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Existence results and stabilization of homogeneous
conformable fractional order systems

Nejib NASRA, Boulbaba GANMI and Fehmi MABROUKI

In this paper, we give results on the stability of homogeneous conformable fractional order
systems using assumptions on a family of compact sets and provide the stabilization of an affine
control system and given an explicit homogeneous feedback control with the requirement that
a control Lyapunov function exists and satisfying a homogeneous condition and we present
existence and uniqueness theorems for sequential linear conformable fractional differential
equations.

Key words: conformable fractional order systems, homogeneous fractional systems, stabiliza-
tion, fractional problems solutions, Lyapunov function, sequential linear fractional differential
equations

1. Introduction

The fractional calculus seems to be originally introduced in 1695 in a letter
written by Leibniz to L’Hospital where he suggested to generalize his celebrated
formula of the kth derivative of a product (where k € N* is a positive integer)
to any positive real k >~ 0. In another letter to Bernoulli, Leibniz mentioned
derivatives of general order. Since then, numerous renowned mathematicians
introduced several notions of fractional operators. We can cite the works of Euler
(1730’s), Fourier (1820’s), Liouville (1830’s), Riemann (1840’s), Sonin (1860’s),
Grunwald (1860’s), Letnikov (1860’s), Caputo (1960’s), etc. [4]. All these notions
are not disconnected. In most cases it can be proved that two different notions
actually coincide or are correlated by an explicit formula.

If you write Fractional Derivative (FD) on google search only gives you
around 24900 results (0.29 seconds). The majority of these articles concerning
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nonlinear systems with non-integer derivatives remain open problems in many
fields such as physics, engineering, medicine, robotics, biology, mechanics, elec-
tronics, etc. [4,12] due to the fractional nature and non-linearity of these systems.
Thus, stabilization is one of the major concern of both researchers and engineers.

The methods of stabilizing linear systems are numerous as well as the existence
and uniqueness of the solution.

However, in practice, a significant number of industrial or agricultural pro-
cesses are inherently distributed in space and in the earth so that their behaviors
depend on spatial position as well as time or the time water distrubition.These
systems are usually described by a set of nonlinear fractional differential equa-
tions (FDEs) with homogeneous or mixed boundary conditions. Over the past
decades, the fractional differential theory of FDE systems has been developed
by Khalil et al. [18] and introduced a new fractional derivative called the con-
formable fractional derivative. This new concept is very interesting. Later, this
theory was developed by T.Abdeljawad in [2], who gave definitions of left and
right conformable derivatives of higher order, exponential functions, Gronwall’s
inequality, Laplace transform for conformable fractional calculus, etc.

Existing works on the nonlinear design of FDE systems can be classified into

two types:
— The first: the stability analysis of nonlinear systems and many problems have
been studied in this regard, where some fundamental results have been obtained.
The stability of nonlinear systems has received increased attention due to its
important role in the fields of science and engineering. Many of monographs
and articles are devoted to fractional nonlinear systems. Lyapunov’s method of
functions (or direct Lyapunov’s method) is known to be extended to many classes
of equations of perturbed motion, including distributed parameter systems and
sets of equations in metric spaces [21,23,26]. In the classical derivatives, homo-
geneous systems have attracted attention in recent years as a means of studying
the stability or stabilizability of general nonlinear systems, which has been intro-
duced by Rothschild and Stein [25]. Homogeneous systems offer many desirable
properties. Due to homogeneity, asymptotic stability of the origin implies global
asymptotic stability as well as the existence of a C!' Lyapunov function which is
also homogeneous [24]. Many approaches in homogeneous system design rely
on this theory [11,16,24].

In [19] the authors proposed a homogenous feedback control design by Lya-
punov functions In [9] the authors prove the existence of Lyapunov homogeneous
function for homogeneous fractional systems. In addition, they prove that local
and global behaviors are the same. and they study the uniform Mittag-Lefter sta-
bility of homogeneous fractional time-varying systems. It is therefore interesting
to study the homogeneity in the conformable fractional derivative system. In this
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paper, we study the stability and the stabilization of homogeneous conformable
fractional order systems and provide the stabilization of an multi-linear control
system via an explicit homogeneous feedback control with the requirement that
a Lyapunov function exists and satisfying a homogeneous condition.

— The second: the existence and uniqueness of the solution to the FDE systems in
the interval [79—T, to+7] with values in B(yg, o) [22]. There are fewer researches
on the existence and uniqueness of the solution used fixed points theorem’s of
Banach or of Schauder. Accordingly, studying the existence and uniqueness of
the solution to the FDE system becomes important. In this paper, we will study
the existence and uniqueness of the solution to nonlinear fractional order system
with approximate solution via Cauchy-Arzela-Peano and Ascoli theorem’s.

