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JOLANTA MARCINIAK-KOWALSKA*

THE INVESTIGATION OF LAMELLA CLASSIFICATION PROCESS 

BADANIA PROCESU KLASYFIKACJI W KLASYFIKATORZE LAMELOWYM 

The paper provides a mathematical model of grain classification processes targeted at prog­
nostication of grain size distribution on the basis of grain distribution in the feed. Predicted (theoretical)
values of the cut size and separation sharpness indices (imperfection and coefficients Kt and K2 are
presented. Results of grain size classification in a coal suspension in a single lamella unit are duly
compiled. Measurement results are compared with predicted values. The mathematical description of
the grain size distribution in the feed and final product uses Weibull's distribution (Rosin-Ramrnler­
-Bennett's distribution) as a singular case of the generalised gamma distribution. Grain sizes obtained
experimentally are compared with predicted values. The experimental grade efficiency curves are
approximated with several functions. The cut sizes are derived from curves approximating the ex­
perimental data set. On that basis experimental cut sizes are obtained and then compared with predicted
values.

Distribution functions of grain size in classification products prognosticated on the basis of size
distribution in the feed agree pretty well with the values obtained from mathematical modelling. The
comparison of predicted and experimental values lead us to the conclusion that cut size obtained in
experimental classification processes was nearly two times bigger than the predicted value. Separation
sharpness indices obtained experimentally are similar to predicted values.

In conclusion, the results of experimental verification of the developed model are regarded as
satisfactory. The mathematical model of classification processes in lamella settling tanks agrees
sufficiently well with experimental results. While compared lo other classification apparatuses (cen­
trifugal separators, hydrocyclones), the lamella tank seems to provide for better separation sharpness.

Key words: lamella classification, sedimentation process, indices of classification sharpness

W artykule przedstawiono model matematyczny procesu klasyfikacji ukierunkowany na prog­
nozowanie uziarnienia produktów klasyfikacji na podstawie uziarnienia nadawy. Przedstawiono wy­
niki obliczeń teoretycznych: ziarna podziałowego oraz wskaźników ostrości rozdziału: imperfekcji
i wskaźników Kt i K2. Przedstawiono wyniki badań procesu klasyfikacji dla zawiesiny węglowej
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w pojedynczym elemencie klasyfikatora lamelowego. Porównano wyniki badań z wynikami obliczeń
teoretycznych. Do opisu matematycznego uziarnienia nadawy i produktów klasyfikacji zastosowano
rozkład Weibulla (rozkład Rosina-Rammlera-Benetta) jako szczególny przypadek uogólnionego roz­
kładu gamma. Doświadczalne wartości rozkładu wielkości ziaren porównano z wartościami teore­
tycznymi. Doświadczalne krzywe rozdziału aproksymowano za pomocą kilku funkcji. Obliczono
wartości ziarna podziałowego wynikające z krzywych aproksymujących zbiór danych doświadczal­
nych. Na tej podstawie obliczono doświadczalne wartości wskaźników ostrości rozdziału, które porów­
nano z wartościami teoretycznymi.

Doświadczalne dystrybuanty rozkładu wielkości ziaren produktów klasyfikacji prognozowane
na podstawie rozkładu wielkości ziaren nadawy okazały się wystarczająco zgodne z wartościami
obliczonymi na podstawie modelu matematycznego. Wyniki porównań wielkości teoretycznych i doś­
wiadczalnych wartości ziarna podziałowego prowadzą do wniosku, iż w doświadczalnym procesie
klasyfikacji otrzymywano ziarno podziałowe około dwukrotnie większe od wartości obliczonej teo­
retycznie. Utworzono zależność empiryczną umożliwiającą obliczanie skorygowanej wielkości ziarna
podziałowego od koncentracji zawiesiny, obciążenia powierzchniowego oraz od parametrów rozkładu.
Doświadczalne wartości wskaźników ostrości rozdziału były zbliżone do wartości obliczonych teo­
retycznie.

W konkluzji, wyniki weryfikacji doświadczalnej opracowanego modelu oceniono pozytywnie.
Model matematyczny procesu klasyfikacji w klasyfikatorze lamelowym jest wystarczająco zgodny
z wynikami doświadczeń. W porównaniu do innych urządzeń stosowanych do klasyfikacji prze­
pływowej ziaren (wirówki, hydrocyklony) klasyfikator lamelowy okazał się urządzeniem o wyższej
ostrości rozdziału.

