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Equations of magnetic field of transformer steel sheets
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Abstract: This study described a method for determining the magnetic field in transformer
steel sheets for any magnetisation direction. In the proposed approach, limiting hysteresis
loops for the rolling and transverse directions were used. These loops, which were determined
separately in both directions, were modified depending on the direction of magnetisation.
The assumed area of the magnetic field occurrence was divided into elementary segments,
and the appropriate components of field strength and flux density were assigned to the
edges and elementary segments of the grid dividing this area. The relationships between
the flux density and field strength along both the rolling and transverse directions in the
elementary segments were introduced into the equations of the magnetic field distribution,
which were based on Maxwell’s equations in the integral form. These equations facilitated
the determination of changes in the magnetic field, considering the magnetic hysteresis. The
correctness of these equations was validated through comparisons of the results of numerical
calculations with the analogous results of measurements performed using a laboratory
package of transformer sheets.
Key words: equation of magnetic field, Goss texture, hysteresis loop, magnetisation process,
transformer steel sheet

1. Introduction

In many cases, the magnetic field is considered a one-dimensional field in significant parts of
the transformer cores. However, this statement is not applicable to the corners and T-joint areas
because the magnetic field lines change their direction and the magnetic field exhibits a nature to
that of a two-dimensional field (Fig. 1). Certain studies have indicated that changes in the magnetic
field in these areas can be regarded as elliptical rotational magnetisation. This is primarily owing
to the phenomenon of magnetic hysteresis occurring in electrical steel sheets, and both the field
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strength and flux density vectors are not collinear. In such cases, the power loss should be estimated
using the following general formula in a rectangular coordinate system [1]:

P =
1
T

T∫
0

(
Hx

dBx

dt
+ Hy

dBy

dt

)
dt, (1)

where Hx , Hy , Bx , and By are the field strength and flux density, respectively, at the point
considered on the transformer steel sheet.

Fig. 1. Example of magnetic field lines in three-phase transformer core

Owing to their Goss texture (Fig. 2), transformer sheets are typically anisotropic sheets [1–6].
This renders the determination of the magnetic field in these sheets when the direction of the field
strength differs from the rolling direction (RD) or the transverse direction (TD) challenging.

Fig. 2. Section of transformer sheet with Goss texture

Because of their anisotropic properties, the hysteresis loops differ significantly for individual
magnetisation directions. For magnetisation angles exceeding approximately 54◦, their shape is
significantly different compared to the ‘classical’ hysteresis shape (Fig. 3). Consequently, the
determination of themagnetic field in the corners and T-joint areas is difficult, because the directions
of the magnetic field strength differ at individual points of the transformer core. This would
necessitate the storage of a significant number of measured hysteresis loops in computer memory.

The problem of determining losses in transformer cores is still up to date [7–11]. Professional
software considers the nonlinearity and anisotropy of electrical sheets [12]; however, these software
packages cannot be applied to magnetic hysteresis because they are based onMaxwell’s equations in
differential form. If these equations are based onMaxwell’s equations in integral form, the magnetic
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Fig. 3. Examples of hysteresis loops of M120-27S-type transformer sheet

hysteresis can be directly included in the equations of the magnetic field distribution if these equa-
tions are based onMaxwell’s equations in the integral form [13]. This study proposed a newmethod
for considering the hysteresis phenomenon by determining the resultant flux density at individual
points as the geometric sum of the flux densities along both the rolling and transverse directions.

2. Magnetisation process in transformer sheets

The magnetisation process is dependent on the direction and value of the field strength [14]. If
the magnetisation direction approaches the RD, then the direction of the resultant flux density
vector approaches the RD (Fig. 4(a)). However, when the magnetisation approaches the TD, the
resultant flux density vector increases along the RD only in the initial phase (Fig. 4(b)). Digits 1–8
in Fig. 4 indicate the subsequent positions the end of the resultant flux density vector. For low
field strength values, the direction of the resultant flux density vector approaches the RD (point 1).
If the magnetisation direction is relatively close to the TD, the resultant flux density vector may
be located on both sides of the magnetisation direction. This magnetisation process is owing to
the ‘disintegration’ of domains whose flux density vectors approach the RD and the growth of
domains whose flux density vectors are parallel to the TD [14].

The magnetisation process in iron crystals (Fig. 5) involving the reconstruction of the domain
structure first occurs along the easy magnetisation axes [15–19]. The intensity of this reconstruction
significantly depends on the direction of magnetisation. If the angle between this direction and the
RD is less than 54.7◦, changes in the flux density occur mainly along the RD; otherwise, changes
occur along the other two axes of easy magnetisation.