Briefly speaking, the main contribution of this study includes three aspects.

1. Conformable fractional derivative and its properties.

2. Existence and uniqueness of solution Fractional Differential System con-
formable.

3. Stabilization Fractional Differential System conformable.

The rest of this paper is arranged as follows. Section 2 gives some necessary
definitions and properties of the conformable fractional calculus which are used
in this paper and can be found in [2, 17]. Existence and uniqueness of solution
are presented in Section 3. Stabilization of Fractional Differential System con-
formable is described in Section 4. Section 5 presents numerical example for
affine function, and Section VI gives a brief conclusion.

2. Preliminary

Prior to presenting the main results, we recall definitions and theorems which
will be used intensively in our study.
2.1. Conformable fractional derivative and its properties

Definition 1. Ler f a function defined on [tg, ), the conformable fractional
derivative of f starting from to of order « is defined by

ft+e(t—1)17) = f(1)

&

T,f(t) := lir% (1)

forallt > ty, @ € (0,1]. If T, f(¢t) exists Vt € (tg,b) for some b > ty and
lim, s To f (1) exists, then by definition

Taf(to) = lim T, £ (1).
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If the above fractional derivative exists, we say that f is a-differentiable.

Theorem 1. [3] If f is differentiable, the conformable derivative of order
a € (0, 1], denoted by T, of f a-differentiable at a point t > t is defined by:

., d
Tof (1) = (t = 10) ™ — £ (1). 2)
Proof. By the fact that f differentiable we assume h = e(t — 1)~

f(t+e(t—19)""%) - f(1)
E

f@+h)—f() o d
- = (t 1)’ 1.

Corollary 1. [6] Let @ € (0, 1] and f, g be a-differentiable at a point t > ty.
Then
D) To(af +bg)(1) = aTo (f)(1) + bTo(8)(2);
2) To(f8)(1) = To(f)(1)g(1) + f()Ta () (2);
7, (£] 0 - D00 JOL 00

Proof. The proof can be easily done using the same principle as the ordinary
derivative. O
Example Let @ € (0,1] and 1 > 19

1) T,(f)(tr) = 0 for all constant functions f(z) = c¢(c € R);

2) T, ((t —10)?) (1) = p(t — 19)P"* for all p € R;

3) T, (ew=0")(f) = ew(t=10)",

4) T, (sin(3 (1 = 10)*) (1) = cos(5 (1 = 10));

5) Tu(cos(2(r —10)*) (1) = —sin(L (1 — 19)™).
Proof.
1) and 2) follows from Theorem 1,

Lt—10)* _ (4 _ s\l d ,L(t—10)" _ (4 _ ; \l=a (s _ ;ya—1,L(1-10)"
3) Ty (ew )= (t—1to) " gen =(t—1t9) ~(t—10)" en
— ei(t_to)a’

4) and 5) are the same that as 3).

T,f (1) := lirr(l)

1-a 1;
=(t—t lim
( 0) h—0

ifg(t) #0forallt > 1.

Definition 2. The conformable fractional integral starting from ty of a function
f of order 0 < a < 1 is defined by

@an:/u—mw*ﬂnm. 3)
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If the above integral exists we say that f is a-integrable.
The relationship that exists between functions that are a-differentiable and
a-integrable is summarized in the following result.

Lemma 1. ( [18]). If f is a continuous function on (ty, ), then T, (1,(f)) (t) =
f(¢) forallt € (tg, ).

The fundamental theorem of conformable fractional calculus is stated in the
following way.

Lemma 2. ( [2]) If f is a continuous function on (ty, o), then 1, (T,(f)) (1) =
f (@) = f(to).

A geometric property of functions that are a-differentiable discussed in [2,5,
18] is stated in the following result.

Lemma 3. IfT, exists over (ty, 00) and T, (f)(t) > O (respectively, T, (f)(t) < 0)
forall t € (ty, o), then the graph of the function f is increasing (respectively,
decreasing) on (t(, ).

The following result establishes the validity of the chain rule for functions
that are a-differentiable.