Słowa kluczowe: klasyfikacja lamelowa, proces sedymentacji, wskaźniki ostrości klasyfikacji

Nomenclature

bo, b1, bz 
d, d, 
do 
dg 
dso, dk, dsoc
dN,SN 

j(d) 
2h
I 

m, cr 
n,p 
r 
Re
Fr
s 
T(d) 
V 

empirical coefficient
grain diameter
scale parameter in generalized gamma distribution
critical grain diameter
cut size, grain corrected diameter
parameters of normal distribution - mean value, standard deviation
probability function of grain diameter
distance between parallel plates
imperfection
length of conduit
parameters of log-normal distribution function - mean value, standard deviation
shape parameters of generalised gamma distribution
correlation coefficient
Reynolds number
Froude number
concentration of suspension
separation curve
settling velocity of grain with the d diameter
settling velocity of grain with the critical dg diameter

Euler gamma function
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separation sharpness indices
dynamical coefficient of fluid viscosity
inclination angle of conduit
density of solid phase, of fluid
volume concentration rate
relative viscosity of suspension

Indices

p 
w 

fine product in overflow
coarse product in underflow

1. Introduction 

Lamella settling tanks are in widespread use as suspension separators, classifiers and
thickeners. Their structure is such that the main stream of suspension is divided into
a number of inclined streams. In practice, the working space in the tank is filled with
plastic packets ofparallel conduits. The usual cross-section area of the lamella conduit is
2h = 0.05 m, the length: from l = 0.6 to 1 m. The angle of conduit inclination is nearing
60°. Such inclination guarantees the flow of settling grains induced by the forces of
gravity. Since the sediment flows counter-current with respect to the flow of suspension,
this process in known as "counter-current" sedimentation.

In physics the process of intense settling of dispersed phase particles in inclined
conduits is known as Boycott's effect (1920). A.E. Boycott observed that blood in
slightly inclined tubes would settle at a much faster than in tubes arranged vertically.
Presently this effect is explained by an increase of the settling surface, i.e. the sum
of projections of all settling surfaces onto the horizontal plane. The first industrial
applications of Boycott's effect came in the 1970s as it was utilized in industrial
clarification processes.

Employment of counter-current lamella packets in clarification processes leads to
manifold increase of sedimentation efficiency and the financial profits thus generated
are far from minor (Marciniak-Kowalska 1986, 2000a, 2000b).

Research work on possible practical applications of lamella sedimentation in the
clarification processes was first undertaken in the Microfloc Company (USA). The
works that afford us the best insight into the process of lamella sedimentation and its
theoretical backgrounds include those by K.M. Yao ( 1970), H. Binder and U. Wiesmann
(1983) and K.H. Nowack (1990). In Poland the studies on counter-current lamella
sedimentation to intensify the clarification processes were conducted by W. Olszewski
(1975), S. Bednarski (1978), J. Gęga (1979), J. Haba, J. Nosowicz, A. Pasiński (1980),
W. Kowalski (1992), Z. Niedźwiedzki (2000). Recently several new publications
appeared (J. Bandrowski, J. Hehlmann, H. Merta, J. Zioło). The major work is the
monograph by J. Bandrowski et al. (2001) which makes an attempt to systematise and
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sum up the current status of theoretical studies and applications of counter-current
lamella facilities in clarification of suspensions.

While analyzing the present-day status of theoretical studies, it appears there are
several adequate theoretical models for predicting the sedimentation efficiency de­
pending on the parameters of suspensions, such as probability function of grain dia­
meters, tank design and process parameters. A clarification process is a specific case of
flow-based classification where the cut size tends towards zero. In -this respect the
theoretical description of lamella classification is merely a generalisation of the theo­
retical description of clarification in inclined, thin-layered flows. In particular, the
function of sedimentation efficiency ofmonodisperse suspensions might be interpreted
as the separation function in the process of grain classification.

The main aim of the paper is to present a mathematical model of the classification
process in a lamella tank targeted at prognostication of grain size distribution of the final
products for Rosin-Rammler-Bennett's distribution of grain size in the feed. The results
are to be compared with experimental values. Furthermore, predicted and experimental
values of separation sharpness indices are to be compared, too.

2. Evaluation of classification accuracy 

Lamella classifiers are in widespread use in industry, for example in hydro-clas­
sification of sands (Grzelak and Malinowski 1981; Grzelak 1992). They are reported to
perform well, ensuring high efficiency and excellent sharpness parameters.

The theoretical description of grain classification uses several concepts from the
refining processes. K.F. Tromp (1937) put forward the idea that the performance of coal
refining facilities be assessed using grade efficiency curves. Tromp suggested an
assessment procedure whereby the specific measures expressing the proportion of
a material fraction in one of the final products to the total amount of the fraction in the
feed be assigned to narrow fractions of the refined material with the known density, thus
plotting a dispersion curve. In 1950 in Paris, at the Coal Processing Congress, this curve
was called separation curve. It is now denoted as T(d) while the relevant measures are
called grade efficiency numbers.