The resultant flux density vector is the geometric sum of the flux densities along the RD and
TD (Fig. 6). However, the changes in the flux densities along these directions cannot be determined
based on the loops measured in these directions. Therefore, the hysteresis loops should be defined
along the RD and TD for different magnetisation directions.
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(a) (b)

Fig. 4. Changes in resultant flux density when magnetisation approaches: RD (a); TD (b); digits indicate
successive positions of resultant flux density vector for increasing field strength

Fig. 5. Field strength components HRD, H2, and H3 along the easy magnetisation axes: Hα – field strength
along magnetisation direction, HTD – field strength component along TD

Fig. 6. Components of flux density on sheet plane

3. Model of magnetisation process in transformer sheets

The magnetisation direction significantly influences the changes in the flux density. As
previously mentioned, when the angle between this direction and the RD is less than 54.7◦, these
changes occur primarily along the axis parallel to the RD; otherwise, they occur along the two
other axes of easy magnetisation. Therefore, the limiting hysteresis loops B = f (H) related to
the easy magnetisation axes should be modified according to the direction of magnetisation [20].
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However, these limiting hysteresis loops cannot be measured, and their shapes depend on the
direction of magnetisation. Figure 7 shows examples of the limiting hysteresis loops along the RD
and TD for three magnetisation angles αH .

(a) (b)

Fig. 7. Limiting hysteresis loops for three magnetisation angles αH along: RD (a); TD (b)

Knowledge of the limiting loops is necessary to determine the flux density related to the minor
loops for any field strength. The changes in the flux density (Fig. 8) can be expressed as follows [13]:

B = Bb + ∆Br exp[−kBr (H − H0)], (2)

if H increases, or
B = Bu − ∆Bd exp[kBd(H − H0)], (3)

if H decreases,
where Bb and Bu denote bottom and upper curves of the limiting hysteresis loop, respectively, and
kBr and kBd denote the attenuation coefficients for increasing and decreasing H, respectively.

Fig. 8. Possible trajectories of point P(H0, B0) inside the limiting hysteresis loop
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For a certain field strength Hα (Fig. 5), the field strength components HRD and HTD were
determined, and based on the loops BRD = f (HRD) and BTD = f (HTD) the resultant flux densities
were estimated. However, in the magnetic field distribution equations, only the flux densities BRD
and BTD should be introduced, as described in the next Section. Notably, in the corners, T-joint
areas, and particularly in the areas where the leakage flux is closed by air (Fig. 1), the direction of
the magnetic field strength changes according to the winding currents; these changes are significant
when the saturation state is achieved. In a different field strength direction, new curves Bb(H) and
Bu(H) of the limiting hysteresis loop should be determined, and changes in the flux density Br or
Bd should be calculated using (2) and (3).

4. Equations of magnetic field distribution

The field occurrence must be divided into elementary segments. The field strength components
Hp are assigned to the branches belonging to the graph tree, which include the dependent branches.
The components Hm are associated with branches that do not belong to the graph tree (Fig. 9) and
the superscripts denote the branch number. For each field strength component along the x-axis,
two flux density components are assigned; whereas, the component with index a lies above the
branch with the corresponding field strength component, and those with index b are located below
the branch with this field strength component. However, owing to the nonlinearity and anisotropy
of the transformer sheets, the flux density components are located in segments with different
magnetic properties. Similarly, the flux density components with index l are located on the left
side of the corresponding field strength component, and those with index r are placed on the right
side of the field strength component. A detailed description of the individual components has been
extensively reported in [21]. A graph tree containing dependent and independent branches must be
determined to assign components to individual branches that divide the area of the magnetic field.
Notably, the directions of all components were parallel to the rolling or transverse directions.

Fig. 9. Example of assignment of components to mesh edges and elementary segments
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The matrix equations for the independent meshes were formulated based on the first Maxwell
equation [21]:

AmHm + ApHp = SJJex, (4)

where: Hm and Hp are the column vectors of the magnetic field strength components that are
assigned to the independent or dependent branches of the graph tree, respectively, Am and Ap
are the matrices of geometric dimensions, SJ denotes the matrix of the surfaces of elementary
segments, and Jex denotes the column vector of the density values of external currents.

The components of the vector Hm are the field strength HRD, whereas vector Hp contains the
components HTD and partially components HRD related to the branches belonging to the graph tree.

Using the Gauss law, the algebraic matrix equation was formulated as [21]:

CxaBxa + CxbBxb + CylByl + CyrByr = 0, (5)

where Bxa, Bxb, Byl, and Byr are the column vectors of the flux density components and Cxa, Cxb,
Cyl, and Cyr are the matrices of the segment face areas.