Lemma 4. [2]. If f,g : (tg,0) — R are a-differentiable functions, where
a € (0, 1], then the function r(t) = f(g(t)) is a-differentiable and for all t # ty
and if g(t) # 0 we have:

Tor (1) = To f(8(1)). Tag (1).8(D*", 4)

Remark 1. Assume that f : R" — R and g : R, — R are a-differentiable
and g~ € R™" is a diagonal matrix as g'~% = diag(g{‘“,...,g,ﬁ‘“). Let
r(t) = f(g(t)). Then r(t) is a-differentiable for all t # to and if det[g'™*] # 0
we have:

Tor(t) = Vo f(8).8' " Tag (1), (5)
and, if t = to we have
Tor(r) = lim Vo f(g).8' " Tug (1), (6)

where V, f(g) denoted the a-Graduim of f with respect to g

9°f(g) _df(g) e

7
9" 3¢ (7)

Vaf(g) =
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Consider now the following conformable fractional derivative nonlinear sys-
tem:

Tox(1) = f(x(2)), x(10) = xo (8)

where a € (0, 1], x(t) € R" is the state vector; f : R — R” is a continuous
function and f(0) = 0. Suppose that the function f is smooth enough to guarantee
the existence of a global solution x(z) = x(¢, 1y, xo) of system (8) for each initial
condition (g, xg).

2.2. Homogeneity

Definition 3. Foranyr = (ry,...,ry) € R?withr; >0, i € {1,...,n}, and 1 > 0,
the dilation vector of x = (x1, ..., x,) € R" associated with weight r is defined as

Ay(x) = (A" xq, .0, A7 xy).

The homogeneous norm of x € R” associated with weight r is defined as
n n
e 1
kel = O ™)z, o= |
i=1 i=1

An important property is that
1AL ]r = Allx]l-

The homogeneous norm is not a standard norm, because the triangle inequality
is not satisfied. However, there exists o > 0 and o > 0 such that

allxll < llxll <& llxl

Definition 4.

i — A continuous function h : R" — R is r-homogeneous of degree
kif h(Ay(x)) = A*h(x) for all A > 0 and x € R™.

ii — We say that a continuous function f : R* — R" is r-
homogeneous of degree k if each f;, i € {l,...,n}, is r-
homogeneous of degree k +r;. i.e. f(Ay(x)) = AXA(f(x)) for
all A > 0 and x € R".

ili — The system (8) is r-homogeneous of degree k if the vector field
f is r-homogeneous of degree k.

Lemma 5. [10] If x(t) is a solution of the r-homogeneous system (8) with the
degree k for an initial condition xy € R", then y(t) = A (x(/lﬁt))for A >0, and
t > to is also a solution of (8) with the initial condition yo = A)(xg).
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Remark 2.

i — The derivative of the dilation vector is given by:
Ty (Aa(x)) = (A Toxy, .. ., /lrnTaxn)T = A(Tox).

ii —If V :R" — Risr-homogeneous of degree k and a-differentiable
function, then T,V is r-homogeneous of degree k. Indeed, we
have

V(M) =V (A" x1, .., A7) = AV (x), Vx= ()2, € R
Hence, it is clear that
T,V (A1(x)) = T,V(A(x)) = AT,V (x),  V¥x=(x)i1, €R"

Remark 3. Assume that x(t) = x(t, to, xo) is the unique solution of system (8) for
the initial condition (ty,xg), then, for s € R and r € Ry such that s =t + r we
have x(s) = x(s,tg,x0) = x(t +r,t9,x0) =x(r,t,x(1)).
2.3. Existence and uniqueness ( [22] but modified)
Consider the system
Tox(t) = f(1,x(2)), x(t) €R”

x(to) = xo, a € (0,1]. )
f(£,0)=0; € (ty,+0)

2.3.1. Construction of a solution using Euler’s method

Lettg <t <... <ty =ty+T be the regular subdivision. Denote /1 =
and construct y, by induction of yq as follows

N+1

Yn+l = yn t haf(tn’ yn) (10)

By connecting the points with the straight lines we note y the approximate solution
obtained. We similarly construct the approximate solution on [tg—T, fo] by taking
step h < 0.

Lemma 6. Assume C = [to — T,ty+ T] X B(yo, ro) a security cylinder. Let also

1
. ro \ @
T <min{Ty, (22)" (V+ 1) 11
i { 0 \557) ¢ )} (11)
Any approximate solution y for the system (9) given by Euler’s method is contained

in the ball B(yg, ro).
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Proof. Let us show by recurrence that for all n y,, € B(yo, ro) :

forn = 1y1 = yo+h £ (10, yo)slly1=yoll = |1k f (1o, yo)|l < h"M = ()" M <
ro, and for all ¢ € [1g, 1] . So y(t) € B(yo, o).

y(2) = yoll = I(z = 20)* f (0, yo)l < h*M = (757)"M < 2, y([t0.11]) C
B(yo,r0).