Nevertheless, a thorough scrutiny ofworks published in the mid-fifties shows that the
authors ofmajor theoretical papers did not seem to be aquatinted with Tromps concepts.
The pioneer theoretical work providing the general description of grain classification
processes is that by K. Sztaba ( 1956a, 1956b). Theoretical considerations of grain
classification processes in hydraulic classifiers at various settling velocities led him to
the formulation of the grain size distribution function expressed as the normal distri­
bution function.

In later studies many Authors suggested several functions, their graphic forms
resembling the experimental curves. Those most often referred to are: R.L. Plitt (1971 ),
A.J. Lynch (1970), T.C. Erasmus (1973) and H. Trawiński (1976). L.R. Plitt suggested
the following distribution curve
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T(d)=l-ex{-069Jt:J) (1)

where dsoc denotes the corrected grain diameter whilst m is the measure grade effi­
ciency.

AJ. Lynch derived the formula describing the grade efficiency curve

{ d ) ex a-- -1
T(d) = dsoc 

exj a__!j___)+exp(a)-21\ dsoc 

(2)

where a is the measure of grade efficiency and the relationship between a and m is
given as

a= 1.54 · m - 0.47 (3)

T.C. Erasmus (1973) made use of the arc tangent function

1 1 [X -1 ] T(d) =- +- .arctg-(x +o) 
2 7C X 

(4)

where

d 
x=--, 0>1

dsoc 
(5)

and o - empirical coefficient.

Several approximations of the grade efficiency curve were suggested by H. Tra­
wiński (1976). Using exponential, trigonometric and conical functions he formulated the
description of grade efficiency curves in the process of classification and modified
the Plitt's, Lynch's, Erasmus's equations. He applied the regression method to inves­
tigate the adequacy of thus derived formulas, checking how they would agree with
experimental results.

One of the major criteria of classification efficiency is the classification accuracy.
The main indicators of classification accuracy are individual numerical characteristics
called the sharpness indices. Generally speaking, sharpness indicators are aimed to
provide a single-number approximation of inclination of the tangent to the grade
efficiency curve, passing through the inflection point understood as the point whose
independent coordinate is the value of the critical grain size. Sharpness indices are
closely linked to the grade efficiency curve.
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Sharpness indices in most widespread use are: 
• imperfection or separation inaccuracy, proposed by T. Eder ( 1961) and defined 

as follows: 

(6) 

where d75 and d25 denote independent coordinates of grade efficiency curve points at 
which it reaches the value 0.75 and 0.25 respectively (or where grade efficiency 
numbers are 75% and 25%). 

• coefficients K 

and 
d 

K 
_ 65 2--- 
d35 

(7) 

The method of calculating the grade efficiency curve coordinates by way of 
measurements of grain size distribution in the feed and in fine-grained and coarse­ 
-grained fina'i products was developed by K. Sztaba (1956b ), T.H. Eder (1961) and 
Z. Nowak (1982). Quite independently, the method was also suggested by J. Malewski 
( 1980). 

The common feature of mathematical descriptions of grain classification once the 
coordinates of the experimental grade efficiency curve are known is that various 
empirical functions are to be fitted to calculated results. The function best describing the 
grade efficiency curve being selected and its adequacy verified by way of comparison to 
measurement results, the sharpness indicators might now be found. Using the function 
approximating the grade efficiency curve and grain size distribution in the feed, the 
parameters of the classification process are calculated: the proportion of oversize grains 
in the fine-grained product and the proportion ofundersize grained in the coarse product. 
All computations use the function approximating the grade efficiency curve. In practical 
applications the values of grade efficiency numbers for narrow grain classes are taken 
from tables. 

In the study of classification of a polydisperse grain set to assess the adequacy of 
classification results the basic modelling tasks are: 

• to find the cut size, 
• to determine the grain size distributions in the final products knowing the grain 

distribution in the feed material, 
• to determine classification accuracy. 
The classification limit is the predominant parameter in classification of polydisperse 

grains. Another name of this important parameter is grain cut size, indicated as d50, d1c, 
dsoc- It is a denominated number that denotes the grain size that divides the set of grains 
in two subsets: those smaller and those larger than the cut size (fine-grained and 
coarse-grained products). 
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3. Mathematical model of classification processes in a lamella classifier. 

