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Substituting Eqs. (6) and (8) into Eq. (7) we receive the foll owing second order 
diff erential equation involving only one unknown function C(x,t): 

a2c ac ac 
K-- =u-+- +o.C +AC 

ox2 OX ot 
(9) 

In later sections of the paper the initial phase of the one-dimensional migration of 
a dissolved active substance in the zone x ~ O will be considered. We shall assume that 
at the initial time t = O the concentration of a dissolved and sorbed substance is equal 
to zero, and the active substance is introduced to the zone x > O across its boundary 
x = O. Consequently, we may formulate the following initial and boundary conditions 
for Eq. (9): 

C(x,t)l,=o=0 

C(x ,t)lx=O = C 1 (t) 

C(x ,t)I t! oo =0 

(10) 

(11) 

(12) 

where C 1 (t) function is known. 
The technique of solving the boundary value problem (9) to (12) will be elicited in the 

subsequent section of this paper. 
It may be seen that the boundary value problem (9)-(12) has been formulated for an 

infinite migration zone. The analysis of a similar problem referring to a finite migration 
zone requires a separate discussion. In the later case one must be aware the problems 
in formulating the second boundary condition replacing the condition represented 
by Eq. (12). Moreover it should be taken into account that from the computational 
standpoint the migration problem is hyperbolic rather than parabolic. 

4. Direct solution of the boundary value problem 

The initial/boundary value problem formulated in the previous section of will be 
solved applying the integral transform method (cf., e.g., Carslaw and Jaeger 1968; 
Osi owski 1965, 1971 _;_Sneddon 1955; Tranter, 1959; Wagner, 1940, 1960). The Carson­ 
-Laplace transform C(x) of the function C(x,t), representing the active substance 
concentration, is defined by: 

df 00 

C(x)=Tp,1[C(x,t)]=p f C(x,t)exp(-pt)dt 
o 

(13) 

where p i~ a complex parameter. The function C(x,t) may be determined from its 
transform C (x) applying the following inversion formula: 
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a+ico - 

C(x,t)=T;,:[C(x,p)]=-1. f C(p)exp(pt) dp 
2m . p 

a-100 

(14) 

where the real value a must be appointed in such a manner that all singular or branch 
points of the integrand are located on the left hand side with respect to the straight line 
Re{p} = a. 

Multiplying both sides of Eq. (9) by cP1 , integrating them with respect to t in 
the interval [O; oo ], and taking into account the theorem about the differentiation of 
derivatives we obtain: 

2 - d C dC - - 
K--=u-+ pC +(a +A)C 

dx2 dx 

The general solution of Eq. (15) is as follows: 

C(x) =Aexp[
2
~( u --Ju2 

+4K(p +a +A )x] 

(15) 

(16) 

+Bexp[L( u+,Ju
2 

+4K(p+a +A} ] 

where A and Bare arbitrary constants. The second term in solution (16) is unbounded 
when p ! oo, and therefore we must assume B = O. Consequently, solution (16) is 
reduced to the following form: 

- [[u 1 u
2Jl C(x) =A exp 

2
K - "K p +a +A+ 

4
K x 

(17) 

The A constant may easily be determined from boundary condition ( 11 ). We obtain: 

(18) 

or 

(19) 

where 

(20) 
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The expression written above ma also be expressed in the following form: 

- 1 - p [ ( u
2 Jl C(x)=-Ci(p) 

2 
p+ a+A+- j 

p [ u J 4K p+ a+A+- 
• 4K 

(21) 

Taking into account that according to the tables of integral transforms presented in 
monographs by Bateman and Erdelyi (1954), Wagner (1940, 1960), and Osiowski 
(1965, 1971) we have: 

TP 1[ b exp(-!!:_:]= pexp(-b! P) 
, 2! rrt312 4t 

(22) 

and bearing in mind the theorem about translation, and theorem about convolution one 
may express the original function for the transform (21) in the following form: 

C(x,t)=f C1(t--r) x/~ exp[-x
2

/K: 
o 2! rr-r 3 2 4-r 

(23) 

and finally: 

. C(x,t) = ~exp(uxj f Ci(t
1
--r) exp[~Jexp[-[a +A +~J-r:d, 

2,1nK 2K O 1 3 2 4K1 4K 

(24) 

Formula (24) expresses the distribution of concentrations of the dissolved active 
substance in space and time when the superposition of the advection, sorption, and 
diffusion-dispersion processes occur. Referring back to earlier comments it will be 
realised that the solution (24) refers only to the initial phase of the substance migration 
process. 

5. In itial pfiase of the migration process 

In order to avoid misunderstanding it is necessary to define the term 'initial phase of 
the migration process' encountered in the previous sections of this paper. 
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According to the remarks presented in section 3 for the initial phase of the migration 
process the general sorption kinetics (5) may be approximated by the linear sorption 
kinetics (8). For the general case the concentration of dissolved substances C at 
a particular point of the flow zone is variable in time. On the other hand, if the 
concentration C1 at the boundary is constant, and the point is located not far from the 
boundary, then after certain time the magnitude of Cat this point is 'stablized', and it 
may be regarded as a constant for the purposes of calculations. 

For C1 = const. and initial condition <!>(t)I 1 =o= O the solution of the general sorption 
kinetics equation (5) is: 

() aC<!>111 [ [ac-~ )] <!> general t = --- I - exp --- t 
ac-~ <!> 171 

whereas the solution of the linear sorption kinetics equation (8) is: 

<!> linear (t) = o.Ct 

(25) 

(26) 

Note that both kinetics lines start from the point (t = O, <!> = O), and the derivatives 
d<!>/dt are the same for t = O ( cf. Fig. 1 ). 