Assume that: y,,—1 € B(yg, o) and y([to,t,]) € B(yo,r0), (tu, yn) € C, for all

t € [to0, tur1], 1y (2) = yoll < Iy (&) = yull +lyn = yoll < Mt =1, + M|t —10]™ <
2T M <ro

then y([to, t4+1]) € B(y0,70)- O
2.3.2. Approximate solutions

Definition 5. Let ¢ : [a, b] — R" is a piecewise a-differentiable function (this
means that there exists a subdivision a = ag < a1 < .. < ay = b of [a, b]
such that for all n the restriction y|(a, 4,.,] i a-differentiable; we therefore only
assume continuity and the existence of a right and left derivative of W at the
points a,).

We say that  is a € — approximate solution of (9) if:

i (Vtela, b)), (t,y(2)) eC

it (Vn,Vt €lan, aniil) |To(f)(t) — f(t,y(2))]|| < €. In other words,
W is a e-approximate solution if  satisfies (9) with error < €.

For increase the error, we introduce the continuity module wy(6) =
max{||f(x) — f(WI}, then [|yr — yof| + [11 — £2|* < 6}. C is compact then f
is uniformly continuous on C and w () — 0.

Lemma 7. If y is approximate solution of Euler method for N points then the
error satisfies € < wy((M + 1)h®).

Proof. To increase ||T,(y,)(t) — f(¢,y(¢))|| for all t € [to,t0+T] and y € —
approximate solution associated at the subdivision g < ] < ... <ty =19+ T

for all 7 €]ty, tye1 [ then || T (y,) (1) — £ (2, YOI = || f (20, yu) (1) = f(2, ()| <
w (M +1)h%). O

2.3.3. Convergence of approximate solutions
Let us consider the following system
Toy(t) = f(2,y(1)), y(1) €R",
(12)
y(to) = yo.

Lemma 8. If'y, solution €, —ap proximate obtained which uniformly converges
to y then that exactly converge of (12) problem.
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HmﬁLamuwﬂﬂ—ﬂnﬂmﬂgémm
1o (Ta(yp)(2) = f (&, y (O = 1o (Ta(yp) (1) = L (f (£, YOI

My () = yo = T (£t ¥ < —
pa

and if 6, = suplly, — yll then [| f(z, (y, (2)) — f (2, YD) < ws(6p) — 0.
Thus by uniform convergence we can pass to the limit

lim,0(yp) = y(#) = yo + La(s, y(s)) (1)

so y is continuous by uniform convergence and solution for system (12). O

[t —1o]" = 0,p — o0

Theorem 2. (Ascoli) [22] We assume that E and F are compact metric spaces.
Let ¢(p) : E — F be a sequence of k-Lipschitzian maps, where k > 0 is a given
constant. Then we can extract from ¢(,,) a uniformly convergent subsequence
& (p,)» and the limit is a k-Lipchitzian map.

2.4. Stability

Definition 6. The maximal trajectory of the differential system (8) passing
through (to, xo) is denoted Y (t, to, x¢).
The origin of the system (8) is said to be:

i — Stable, if for € > 0, there exists 6 > 0 such that the origin of
the system (8) satisfies ||V(t,t9,x0)|| < &€ for all t > ty when
|lxol| <.

ii — Uniformly stable if i) holds with § = §(&) independent of t.

iii — Globally attractive if lim,_, ., ¥ (¢, t9, x0) = 0 for all xy and for
all tg > 0.

iv — Asymptotically stable if it is stable and for ty > 0 there exists a
positive constant § = 6(ty) such that for all xo, if ||xo|| < O then
lim; 400 \P(l‘, 1o, XO) =0.

v — Uniformly asymptotically stable if it is uniformly stable and in
addition there exists 6 > 0 such that for all € > 0 there exists
T =T(&) - 0, satisfying:

Sor all ty, xo, if ||xo|| > 0, then ¥(t,t9,x0) > &, forallt = T +1.

vi — Globally uniformly asymptotically stable if it is uniformly stable,
6 (&) can be chosen to satisfy limg_, o 6(&) = +00, and, for each
n and c two positive reals, there exists T=T(n, c) > 0, such that
Sforall to, xo, if ||xol| < 71, then ||¥(¢, t9, x0)|| < cforallt > T +ty.

Definition 7. A continuous function V : V — R, is called a Lyapunov function
for the system (8), where V is a non empty neighborhood of the origin of R", if
there exist 0; € Keo, (i = 1,2) such that:
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i—o1(lxl) < V(x) < oa(lx]),
ii = V is a-differentiable for all 0 < a < 1.V t > ty,
iii - 7,V(x) <O.

Theorem 3. ( [26]) Let x = 0 be an equilibrium point for system (8). Assume that
the (8) has a Lyapunov function V. Then the origin of system (8) is asymptotically
stable.