A pulverised polydisperse material is separated in a lamella classifier yielding two 
products: fine product in overflow and coarse-grained product in underflow. The 
probability functions of grain diameter distribution in the products of the classification 
process: /p(d) in overflow andfw(d) in underflow can be derived from the formulas 
(Sztaba 1956b) relating then to the probability function of grain diameter distribution in 
the feedj(d), the separation function T(d) and coarse-grained product yield y: 

f (d) = 1-T(d)·f(d) 
p 1-y 

(8) 

f w(d) = T(d) · f(d) 
y 

(9) 

Assuming the distribution of suspension flow velocity in lamella classification 
processes is uniform throughout the whole conduit (in the system of inclined parallel 
plates) and that the distribution of suspension concentration in the inlet cross section is 
uniform too, Eqs. (8) and (9) can be rewritten as (Marciniak-Kowalska 1984) 

l-( (d +dg;d--jd-d, Ir 
fp(d)= d . ~ ·f(d) 

f f(d)dd +~ f d2f(d)dd 
o dg o 

(10) 

[ (d +d,:t-dglr 
fw(d)= d g d ·f(d) 

1- f f(d)dd-~ f d2 f(d)dd 
o dg o 

where dg denotes the critical grain diameter obtained from the Stokes's formula (1851). 
The critical grain diameter fulfilled the sedimentation theory of Hazen, i.e. the grain with 
diameter of dg, which it settling velocity is equal to the quotient of fluid flow and the 
sum of projected surfaces on the horizontal flat plane: 

(11) 

d = l&µo ·\Jf(cp). () 
g (p -Po )g 

f] 2) 

where \Jl( rp) takes into account the suspension concentration obtained from the Kunitz' s 
formula (Gambill 1959) 
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( ) 1 +O.Są>
\j/ <p =---

(l-cp)4
(13)

The unit efficiency index q present in (12) (i.e. surface loading) is equal to settling
velocity of grains with the critical diameter v(dg)

(14)

The grade efficiency curve T( d) present in the numerator of ( 1 O) and ( 11) might be
expressed as

(
(d+dgHd-dgl:

2 

T(d)= ----- =
2dg 

(:. r (15)
when 0< d .S dg 

when dg< d< co 

The values of theoretical sharpness indices: imperfection I and coefficients Kt and K2
obtained for the ideal lamella classification process (Marciniak-Kowalska 1994) are:

• imperfection I 

(16)

• coefficients KI and K2

d 
K1 =__Jj____= 1.732

d2s 
(17)

The relationship between the critical grain diameter dg and cut size is given as

dg =✓2 · d50 (18)

4. Probability function of grain diameter in lamella classification 

In order to obtain grain distributions in the products of lamella classification (fine
products in overflow .f~(d) and coarse-grained product in underflow .f~(d)) knowing
the grain size distribution in the feed, an assumption is made that the feed grain sizes
in the feed follow the Weibull's distribution (in minerals processing also known as
Rosin-Rammler-Bennett's distribution RRB).

The Rosin-Rammler-Bennett's distribution is actually a singular case of the tripa­
rametric (do - scale parameter, p, n - shape parameters) generalised gamma distri­
bution (Nip! 1979), the provability density function fid) being given as:



[ )
pn-I {{ )" l · d · d n = n !!:_ · ex !!:_ 

j( ' o,P, ) dor(p) do do 

for p = 1. 
The distribution function F(d) in RRB distribution has the form 

541 

(19) 

F(d)= 

I-exp{ {:, n when d ~O 
(20) 

o when d< O 

Basing on the assumption that probability density function of grain dimensions in the 
feed is given as.f{_d), the yield of the coarse-grained product y is derived from the formula 
(Camp 1946) 

d., d .. 
o 1 • 2 1 

y=l-f f(d)dd+-
2 
f d f(dyld=l-11 +-212 

o dg o . dg 

It follows from (21) that to obtain the yield y it is sufficient that two integrals be 
computed 

(21) 

dg 

/1 = f f(d)dd 
o 

dg 

12 = f d2 f(d)dd 
o 

(22) 

The first of them is the distribution function (20). 
In order to compute the integral /2 

(22) 

the following substitution is made 

[:or =a (23) 
or d _ d 1/11 - oa 

Differentiate both sides, we get 

[ )

11-I 

_!!__ !!:_ dd =da 
do do 

(24) 
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and hence

d -(1-2-)
dd =-0 a n da 

n 

(25)

and hence

lower limit a1 = O upper limit a2 =[ :: r
Finally, the integral 12 is rewritten as

(26)

(27)

Fig. 1 provides the plots ofprobability density functions of grain diameter in the feed
and in the products of classification when the feed grain distribution follows the RRB
pattern, the parameters in the distribution being do= 92.1 µm, n= 1.320. All calculations
use the formulas (10) and (11).

The parameters of the suspension assumed in the study are those characteristic of
coal suspensions: p = 1700 kg/m3, Po = I OOO kg/m3, µ0 = 1 · 10-3 Pa·s (at the tem-
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Fig. I. Density distribution functions of grain distribution in feed and final products for RRB
distribution function of feed grain diameters (do= 92.1 µm and n= 1.320)

Rys. I. Wykresy funkcji gęstości prawdopodobieństwa nadawy i produktów klasyfikacji
w przypadku gdy rozkład wielkości ziaren nadawy jest rozkładem Rosina-Rammlera-Bennetta

o parametrach do = 92, 1 µm i n = 1,320
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perature of the suspension 20°C); surface loading q = 5 m/h (for the critical grain 
diameter dg= 60.8 µm and cut size d5o = 43.0 µm). 