For the initial phase of the migration process the general sorption kinetics may be 
approximated by the linear sorption kinetics, i.e. the relative approximation error is 
small. Consequently, it may be written: 

<!> general (t)-<!> linear (t) ] 
,- - - - - - - - - , << 

<!> general 

(27) 

or, substituting expressions (25) and (26) into inequali ty (27): 

aC<I:>m 
aC-~ 

Fig. I. Linear and non-linear kinetics images for the sorption of an active substance 

Fig. I. Graficzny obraz liniowej i nieliniowej kinetyki sorpcji substancji aktywnej 
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The diff erence equation (29) may briefl y be rewritten as: 

u er: +V ciz+I +W ciz+I =R" 
J ;-I ; .J .J .1+ I ./ 

(31) 

where [f; , v1 and ~ represent terms accompanying unknown values of concentration, 
and R/ represents right hand side terms assumed to be known at n-th time level. The 
system of linear equations (31) may equivalently be written as the following matrix 
equation: 

Len+! =R11 (32) 

where en+ 1 is vector of unknown values C/ + 1, L is a three-diagonal matrix of 
coeffi cients, and Rn is the known right hand side vector. 

The matrix equation (32) may be solved by means of the Thomas algorithm based on 
the factorisation of a three-diagonal matrix of coeffi cients. The realisation of com­ 
putations step by step for successive time levels gives the solution of the problem in 
space and time. 

7. Examples of computati onal result s 

The algorithm outlined above has been embedded within the program prepared by the 
author for an RISC type computer. Computations have been realised by means of 
a Digital AlphaStation. 

The computational results are presented in Figs. 2-5. It has been assumed that at the 
initial time (t = O) the concentration of the active substance in the flowing fluid C, and the 
concentration of the active substance sorbed in the rock <I> were equal to zero. At the 
boundary of flow zone (i.e. at point x = O) the concentration of transported substance 
is equal to 2. O x 1 o-6. In other words, boundary conditions ( 1 O) to ( 12) are satisfied, and 
C1 = 2.0 x 1 o-6 = const. The velocity of advection was assigned to be 1 m/day. Figs. 2-5 
show the influence of the magnitudes of various parameters on the form of the solution 
of the problem. 

Fig. 2 illustrates the influence of the magnitude of the diffusion and dispersion 
coeffi cient Kon the spatial distribution of the concentrations of the active substance 200 
days after the beginning of the migration process. It is assumed that sorption and 
chemical disintegration of the active substance do not occur, i.e. the a and A parameters 
are assumed to be zero. 

Fig. 3 presents the influence of sorption and chemical disintegration (represented by 
a and A parameters) on the spatial distribution of the concentration of the active 
substance 200 days after the beginning of the migration process. It is assumed that 
diffusion and dispersion do not occur, i.e. the K coefficient is assumed to be zero. 

Fig. 4 shows the simultaneous influence of diffusion, dispersion, sorption, and 
chemical disintegration on the concentration of the active substance 200 days after 
the beginning of the migration process. It is assumed that the diffusion-dispersion 
coefficient K = 10-7. The curves refer to various magnitudes of a and A parameters. 
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substance C(x,t) decreases exponentally with distance. The exponental function is 
'cut' by a 'wave front' which starting from point x = O translates according to the 
direction of the x-axis. The front translation rate is identical with the fluid velocity u. 
From the mathematical standpoint the wave front is represented by the Heaviside 
function H(t- x/u ). If after time t the fluid transporting the dissolved substance reaches 
point x (i.e. if ut 2". x), then the concentration of the substance at point x and time t is 
given by the exponental function (34). If this does not occur (i.e. if ut < x) the 
concentration of the substance at point x and time tis equal to zero. 

The presence of the diffusion and dispersion processes flattens the wave front. The · 
hyperbolic-type solution (34) is replaced by a parabolic-type solution (24) in which any 
sharp 'jump' cannot exist. The wave front is flattened, and its 'corners' are rounded 
( cf. Figs. 2, 4, 5). Consequently, for ut< x the concentration of the substance at point x 
and time t is greater than zero owing to the diffusion and dispersion phenomena. The 
'intensity of damping' of the wave front depends on the magnitude of the diffusion­ 
-dispersion coefficient K. The concentration of the active substance given by formula 
(24) decreases with distance, i.e. we have 3C/3x<0 but the condition a2c/ax2 <0 
is not generally satisfied. 

For high magnitudes of the diffusion-dispersion coeffi cient Kand a small fluid flow 
velocity u the diffusion type transport of an active substance dominates the advection 
type transport. The solution of the problem in such a case may easily be obtained from 
formula (24) assuming u= O, i.e.: 

C(x,t)= ~ f Ci(t/--r) exp[-~Jexp[-(a +tc)-r]d-r 
2-vTCK O T 3 2 4n:K 

(36) 

The image of solution (36) is represented by a function monotonically decreasing 
with distance. 

Note that the results presented above refer to the initial period of propagation of an 
active substance in the sense discussed in section 5. For this phase the approximation of 
the general sorption kinetics (5) by Eq. (8) is suffi cient for the description of the 
problem. On the other hand, for later periods of migration of the active substance the 
approximation mentioned here is inadequate. 

Consequently, the results presented in this paper should only be regarded as an 
asymptotic solution of the migration problem. Such a solution is adequate for the 
description of the migration problem when condition (28) is satisfied. 
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