Remark 4. If V : V — R" is a-differentiable, the conformable fractional
derivative of order a of V along the solutions of the system (8) is defined by

ToV(x) = (VV(x), f(x)).
If V is r-homogeneous of degree k| and f is r-homogeneous of degree k, then
(VV, f) is r-homogeneous of degree k| + k».

3. Existence and uniqueness of solution

The theorem of Cauchy-Arzela-Peano for conformable fractional systems
finds more applications in the field of differential equations, because it gives a
result of existence and uniqueness of solution for differential equations. Here we
will show a version for conformable fractional nonlinear differential equations.

Lemma 9. Let y(t) be function with continuous derivative in the interval [ty —
T,to+ T] with values in B(yq, ro), then y(t) is solution of the system (12) if and
if only it satisfies the integral

(1) = yo+ [ (t = )" fs,x(s))ds = Lo (f (., ) (1) + Yo.

Proof. Necessary condition: if y is solution of the problem (12) then

Toy(t) = f(2.y(1)); we apply Lemma 2 y (1) = yo = 1o (To (y)) (1) = Lo (f (., ) (1)
SO

y(8) = L. (f(., ) () + yo.

Sufficient condition: with Lemma 1
To(y(2)) = To (Lo (f (., 3)) (1) + y0) = Toa (I (f (-, ¥)) (1)) = f(2,y(2)).

3.1. Theorem Cauchy-Arzela-Peano conformable

Theorem 4. Let f(t,y) is continuous function defined in a security cylinder
C = [to—T,t0+T] x B(yg,ro). Let also T < min{Ty, (27_]?/1)%(1\7 + 1)}. Then
there exists in a security cylinder a unique and continuous solution y(t) of the
problem (12).
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Proof.

i. Let us start showing that f satisfies the Cauchy problem on / equivalent to
the integral problem y continuous on / and for all t € I,(t,y(t)) € U
and Vr € I,y(t) = yo + I,(s,y(s))(¢). Furthermore there exist a se-
curity cylinder: f is defined on an open U, so there exists a cylinder
Co = [ty — Ty, to + To] X B(yg,r9) € U. We note that M = sup f and

T < min{Ty, (;—‘A})i (N + 1)} and C this cylinder, see Lemma 6.

ii. Approximate solution y for the system (12) given by Euler’s method is
contained in the ball B(yo, ro), see Lemma 7.

iii. y solution of Euler method approximates solution for N points so the error
satisfies € < wy((M +1)h®), see Lemma 8.
Conclusion
Let (y,), be a sequence of approximate solutions constructed by Euler’s
method verifying & < % then €, < ws((M + 1)%). yp are Lipchitzian
by construction of ratio % By Ascoli, we can extract a sequence which
converges uniformly towards y which becomes a solution. O

4. Stabilization Fractional Differential System conformable

4.1. Stability by compacts subsets

Hypothesis 4.1
Let f a-differentiable function. Assume that there exists a family of compact
sets D, with the following properties:

i—ﬂDﬂ:{O}.

AeR*

il —Forall 0 < 41 < 42, Dy, CB/l2 where 5,12 is the interior of
D,,.

iii — For all x € R"\{0}, there exists A > 0 such that x € D, where
0D, = 51\ D, and D, is the closure set of D .

iv — For all 4 > 0 and x¢o € dD,, we have x(¢) 65/1 for all ¢ €
[t0, o + T'],where x(¢) is the solution of the system (9) starting
at xo € 0D, at the initial time 7.

In [1], the author proves the stability of the closed-loop system using given
assumptions on a family of compact sets. This result plays an essential role to
verify the stabilization of homogeneous systems [7, 8, 13—15, 17]. For homoge-
neous time-varying systems, this result is proved in [15], Theorem 4. In the case
of the conformable fractional derivative, we give the following result.
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Theorem S. Consider the nonautonomous system (9) where f satisfies:
i — The conditions of Theorem 4.

il — Assume that there exist compact subsets {D )} cr+such that the
conditions (i), (ii), (iii) and (iv) given above are satisfied.
Then the origin of system T, y(t) = f(t, y(t)) is
a) globally uniformly stable,
b) globally attractive.

Proof.
Step 1. Uniformly stable

Substep 1. There exists A > 0 such that D; c B(0,¢€) . Lete > 0, by
(i) and (ii), there exists A = A(€) > O such that D, c B(0, €).
In fact, if we suppose that for all 4 > 0, we have D ;N C B(0,¢) =
@, where CB(0, €) = R"\B(0, €), then for all n integer not null,
there exists x, € D;NC B(0, €) where A, = % . But by hypothesis
4.1 (ii), we have D41 C DY for all n integer not null. So
Xp € Dy, foralln > 1. Dy, 1s ‘a compact set, so the sequence
(Xn)n>n, has a limit point y in D, .