The plotted probability function of grain diameter in fine-grained product in overflow 
calls for a closer scrutiny. In terms of the mathematical model of classification process this 
product should not contain grains that are bigger than the critical grain diameter. 

To obtain the distribution functions of grain diameter in the final products (in 
overflow Fp( d < dx) and in underflow F w( d < dx), it is required that formulas (1 O) 
and (11) be transformed accordingly 

(28) 

(29) 

Let us next consider the position of grain size dx with respect to the critical grain 
diameter dg; accordingly (28) and (29) can be rewritten as 

~{f f(d)dd+-1 f d2f(d)dd} when =.«. (30) 
1 y o dg o 

_!_ · {~ f d2 f(d)dd} 
y dg o 

_!_ · {~ f d2 f(d)dd + f f(d)dd} when dg s; «, < co 
y dg o dg 

hence 

(31) 

(32) 
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_!_ · {-
1 

· 1 2 } y d2 g 

(33) 

_!_ . {-
1
- 1 4 + 1 5} when d ~ d x < co y d2 g 
g 

The integral 13 is the distribution function (20) ford< dx while 14 is nearly identical 
to fi (27) though the upper limit of integration is different; 15 is the difference of 
distribution functions 

(34) 

Finally, we get distribution functions of grain diameters in the products of clas­ 
sification 

(35) 

l ~ y { 1-ex{ {:;) l [ :;)' ,[i+~ e :r J} when 0< d x < d, 

1 

(36) 

~{ d~ r(l+~G:r ]} when 0< d,< d, 

Fw(d:J= H d~ r(l+~GJ ]+exp{{ :J }-exp{{::)'}} when d, < dx< oc 

Fig. 2 shows distribution functions of grain diameter in the feed and in the final 
products obtained on the basis of the probability density function in Fig. 1, for the same 
set of input data. 
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Fig. 2 shows distribution functions of grain diameter in the feed and in the final 
products obtained on the basis of the probability density function in Fig. 1, for the same 
set of input data. 
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Fig. 2. Distribution function of grain diameter in the feed and in final products 

Rys. 2. Wykresy dystrybuant nadawy i produktów klasyfikacji 

Plots in Fig. 1 and 2 reveal that lamella classification processes are by nature not 
sharp. The grain fraction making up the fine product is limited and falls in the interval 
(O, dg), yet the grain fraction making up the coarse product contains the grains with the 
diameter range (O, co) though the proportions are quite different than in the feed. 
As turbulence behaviours in lamella classifiers are less marked, the results of clas­ 
sification are perhaps better predictable than in other classifiers. 

5. Investigation of lamella classification processes 

Research work was carried out in the Department of Minerals Processing, En­ 
vironment Protection and Waste Utilisation of the AGH-UST University in Cracow. 
The main component of the test rig for laboratory scale testing was a single conduit of 
a lamella classifier with adjustable inclination angle. It was a physical model of a real 
conduit (1: 1 ). The length of the conduit was about 1 m, the dimensions of rectangular 
cross section area: width 0.05 m, height 0.03 m. Testing facilities also included: a feed 
tank complete with a mixer (agitator) and an in-built impeller pump, tanks receiving the 
products of classification ( overflow and underflow). Underflow was removed with the 
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use of a peristaltic pump, which also provided for flow rate control. The overflow outlet 
remained free. 

The counter-current flow configuration was employed. The suspension flew upward 
from the conduit bottom section, in the direction opposite to that of sediment settling. 
The feed was supplied through a short pipe in the lower part of the conduit; there was 
also a short outlet pipe (underflow). In the upper section of the conduit, at the distance of 
0.6 m from the feed supply pipe was the overflow outlet. 

5.1. Methodology of laboratory tests 

Prior to the tests, a homogenised suspension with the specified solid concentration, 
was prepared in the feed tank. At the beginning the feed was pumped into the measuring 
circuit for about ten minutes until the required process parameters would be achieved. 
During that time several portions of the suspension were introduced. As soon as the 
process parameters were stabilised, samples of the feed, outflow and underflow were 
collected to the measuring cylinders. The time period required for collecting the 
predetermined volume of the sample material was measured, too. Measured times 
required to collect the samples were then made use of in flow rate calculations. 
Temperature of the suspension was also measured, as it was required to calculate its 
viscosity. The next step involved determining the concentration of the suspension and 
the grain size distribution. The grain size distribution was obtained using screen analysis 
and sedimentation analysis methods. Another samples of the feed, underflow and 
overflow material were taken for chemical analysis, A single experiment, lasting about 
60 minutes, involved taking several (sometimes more than ten) sets of samples. 