The flux density components were placed in column vectors depending on whether they referred
to the independent or dependent branches of the graph tree. The vectors Bxa and Bxb included only
the flux densities that were assigned to the independent branches of the graph tree; further, these
flux density components were parallel to the RD. However, the vectors Byl and Byr contained all
the flux densities parallel to the TD and partially components along the RD, and all components
of these column vectors were assigned to dependent branches. In general, the components of the
column vectors of the flux density are functions of the field strength components Hm or Hp:

Bxa = f
(
MxamHm,MxapHp

)
,Bxb = f (MxbmHmMxbpHp), (6a)

Byl = f
(
MylmHm,MylpHp

)
,Byr = f (MyrmHmMyrpHp), (6b)

where: M-type matrices determine the appropriate field strength component to which a particular
flux density component is assigned, and f denotes nonlinear functions describing changes in the
flux density components depending on the corresponding field strength components. The method
of considering the hysteresis phenomenon was widely described in [20].

Based on (4), the column vector Hm can be replaced with Hp:

Hm = A−1
m (SJJex − ApHp). (7)

Finally, a nonlinear matrix equation was formulated wherein the vector Hp is unknown:

Cxa f (MxamA−1
m (SJJex − ApHp),MxapHp) + Cxb f (MxbmA−1

m (SJJex − ApHp),MxbpHp)

+Cyl f (MylmA−1
m (SJJex − ApHp),MylpHp) + Cyr f (MyrmA−1

m (SJJex − ApHp),MyrpHp) = 0. (8)

The Newton–Raphson method was used to solve (8) for a particular value of external current.
Thereafter, the values of the field strength and flux density components in individual elementary
segments were calculated, and the directions of the field strength changes in individual elementary
segments were determined. For new directions of the field strength, the coefficients for the limiting
hysteresis loops were introduced into the relationships between the flux density components and
the field strength, and (8) was solved for the subsequent values of the external current. Changing
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the direction of the field strength implies that other limiting hysteresis loops should be included to
calculate the changes in the flux density in the individual segments [13]. The condition of flux
density saturation in individual elementary segments was considered in the numerical calculations.

The most appropriate validation of the correctness of (8) is a comparisons of the changes in
the flux density with respect to that in the field strength. However, measuring the field strength of
transformer sheets is challenging. For this purpose, two flat measuring coils that are as thin as
possible should be applied to the sheet in the rolling and transverse directions [1]. The principle
involved is that the tangential component of the field strength does not change its value at the
sheet-air boundary. Numerical calculations, conducted using FEMM, showed that the tangential
component of the flux density was approximately 0.3 mT at a distance of 0.5 mm from the sheet
surface when the flux density in the tested transformer sheet was 1.0 T. The voltage induced in
the measuring coils used to determine the field strength was approximately 1.5 mV, which did
not facilitate such measurement signals to be considered reliable. Therefore, the accuracy of the
equations was indirectly verified.

The proposed equation was validated using a transformer sheet package (Fig. 10). The
magnetic field was excited by two mutually perpendicular coils supplied with a sinusoidal current
at a frequency of 10 Hz to avoid the influence of eddy currents occurring in the transformer sheets.
The measuring coils contained three turns and were placed at the centre of the sheet package.
Consequently, changes in flux density were determined using Faraday’s law based on the voltages
recorded by the measuring coils.

Fig. 10. Measurement system for indirect validation of correctness of magnetic field equation

The static hysteresis loop became dynamic because of the occurrence of eddy currents.
The difference between these loops primarily was dependent on the winding current frequency.
Figure 11 shows the hysteresis loops for the four frequencies. The frequency of changes in the
magnetic field should be as low as possible to eliminate the influence of eddy currents; however, it
should be sufficiently high to render the voltage signals recorded by the measuring coils useful.

Measurements and calculations were also performed for the same current values as previously
used for frequencies of 5, 20, 30, 40, and 50 Hz to assess the influence of eddy currents. For
individual frequencies, the amplitudes of the flux density changes along the direction of RD were
determined for currents of 3 and 6 A (Table 1). The amplitude of the flux density for a frequency
of 10 Hz and a current of 3 A was 0.01 T (approximately 1.2%) lower than the amplitude at 5 Hz.
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Fig. 11. Hysteresis loops measured for four frequencies

For frequencies higher than 10 Hz, the changes in the amplitude were significant owing to the
influence of eddy currents. The differences in the amplitudes of the flux density were smaller for
a current of 6 A; however, the flux density in the centre of the sheet package reached the maximum
value. This was attributed to the saturation in the transformer sheets around the wires carrying the
current. Owing to small differences in the flux density amplitudes for frequencies of 5 and 10 Hz,
verification measurements were performed for 10 Hz because the signals from the measuring coils
were very disturbed at 5 Hz.

