is a sufficiently small parameter and
𝐺𝜀 = (𝜃1, 𝜃1 + 𝜀) × (𝜃2, 𝜃2 + 𝜀) ⊂ 𝐺. The control 𝑢𝜀 (·) defined by the equality
𝑢𝜀 (·) = 𝑢(·) + Δ𝜀𝑢(·) is an admissible control for all sufficiently small 𝜀 > 0 and
all 𝜐 ∈ 𝑉 called a needle perturbation given by the control 𝑢(·). Obviously,

Δ𝐽 (𝑢) = 𝐽 (𝑢𝜀) − 𝐽 (𝑢) = − 1
Γ(𝛼1)Γ(𝛼2)

𝜃1+𝜀∫
𝜃1

𝜃2+𝜀∫
𝜃2

(𝑋1 − 𝑥1)𝛼1−1(𝑋2 − 𝑥2)𝛼2−1

× [𝐻 (𝑥1, 𝑥2, 𝜓 (𝑥1, 𝑥2) , 𝜐) − 𝐻 (𝑥1, 𝑥2, 𝜓 (𝑥1, 𝑥2) , 𝑢 (𝑥1, 𝑥2))] d𝑥2d𝑥1. (14)
Then the following theorem is true. □

Theorem 2. Let 𝑢(·) be a fixed admissible control, and 𝑧(·) = (𝑧1(·), 𝑧2(·)) and
𝜓(·) =

(
𝜓 (1) (·), 𝜓 (2) (·)

)
the solutions of problems (1), (2) and (9), (10) corre-

sponding to this control, respectively. Then for the optimality of the admissible
control 𝑢(·) in problem (1)–(4) it is necessary and sufficient that for almost all
𝑥 ∈ 𝐺 the maximum condition is satisfied:

max
𝜐∈𝑉

𝐻 (𝑥, 𝜓(𝑥), 𝜐) = 𝐻 (𝑥, 𝜓(𝑥), 𝑢(𝑥)). (15)
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Proof. Suppose that admissible control 𝑢(·) gives the minimum value of the
functional (4). Then by (14), we have

− 1
Γ(𝛼1)Γ(𝛼2)

𝜃1+𝜀∫
𝜃1

𝜃2+𝜀∫
𝜃2

(𝑋1 − 𝑥1)𝛼1−1(𝑋2 − 𝑥2)𝛼2−1
(
𝐻 (𝑥1, 𝑥2, 𝜓(𝑥1, 𝑥2), 𝜐)

− 𝐻 (𝑥1, 𝑥2, 𝜓(𝑥1, 𝑥2), 𝑢(𝑥1, 𝑥2))
)
d𝑥2d𝑥1 ­ 0. (16)

Dividing both sides of (16) by 𝜀2 and passing to the limit as 𝜀 → 0 we get

𝐻 (𝜃1, 𝜃2, 𝜓 (𝜃1, 𝜃2) , 𝜐) − 𝐻 (𝜃1, 𝜃2, 𝜓 (𝜃1, 𝜃2) , 𝑢 (𝜃1, 𝜃2)) ¬ 0. (17)

Thus, for optimal control 𝑢(·), it is necessary to satisfy the condition (15).
The equality (14) shows that this condition is sufficient for the optimality of the
control 𝑢(·).

This completes the proof. □

Example

Let us consider the problem

𝐷
1
2
1 𝑧

(1)
1 = 𝑧

(2)
1 − 𝑢, 𝑧

(1)
1 (0, 𝑥2) = 0, (𝑥1, 𝑥2) ∈ [0, 1] × [0, 1],

𝐷
1
2
1 𝑧

(2)
1 = 𝑢, 𝑧

(2)
1 (0, 𝑥2) = 0, (𝑥1, 𝑥2) ∈ [0, 1] × [0, 1],

𝐷
𝛼2
1 𝑧2 = 𝑢, 𝑧2(𝑥1, 0) = 0, 𝑉 = [−1; 0] ∪

[
1
2

; 1
]
,

𝐽 (𝑢) =
1∫

0

1∫
0

𝑢(𝑥)d𝑥 + 2
1∫

0

𝑧
(1)
1 (1, 𝑥2)d𝑥2 → min .