When the geometrical parameters of the elementary conduit model, including the 
sedimentation area are known as well as the time required to fill the measuring cylinder 
with known volume, the next step involves calculating the surface loading, critical grain 
diameter and cut size for the specified process parameters. 

5.2. Function approximating the grade efficiency curves 

The grain size distribution in the feed and final products being known, one can now 
proceed to find the coordinates of the grade efficiency curve, employing the Nowak's 
method (1982) whereby the points determining the grade efficiency curve are ap­ 
proximated with the functions 

(37) 

T(dx) =-1-1' _!_ ,exp[-!( ln(d)-m)2 )dd 
,fi;,cr O d 2 o 

(38) 



T( d x) = ~arctan( b0d11) 
7t 
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(39) 

(40) 

T(dx) = 1 
1 + b0d11 -exp(b2dx) 

The range of function (37)-(41) is an open interval (O, 1). All these functions can be 
linearised. The approximating function ( 40) can be transformed to the form of plane 

(41) 

equation 

where T -I ( dx) - function inverse to the normal distribution function. 

tan(! T( d x)) = In( b0) + b1 In( d x) 

ln[-
1- -1) = ln(b0) + b1 In(dx) 

T(dx) 

(42) 

(43) 

(44) 

(45) 

(46) 

The critical grain diameter d50, and separation sharpness indices: imperfection I and 
coefficients K1 and K2 were obtained. With regards to (37) and (38), equations (47) and 
( 48) were solved numerically with respect to di and grain sizes corresponding to grade 
efficiency numbers (indices) 0.50, 0.75, 0.65, 0.35, 0.25 were derived from the formulas 

l cl; [ 1 [ d d ) 
2
] T( d;) = J2_; f exp - - - N dd 

2nsN -<X) 2 SN 

T(d;)=-l-f _!_·exj -~(ln(d)-m)2)dd 
&cr O d l___ 2 c 

(47) 

(48) 
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With regards to (39) and (40), grain sizes corresponding to grade efficiency numbers
0.50, 0.75, 0.65, 0.35, 0.25 were derived from (49) and (50):

(49)

l

[ 
1 [ 1 )] b1 d - -· ---1

; - b
0 

T(d;) 

(50)

With regards to the approximating function (41 ), nonlinear equations were solved
numerically and the bisection method was applied:

ln[-
1
- -1) = ln(b0) + b1 ln(d;) + b2d; 

T(d;) 

(51)

To evaluate the accuracy of approximation of (3 7)-( 41 ), the linear correlation
coefficient r and the value of F-Fisher statistics were obtained, revealing that
most accurate approximation is obtained when formulas (41) and (40) are employed,
while (38) and (37) are next in line. Approximation using (3)) was much less accu­
rate. Finally, Eq. (40) was taken for further considerations. It is only slightly less

"'c:l d 0.4 -+--------<-----H,+----,~--+--------1 
;...
Di .

00 
100 150

qro.ir: iti.arru-t.cr. urn. 

Fig. 3. Selected approximating function

Rys. 3. Przykładowe wykresy funkcji aproksymujących
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accurate than (41) yet computations are much less complex. The linear correlation
coefficients for (40) would range from O. 965 to 1. Approximating functions are
compared in Fig. 3.

The calculated values of the critical grain diameter d50 and sharpness indices:
imperfection I and coefficients K 1 and K2 were then compared with the predictions: (16)
and (17). Relative errors brei was computed as the difference between the experimental
and then approximated value Wapprox and the predicted value Wtheor. related to the
theoretical value Wtheor. of an indicator multiplied by 100%

b _ Wapprox -wtheor _ 100010rel - 11 

Wtheor

(52)

6. Discussion of results 

Plots of grade efficiency curves and approximating functions derived from (40) and
(41) are shown in Fig. 4-7.

Cut size d50 error, imperfection I error and indices KJ and K2 errors are shown in
Fig. 8-11.
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Eq.(41) 
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q ro.i.n. dia:rn.ctcr urn. 