By the fact that for all n, m integers not null such that n > m,
one has D,, C D,,, we getx, € D,  forall n > m. Then the
limit point y is in D,,, forallm € N*. Soy € Upen+D,,, -

On the other hand, by the hypothesis 4.1 (i), we have Njep+D ) =
{0}, which implies that N,en=D 4, = 0, then the limit point y = 0.
But using the fact that for all n € N*, x, € D, N CB(0, €), we
obtain ||x,|| > € which gives ||y|| > € and this is impossible.

So we can conclude that there exists 4 > 0 such that D, C
B(0,¢€).

Substep 2. Origin is uniformly stable

Now, by hypothesis 4.1 (i) and (ii), we have D, and D, being
non empty subsets. Since 0 €D, and D, is an open set, there

exists = d(e) > 0 such that B(0,6) cD,. Let x € B(0, 6), by
hypothesis 4.1 (iii) there exists Ax > 0 such that x € dD,,. We

can easily prove that Ax < A and D x CD,.

By hypothesis 4.1 (iv), x € dD,, cDA implies ¥ (¢, ty,x) €D,
for all ¢, for all # > (. Thus ||¥ (¢, tg, x)|| < € for all x, satisfying
llx|| < &. So, we conclude that the origin is uniformly stable.
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Step 2. Globally uniformly stable.
We prove that the origin is globally uniformly stable.

Substep 3. There exists 4 > 0 such that B(0,A) cD, .
Now, we prove that lim¢_, 10 0(€) = +00.
Let A > 0, there exists A > 0 such that B(0, A) ¢ D 2 In fact, we

prove that there exists 4 > 0 such that B(0, A) CD 1 - Suppose
that for all A > 0,B(0,A)nC D,Ht ?. We get for all integers n,
B(0,A)n(C D #@.Letx, € B(0,A)n(C Dn,for all mtegersn
Let m be a fixed integer, we have Vn > m DmCDn:> C Dnc

C D,,.Now x, € B(0,A) nC D,, implies x, € C D,, Vn = m.
However (x,) is bounded, then it has a limit point which we

denote by z, 7 € C. D,, Vm, signifies that z € N C Dom:
C (Um D m) = 0.
Substep 4. Globally uniformly stable

D, is acompact set, so there exists B >~ Osuchthat D, ¢ B(0, B).
Forall ty > O and x € B(0, A), t > to implies ¥ (¢,t9,x) € D, C
B(0, B).

So for all € > B there exists 6(€) = A such that for all 7, for all
x € B(0,6(€)) one has y(t,ty, x) € B(0, €) forall ¢ > t¢. Finally
the origin is globally uniformly stable.

Step 3. Origin is globally attractive

Substep S. Origin is attractive

In this step, we prove that the origin is globally attractive. Let
x € R", we show that lim,_, . ¥ (¢, 9, x) = 0. By hypothesis 4.1
(iii), there exists 4 > O such that x € dD, and for all t > #g,
there exists A4; > O such that y(¢,#9,x) € dD,,. Moreover by

hypothesis 4.1 (iv), we have for all ¢ > 1o, ¥ (¢, 19, x) €D,.
Consider the map defined by f(¢) = A,. By the fact that for
all s,7 € R*, we have (s, 1,y (t,t9,x)) = Y¥(s,t9,x) and by
hypothesis (ii), we can deduce that f is decreasing.

Then lim,—,; f(#) exists, which we denote by Ay. This limit
satisfies 1o < f(¢) for all t > fy. Let us show that 19 = 0.
Suppose that 1g # 0.

Let (¢,) be a sequence which tends towards +oo as n tends to +co,
then lim,_,,« f(#;) = Ao. The sequence (Y (t,,1y,x)) satisfies
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W (ty, to, X) ED 2 for all n > ng, where ng is an integer satisfying
t, > to for all n > ng. The sequence (Y (t,,to,x)) is bounded,
then there exists a convergent subsequence.

Let (s,,) asubsequence of (z,,) such thatlim,,—, 1o ¥ (s, 9, X) = ¥
We have that for all n, there exists A;,, such that ¥ (s,, 7o, x) €
dD,, and for all n > ng,dg < As,. SO ¥ (sp,t0,x) ¢D, for all

n > ng, and lim, 400 ¥ (5, 10,x) =y € C Dj,= R"\ D,,. Thus
y # 0, then there exists 4, > 0, such that y € dD,,. We can
deduce that 1, > Ag. If 4, # Ao, then A, > Ao.