For this problem, the Hamiltonian is

𝐻 = 𝜓
(1)
1

(
𝑧
(2)
1 − 𝑢

)
+ 𝜓 (2)

1 𝑢 + 𝜓2𝑢 − Γ

(
1
2

)
Γ(𝛼2)

√︁
1 − 𝑥1 (1 − 𝑥2)1−𝛼2 𝑢,

and the solution of the adjoint problem has the form

𝜓
(1)
1 (𝑥) = −2Γ (𝛼2) (1 − 𝑥2)1−𝛼2 ,

𝜓
(2)
1 (𝑥) = −2

√
𝜋Γ (𝛼2)

√︁
1 − 𝑥1(1 − 𝑥2)1−𝛼2 , 𝜓2(𝑥) = 0.



296 SH. SH. YUSUBOV, E.N. MAHMUDOV

According to the principle of maximum

max
𝜐∈𝑉

[
Γ (𝛼2) (1 − 𝑥2)1−𝛼2

(
2 − 3

√
𝜋
√︁

1 − 𝑥1

)
𝜐

− 2Γ(𝛼2) (1 − 𝑥2)1−𝛼2 𝑧
(2)
1 (𝑥)

]
= Γ(𝛼2) (1 − 𝑥2)1−𝛼2

(
2 − 3

√
𝜋
√︁

1−𝑥1

)
𝑢(𝑥) − 2Γ(𝛼2) (1 − 𝑥2)1−𝛼2 𝑧

(2)
1 (𝑥).

Hence it follows that the control that satisfies the Pontryagin’s maximum principle
has the form

𝑢 (𝑥1, 𝑥2) =


−1, (𝑥1, 𝑥2) ∈

[
0, 1 − 4

9𝜋

]
× [0, 1],

1, (𝑥1, 𝑥2) ∈
[
1 − 4

9𝜋
, 1

]
× [0, 1] .

. (18)

Then, by Theorem 2, the function 𝑢(·) defined by equality (18) is an optimal
control, and the corresponding optimal trajectory has the form

𝑧
(1)
1 (𝑥) =



−𝑥1 +
√
𝑥1

Γ

(
3
2

) , (𝑥1, 𝑥2) ∈
[
0, 1 − 4

9𝜋

]
× [0, 1],

1

Γ

(
3
2

) (
√
𝑥1 − 2

√︂
𝑥1 − 1 + 4

9𝜋

)
+ 2

(
𝑥1 − 1 + 4

9𝜋

)
− 3

√
𝜋

2Γ
(

3
2

) 𝑥1,

(𝑥1, 𝑥2) ∈
[
1 − 4

9𝜋
, 1

]
× [0, 1],

𝑧
(2)
1 (𝑥) =


−

√
𝑥1

Γ

(
3
2

) , (𝑥1, 𝑥2) ∈
[
0, 1 − 4

9𝜋

]
× [0, 1],

1

Γ

(
3
2

) [
2
√︂
𝑥1 − 1 + 4

9𝜋
− √

𝑥1

]
, (𝑥1, 𝑥2) ∈

[
1 − 4

9𝜋
, 1

]
× [0, 1],

𝑧2(𝑥) =


−

𝑥
𝛼2
2

Γ (𝛼2 + 1) , (𝑥1, 𝑥2) ∈
[
0, 1 − 4

9𝜋

]
× [0, 1],

𝑥
𝛼2
2

Γ (𝛼2 + 1) , (𝑥1, 𝑥2) ∈
[
1 − 4

9𝜋
, 1

]
× [0, 1],

and the minimum value of the functional

𝐽 (𝑢) = 4
√
𝜋
− 8

3𝜋
− 7.
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6. Conclusion

In this paper we consider the optimal control problem associated with the frac-
tional Roesser model described by Caputo partial derivatives. Using the Banach
contraction principle, we prove the existence and uniqueness of a solution to the
corresponding boundary problem for a fixed admissible control. The formulated
problem of optimal control is studied using a new version of the incremental
method, in which the concept of an adjoint integral equation is essential. In turn,
the adjoint equation is the sum of partial operators of fractional integration with
weight. Using commutation of fractional integrals with power functions, one can
go directly from weighted fractional integrals to nonweighted fractional integrals.
We prove the existence and uniqueness of a solution to the adjoint problem. Then
a necessary and sufficient optimality condition is derived in the form of the Pon-
tryagin’s maximum principle.The approach presented here can be applied to the
derivation of various necessary optimality conditions for an optimal control prob-
lem in which the system is controlled by a nonlinear fractional Roesser model.
It is commendable that the described technique can be useful from the point of
view of calculating the gradient of the functional. In this case, the functional
gradient formula can be applied to find an approximate solution to the problem
posed using the gradient method.
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