Fig. 4. Comparison of predicted and experimental grade efficiency curves (solid concentration
in feed: s = 10.7 kg/m3; overflow rate q = 2.1 m/h, feed grain composition parameters:

d0 = 48.0, n= 0.405)

Rys. 4. Porównanie teoretycznych i doświadczalnych krzywych rozdziału dla koncentracji zawiesiny
s = 1 O, 7 kg/rn ', obciążenie powierzchniowe q = 2.1 m/h, parametry rozkładu wielkości ziaren

w nadawie do= 48.0, n = 0.405
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Fig. 5. Comparison of predicted and experimental grade efficiency curves (solid concentration
in feed: s = 18.8 kg/m': surface loading q = 3.1 m/h, feed grain composition parameters:

d0 = 45.4, n= 0.392)
Rys. 5. Porównanie teoretycznych i doświadczalnych krzywych rozdziału dla koncentracji zawiesiny

s = 18,8 kg/m3, obciążenie powierzchniowe q = 3, I m/h, parametry rozkładu wielkości ziaren
w nadawie do= 45,4, n= 0,392
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Fig. 6. Comparison of predicted and experimental grade efficiency curves (solid concentration
in feed: s = 30.3 kg/rrr': overflow rate q = 6. l m/h, feed grain composition parameters:

d0 = 48.3, n= 0.403)
Rys. 6. Porównanie teoretycznych i doświadczalnych krzywych rozdziału dla koncentracji zawiesiny

s = 30.3 kg/m3, obciążenie powierzchniowe q = 6.1 m/h, parametry rozkładu wielkości ziaren
w nadawie do= 48,3, n= 0,403
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Fig. 7. Comparison of predicted and experimental grade efficiency curves (solid concentration
in feed: s = 78.1 kg/m3; overflow rate q = 2.7 m/h, feed grain composition parameters:

do= 18.5, n= 0.564)

Rys. 7. Porównanie teoretycznych i doświadczalnych krzywych rozdziału dla koncentracji zawiesiny
s = 78,1 kg/m3, obciążenie powierzchniowe q = 2,7 m/h, parametry rozkładu wielkości ziaren

w nadawie do= 18,5, n= 0,564
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Fig. 8. Relative error of cut size

Rys. 8. Błąd względny ziarna podziałowego
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Fig. 9. Relative error of imperfection

Rys. 9. Błąd względny imperfekcji
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Fig. 11. Relative error of K2 

Rys. 11. Błąd względny wskaźnika K2 

The number of 36 experiments were analysed altogether. Solid concentration in the
suspension used ranged from 10 to 70 kg/m3 (the mean value: 29.5 kg/m3). Surface
loading would range from 1.5 to 9.2 rn/h (mean value 3.7 m/h). The average linear
velocity of flow varied from 3.5 · 10-3 to 26 · 10-3 (the mean value: 9.4 · 10-3 mis).
Re number for suspension flow inside the conduit ranged from 100 to 850 (the mean
value: 320). Froude's number varied from 2 · 10-5 to 190 · 10-5 (the mean value:
32 · 10-5). The values ofReynolds and Froude's numbers indicate that suspension flows
would meet the criteria for laminar (Re < 2000) and stabilised flows (Fr > 1 o-5)
(Olszewski 1975).

The analysis of cut size errors and errors of separation sharpness indices (Fig. 8-11)
reveals that error involved in cut size calculation is the greatest, the stated value being
always too high and ranging from about ten to nearly 100% (the mean value: 84%).
Imperfection error and indices of K coefficients are decidedly smaller - imperfection:
-14.7%; K1: +7.5%; K2:+3.9%.

It appears that factors affecting the magnitude of relative error include the solid
concentration, surface loading and the presence of flow disturbances (such as counter­
-flowing streams). In order to determine the corrected grain diameter dsoc the empirical
formula is derived:

d = 4.800. n o.2531 . d 
so, 0.0572 0.1669 0.1044 5os -q -d0 

(53)
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which allows for correcting the critical grain dimension d5oc [µm] in relation to
solid concentration s [kg/m'], surface loading q [m/h], RRB distribution parameters
do [µm] and d50 [µm]. The value of the linear correlation coefficient was 0.535. The
applicability range of this empirical formula covers the above values of relevant
variables.

Fig. 12-15 show function of grain size distribution in the feed and in final
products. The good agreement shown by feed grain distribution confirms the adequacy
of RRB distribution applied to its description. The grain distribution in the fine
product in overflow is predicted less accurately than in the coarse-grained product in
underflow. A certain asymmetry becomes apparent: experimental values of grain
distribution functions for overflow are lower than theoretical ones while the values
of grain distribution functions for underflow are, as a rule, higher than the pre­
dicted ones. This is best seen in Fig. 16-18, providing the comparison between
theoretical grain size distribution functions and those obtained in the course of
present tests.

1.0 o 

gra.in iiiccme ter u.rn. 