We know that lim,, 100 A5, = Ao ; then there exists N € N, such
Ay +/l()
thatforalln >

and A CDaymo foralln > N. So lp(t,,,to,x) € D,,, CD/1y+/10
2 2

D ay+ay. Then limy, 400 ¥(Sp, t0,x) = y € Dayway CD,y and
2 2

this is impossible. We deduce that 19 = A,. For all s >

0, (s,0,y) €D,,.

By the fact that the sequence (v,) defined by v, = s, + s

tends towards +oco when n tends towards +oo, it follows

that (¥ (v, to,x)) is convergent and lim,— 40 ¥ (v, t0, X)
limy, 100 Y (S5, 0,¥(Sp,t0,x)) = ¢(s,0,y) € 0D, But

W (s,ty,y) €D,, and consequently, y = 0 and 19 = 0.

Substep 6. Origin is globally attractive
Let € > 0. In the step 1, we have proved that there exists u > 0
such that D, € B(0, €). By the fact that lim;_, ;. 4; = 0, there
exists 7 > O such that forall # > T, one has A, < ¢ which implies

D, cD, .Soforallt - T, |[y(t,t9,x)|| < €.Finally, the origin
is globally attractive.

4.2. Stabilization of homogeneous systems with multiple input

We are interested in the stabilization of homogeneous multi-linear systems.
We provide sufficient conditions for the multi-linear system to be stabilizable by
a homogeneous feedback of degree zero. The stabilizing feedback is explicitly
given.
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We are concerned with homogeneous multi-linear systems of the type

[
Tox = Mx+Zul-N,-x
i=1
xeR" u; e R, M,N; € M;,,(R) for all 0 <i<I.

Definition 8. It is said that the system (13) is stabilizable if there exists a family
of control law (u;(x))o<i<i such that for the closed-loop system:

(13)

!
T,x = Mx + Z u; (x)Nix (14)
i=1
the origin is a globally asymptotically stable equilibrium point.

Definition 9. A function u : R" — R is said to be positively homogeneous of
degree k if u(Ax) = A*u(x) for all x € R" and A € R*.

Theorem 6. Assuming there exist b € R", F; € Mx,(R), and P € M,x,(R) as
a symmetric, positive definite matrix such that the following two properties are
satisfied:

(i) N'P+PN; =0 forall 0 <i <],

(ii) (M + N;bF)TP + P(M + N;bF;) <0 forall 0 <i <L
Then the system (4.2) is stabilizable by the positively homogeneous feedback
u(x) = (uy(x),...,u;(x)) of degree O where:

xT(Pb - Fy)x + Ex\/(xTPb)2 + (B - bTPD) (xT Px)
ui(x) = (xT Px)
0 otherwise,

ifx #0,

where B is a positive constant satisfying B > b’ Pb.

Proof. Consider the quadratic form V(x) = (x — b)” P(x — b). The conformable
derivative of V along the trajectories of the closed-loop system

T.x=Mx+

!
F;xN;x (15)

i=1
is given by

T,V(x) = {x,(M"P + PM)x) — 2(x, M Pb)

l l
= D (Fx)(x, N Pb) + ¥ (Fix)(x, P(Nib)),
i=1 i=1
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where (, ) denotes the usual inner product. By using the associativity of matrix
multiplication and the facts that

Pb=b"P and (N!P)b=-b"(N'P),
it follows that
T.V(x) = {x,(M'P+ PM)x) =2 (x, M" Pb)

[ [
+ Z {x, (FTb"NTP)x) + Z (x, P(N;b)Fx)
=1 i=1

l
= Z (x,(M + NbF;)T P+ P(M + N;bF;)x) — 2(x, M" Pb).
i=1

By assumption (i1),
(x,(M + N;bF;)TP+ P(M + N;jbF})x) <0, x#0

therefore,
da > O such that ||x|| > @« = T,V(x) <O.

Now consider the domain D = {x € R*; V(x) < B}, where  is a strictly
positive number. For sufficiently large 3, O is inside D, and we have T,V (x) <
0 Vx € dD. Thus, the trajectories of the closed-loop system (15) do not leave
the bounded domain D. It remains to show that the solutions converge to 0. For
this, introduce the positively homogeneous function k defined by

xTPb ++/(xT Pb)2 + (8 — bTPb)(xT Px)
xTPx

k(x) =

where 3 is a positive constant satisfying 8 > b’ Pb. By construction, the homo-
geneous feedback of degree 0 is given by

ui(x) = k(x)Fix
—xT(Pb - F))x + (xTPb)2 + (8 — bTPb)(xTPx)Fx

= (xTPx)
0 otherwise.

ifx #0,

This implies that the closed-loop system

l
Tox = X(x) =Mx+ Z ui(x)Nix (16)
i=1
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is homogeneous of degree 1. Note that the function « satisfies
k(x)xedD VxeR" and k(x)=1 VxedD,

so systems (15) and (16) coincide on 0D.