Table 1. Amplitudes Bmax of flux density along RD for two current

Frequency 5 10 20 30 40 50 60 Hz

Bmax(3 A) 0.86 0.85 0.78 0.71 0.66 0.61 0.58 T

Bmax(6 A) 1.42 1.41 1.40 1.39 1.38 1.37 1.36 T

The tests were performed for two currents supplying the windings and generating a magnetic
field along the RD and TD. During the tests, the voltages in the measuring coils were recorded and
compared with the corresponding voltages calculated numerically under the same conditions as
those in the experiment (Figs. 12, 13, and 14). Figure 12 shows the calculated andmeasured voltages
when the magnetic field was excited along the RD for currents of 3 and 6 A (RMS values). The mea-
sured flux densities were determined by integrating the voltages of the measuring coils. Figure 13
shows the analogous voltages when the magnetic field occurred along the TD for the same currents.

In the latter case, both the windings were connected in series. The voltages of the measurement
coils were also recorded for currents of 3 and 6 A, and the subsequent changes in the flux density
in both characteristic directions were determined (Fig. 14). At a current of 3 A, the changes in
the flux density were approximately the same for both the magnetisation directions. However, at
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(a) (b)

Fig. 12. Measured (black) and calculated (red) voltages and flux densities when magnetic field was excited
along RD for coil currents of: 3 A (a); 6 A (b)

a current of 6 A, the flux densities in both the RD and TD were significantly lower than those in
each direction when the windings were supplied separately. This was attributed to the condition
that the sum of the flux densities along the RD and TD could not exceed the saturation flux density
of the tested transformer sheet.

Methods for determining the magnetic field distribution based on Maxwell’s equations in
differential form do not allow the hysteresis phenomenon to be considered directly. In certain
cases, magnetic hysteresis is considered in the calculations when a stable solution is obtained in
a given simulation step. The curves B = f (H) are then modified accordingly for the next step
of the calculations; however, this may result in significant errors. In the proposed method, the
relationships describing the changes in flux density with respect to field strength changes were
directly introduced into the equation describing the magnetic field distribution.

The described method can be used to analyse the magnetic field in dynamo steel sheets,
particularly because these sheets exhibit isotropic properties or are characterised by slight
anisotropy. Therefore, considering the phenomenon of magnetic hysteresis is much simpler than in
transformer sheets.



Vol. 73 (2024) Equations of magnetic field of transformer steel sheets 1009

(a) (b)

Fig. 13. Measured (black) and calculated (red) voltages and flux densities when magnetic field was excited
along TD for coil currents of: 3 A (a); 6 A (b)

The calculation times using the proposed method were much longer than those using nonlinear
but unambiguous magnetisation characteristics, that is, without considering magnetic hysteresis.
Therefore, the authors suggest using the proposed method to calculate the magnetic field in the
corners, particularly in areas of the T-joint points of transformer cores, because magnetic hysteresis
causes elliptical rotational magnetisation and higher power losses in these areas. The proposed
method can be used to calculate the magnetic field in the entire transformer core, particularly if
the number of elementary segments dividing the area of the columns and yokes can be reduced,
that is if the magnetic field can be regarded as a one-dimensional field.

Notably, the described method does not facilitate the use of elementary segments other than
rectangular segments. This is inconvenient when dividing the magnetic field area, which requires local
mesh refinement. Another significant problem is matrix scaling, particularly with numerous elementary
segments, which often results in an unstable solution of the nonlinear system of algebraic equations.

The described method cannot be directly used to analyse transients owing to eddy currents.
The measurements showed that at a frequency of 10 Hz the phase shift between the first harmonic
of the flux density and the current of 3 A was about 23◦, and about 15◦ at a current of 6 A. The
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(a) (b)

Fig. 14. Measured and calculated voltages and flux densities when both windings were connected in series for
currents of: 3 A (a); 6 A (b); red and green lines indicate calculated changes along RD and TD, respectively,

black and blue lines indicate measured changes along RD and TD, respectively

eddy currents can be considered by creating a separate resistive or conductive grid. Both grids
must be mutually coupled because changes in the magnetic field influence changes in the eddy
currents and vice versa [22–24].

5. Conclusions

This study employed a method based on Maxwell’s equations in the integral form to determine
the magnetic field distribution in the transformer sheets. This approach rendered the consideration
of the hysteresis changes along the rolling and transverse directions relatively easier because both
the field strength and flux density components were defined along these directions. The proposed
approach facilitated the determination of changes in the flux density in any direction and the value
of the magnetic field strength at any point on the tested transformer sheet.
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The field strength components estimated in a given calculation step enabled the determination
of the directions of the field strength in individual elementary segments for the next value of the
current exciting the magnetic field. This is important for calculating the field distribution in the
corners and T-joint areas, and consequently for determining the areas wherein the losses are much
higher than in columns or yokes.

The magnetic field equation was indirectly validated because changes in the field strength in
the laboratory package were not recorded. Despite the consistency between the measured and
calculated voltage waveforms of the measuring coils, future studies must simultaneously measure
the magnetic field strength for different values of the currents exciting the magnetic field.
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