Fig. 12. Comparison of predicted and experimental grade efficiency curves (solid concentration in feed:
s = 1 O. 7 kg/rn ': overflow rate q = 2.1 m/h, feed grain composition parameters:

d0 = 48.0, n= 0.405)

Rys. 12. Porównanie teoretycznych i doświadczalnych krzywych rozdziału dla koncentracji zawiesiny
s = 1 O, 7 kg/m3, obciążenie powierzchniowe q = 2, 1 m/h, parametry rozkładu wielkości ziaren

w nadawie d0 = 48,0, n = 0,405
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Fig. 13. Comparison of predicted and experimental grade efficiency curves (solid concentration
in feed: s = 18.8 kg/m'; overflow rate q = 3, I m/h, feed grain composition parameters:

do= 45.4, n= 0.392)
Rys. 13. Porównanie teoretycznych i doświadczalnych krzywych rozdziału dla koncentracji zawiesiny

s = 18,8 kg/m3, obciążenie powierzchniowe q = 3, l m/h, parametry rozkładu wielkości ziaren
w nadawie do= 45,4, n= 0,392
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Fig. 14. Comparison of predicted and experimental grade efficiency curves (solid concentration in feed:

s = 30.3 kg/m'; overflow rate q = 6.1 m/h, feed grain composition parameters:
d0 = 48.3, n= 0.403)

Rys. 14. Porównanie teoretycznych i doświadczalnych krzywych rozdziału dla koncentracji zawiesiny
s = 30,3 kg/m3, obciążenie powierzchniowe q = 6, l m/h, parametry rozkładu wielkości ziaren

w nadawie do= 48,3, n= 0,403
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Fig, 15. Comparison of predicted and experimental grade efficiency curves (solid concentration
in feed: s = 78.1 kg/m': overflow rate q = 2.7 m/h, feed grain composition parameters:

d0 = 18.5, n= 0.564)

Rys. 15. Porównanie teoretycznych i doświadczalnych krzywych rozdziału dla koncentracji zawiesiny
s = 78, I kg/m3, obciążenie powierzchniowe q = 2,7 m/h, parametry rozkładu wielkości ziaren

w nadawie d0 = 18,5, n = 0,564
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Fig, 16. Comparison between theoretical
(Eq. (20)) and experimental function of grain distribution in the feed

Rys. 16. Porównanie wartości dystrybuant teoretycznych (równ. (20)) i doświadczalnych
dla nadawy
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Fig. 17. Comparison between theoretical
(Eq. (35)) and experimental function of grain distribution in the fine-grained product (overflow)

Rys. 17. Porównanie wartości dystrybuant teoretycznych (równ. (35)) i doświadczalnych
dla produktu drobnoziarnistego (przelew)

rÓ
1.0 

~.,,_,..
""R,

0.8 ""'
~ 0.6 o

·c>
-+->
C)

~< 0.4 
~o

·c>
-+->;:s

0.2 ..o
·c>,..
-+->
(fJ

·c'
'd

// 

I/

/u;(
... • ... i*"' 

** ~ ;_,A1-
,. "..: /

0.4 0.6 0.8 1.0 

distribution function - thcoret. 

Fig. 18. Comparison between theoretical (Eq. (36)) and experimental function
of grain distribution in the coarse-grained product (underflow)

Rys. 18. Porównanie wartości dystrybuant teoretycznych (równ. (36))
i doświadczalnych dla produktu grnboziarnistego (wylew)
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1. Conclusions 

Lamella classifiers are new facilities and theoretical descriptions of their perfor­
mance are not available yet. This paper makes an attempt to fill this niche. References
are made to earlier studies on lamella sedimentation processes and commonly applied
classification accuracy indicators. This approach enables us to compare lamella clas­
sifiers with other types ofclassifiers, such as hydrocyclones and centrifugal classifiers.

The operating principle oflamella classifiers can be states as follows: a deep stream
of suspension is divided into several thin-layered streams whose flows are laminar (low
Re numbers) and stabilised (high Fr numbers). That is why the results of classification
are easier to predict than in other types of classifiers. A mathematical description is
proposed, followed by comparison of predicted and experimental values.

The mathematical model employed in the study is the simplest one, as many aspects
of the process are idealised: distribution of flow velocity and of solid concentration in
the inlet section are taken to be uniform; interactions between grains are neglected and
Rosin-Rammler-Bennett's distribution is adopted in description of grain size distri­
bution. It appears that in real-life processes many disturbing factors occur and their
influence might be stronger than· that of flow parameters and solid concentration,
providing for additional computational complexity.

Though some aspects of the process are idealised, there is high degree of corres­
pondence with experimental results. With regards to prognosticated grain size distri­
butions in the final products on the basis of grain size distribution in the feed and flow
characteristics, the values of distribution functions for the fine-grained product seem
slightly overstated while those for coarse-grained products are underestimated. Major
differences were reported in cut size prediction, due to the shifting of the separation
curve towards higher values while the sufficiently high classification accuracy was
retained. Accordingly, an empirical formula was proposed to provide for necessary
correction of grain cut size diameter.
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