Now consider the domain D,, the image of D under the homotype centered
at 0 with ratio 2 > 0, defined by D, = {x € R"; V(%) < B}. It is clear that
{D}1er+ 1s a family of compact sets satisfying the conditions (i), (ii), and (iii)
of Theorem 5. It remains to show that for any 4 € R* and for any x € dDA, the
vector field X (x) is inward pointing with respect to the domain D,. Since the
vector field X (x) is homogeneous of degree 1 and inward pointing with respect
to the domain D, it suffices to prove that the tangent spaces to D and 9D, at x°
and Ax" respectively are parallel.

If we define T, (S) as the tangent space to the surface S at the point y and X, as
an element of 7, (S) (tangent vector at y), then for any function Va-differentiable,
we have X,0(V) = Y11, ¥ (x%) (x; — x¥) and

oy ) a4
/lxo( ) 1 ﬁxf‘

() (xi = Ax7).

Clearly, the tangent vectors X0 and X, 0 are parallel. Consequently, the vector
field X (x) is inward pointing with respect to the bounded domain D, (VA € R*).

By applying the results of Theorem 5, it follows that the closed-loop system
(13) has the origin as a globally asymptotically stable equilibrium point. O

5. Numerical example

Let us consider the following system

To.ogx1(t) = —x1(t) +x2(2) +x3(2) + uxa(t)
To.osx2(t) = x1(2) +4x2(2) +2x3(2) +u(—x1 () +x3(2)). (17)
To.ogx3(t) = —x1(t) — x2(1) — 2x3(t) — u(t)x2(1)

System (17) can be rewritten as the following form

To.osx(t) = Mx(t) + uNx(t)

with
-1 1 1 0
M=|1 4 2 and N=|-1 0 1
-1 -1 -2 0 -10

Let P=1Idgs,b= (00 1) and F=(2 5 1).
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5.1. Existence and uniqueness

We assume that f (¢, x(¢)) = Mx(t)+uNx(t) which is continuous function on
R. We can easily verify f the assumptions of Theorems 12, if we choose ro > 0
and 79 > 0 and Ty > 0 and yo. We deduce the problem (17) has a unique solution
inC = [l‘o —T,t0+ T] X E(y(),ro).

5.2. Stabilization

We use Matlab to find the eigenvalues in the case the control u# = 0.
The spectre of M, spec(M)={1; =-1.3811187- 0.6962072i; A, = —1.3811187 —
0.6962072i; A3 = 3.7622375 + 0.i;}.

We note that the real part of A3 > 0. Then the linear system(17) is global
instable.

Now let the control # # 0. The system (17) is stabilizable by the following
feedback control

X3+ (x% - 2(x% +x% +x§))%(2x1 + 5x7 + x3)

u(x) =-
xf +x§ +x§

T,V(x) = <x, ((M +NbF)'P+P(M + NbF)) x> =2 (x% rad 4 2x§) .

3000 ‘

2500

2000 — —

1500 — —

1000 — —

1000 I I I | I \ \ \ \
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2

Time in seconds

Figure 1: Evolution of the state x; (), x»(#) and x3(¢) of Example 17, without feedback with initial
conditions x; (0) = -2, x,(0) =2 and x3(¢) = 1.2.
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05— —

05— —

2 1 | 1 | 1 | | | 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Time in seconds

Figure 2: Evolution of the state x;(t), x(¢) and x3(¢f) of Example 17 with initial conditions
x1(0) = =2, x2(0) =2and x3(¢) = 1.2.

The numerical solution to the system (17) is shown in Fig. 2 for some suit-
able value of fractional order @ = 0.98, it indicates that the zero solution is
asymptotically stable.

6. Conclusion

In our work, we present existence and uniqueness theorems for sequential
linear conformable fractional differential equations. It has been found that results
obtained from this work is analogous to the results obtained from the ordinary
case and the notion of stability and stabilization of homogeneous systems has been
introduced in the classical derivative, and there are many interesting results for
these systems. In this paper, we study the stability of homogeneous conformable
fractional order systems and provide the stabilization of an affine control system
via an explicit homogeneous feedback control with the requirement that a control
Lyapunov function exists and satisfying a homogeneous condition and satisfies a
homogeneous condition. and with the method of a set of compacts.
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