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This work presents the thermophoretic migration of a solid cylinder, whose di-
rection is normal to its axis and situated in a concentric cylindrical cavity. The space
between the particle and the cavity is filled with isotropic porous medium. The Kund-
sen number is considered to be small, so that the fluid flow through the porous
medium is in continuum regime. The continuity of heat flux, temperature jump, vis-
cous slip, thermal creep and thermal stress slip conditions are employed to solve the
thermal transport and fluid flow equations. We have obtained analytical expressions
for thermophoretic velocity, thermophoretic mobilities and drag force. The effects of
the permeability, frictional slip parameter, particle-to-cavity radii ratio, and thermal
conductivity ratio of particle to medium on thermoosmotic velocity, thermophoretic
mobility and net normalized velocity are presented in graphical form. We have found
that the thermoosmotic and thermophoretic mobility have maximum for the high per-
meability, and for the low radii ratio of particle to cavity. Reduction cases for the
unbounded medium are also obtained. The present study has significant applications
in industrial and engineering fields, such as manufacturing of precipitators, sampling
of soot particles, air cleaning, etc.

Nomenclature

𝑎 Radius of inner cylinder, m
𝑏 Radius of outer cylinder, m
𝑘 𝑝 Thermal conductivity of the particle, Wm−1K−1

𝑘𝑤 Thermal conductivity of the cavity, Wm−1K−1

𝑘∗𝑝 Thermal conductivity ratio of the particle to the medium
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𝑘∗𝑤 Thermal conductivity ratio of the cavity to the medium
𝑇𝑝 The temperature distribution for the cylindrical particle, K
𝑇 The temperature distribution for the porous medium, K
𝑇𝑤 The temperature distribution for the cavity surroundings, K
𝐸∞ The prescribed temperature gradient in the absence of the particle, Km−1

𝐶𝑡 The temperature jump coefficient of the particle surface
𝐶′
𝑡 The temperature jump coefficient of the cavity wall

𝐶𝑚 The frictional slip coefficient of the particle surface
𝐶′
𝑚 The frictional slip coefficient of the cavity wall

𝐶𝑠 , 𝐶
′
𝑠 The thermal creep coefficients of the particle surface and cavity wall

𝐶ℎ, 𝐶
′
ℎ The thermal stress slip coefficients of the particle surface and cavity wall

𝑘1 The permeability, m2

𝑢𝜌, 𝑢𝜃 Components of fluid velocity in cylindrical coordinates ms−1

®𝑢 Fluid velocity ms−1

𝑈 Translational velocity of the particle, ms−1

𝑇0 Absolute temperature at the position of particle center in the absence of the
particle, K

𝑇∞ Prescribed temperature distribution in the absence of the particle, K
𝐹𝑇 Drag force exerted on the cylindrical particle, N
𝑙 Mean free path of the gas molecules, m
𝑝 Dynamic pressure distribution, Nm−2

®𝑒𝜌, ®𝑒𝜃 Unit vectors in 𝜌 and 𝜃 directions
®𝑒𝑥 Unit vector in 𝑥− direction
𝑈𝑇 Thermophoretic velocity, ms−1

𝑈𝑜𝑠 Thermoosmotic velocity, ms−1

𝑀𝑇 Thermophoretic mobility constant
𝐾𝑛 (∗) The modified Bessel’s function of order n
Greek letters
𝛼 The permeability parameter
𝜇 Viscosity of the fluid, kgm−1s−1

𝜆 Radii ratio of particle to cavity
𝜌𝐴 Density of the fluid, kgm−3

𝜌 Radial cylindrical coordinate, m
𝜃 Angular cylindrical coordinate
𝜓 Stream function, m3s−1

∇2 Laplacian operator
𝑡𝜌𝜌 Normal stress in porous medium, Nm−2

𝑡𝜌𝜃 Shear stress in porous medium, Nm−2

1. Introduction

It is generally known that when a microparticle is suspended in a gaseous
medium under a uniform temperature gradient, the particle experiences a force that
causes it to move towards the regions of decreasing temperature. This phenomenon
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is known as thermophoresis. The phenomenon was first described by Tyndall, who
observed a dust-free zone surrounding a hot body [1]. Later, Maxwell provided
a physical explanation of thermophoresis [2]. In the hotter region, gas molecules
possess more momentum than those in the colder region, leading to the movement
of particles in the opposite direction to the temperature gradient.

In industrial and technical sectors, thermophoresis is significant for studying
the mechanisms involved in capturing soot particles on cold surfaces. This has
applications in air purification, microelectronics production, nuclear reactor safety,
chemical vapor deposition, and the design of microscale thermophoretic turbines,
sampling of aerosol particles [3–7]. Theoretical and experimental investigations [8]
have been conducted to understand the behavior of particle under thermophoresis.
The experimental data have shown that the Knudsen number plays a crucial role
in thermophoresis, which is defined as the ratio of the mean free path of the
gas molecules to the radius of the particle and denoted by 𝐾𝑛 = 𝑙/𝑎. Using
the perturbation technique and considering low Péclet, Reynolds and Knudsen
numbers, Brock [9] have found the expression for thermophoretic velocity of an
aerosol sphere in an unbounded viscous fluid under uniform temperature gradient.
He observed that the thermophoretic velocity of the particle is a function of the
relevant parameters, including the thermal properties, jump, and slip characteristics
of both the particle and the medium.

In recent years, many researchers have discussed the thermophoresis problems
of various shaped particles in viscous fluids. Leong [10] studied the thermophoresis
of spheroidal particle by appealing to the prolate and oblate spheroidal coordinate
systems. Chang and Keh [11] analyzed the thermophoretic behavior of a deformed
aerosol sphere. Maghsoudi et al. [12] discussed the flow past a heating circular
cylinder in an unbounded gaseous medium by applying temperature jump and slip
conditions. Keh and Tu [13] studied the thermophoretic migration of an aerosol
cylinder in an unbounded gaseous medium oriented perpendicular to the uniform
thermal gradient. Sone [14] and Lockerby [15] described the thermal stress slip that
represents the second-order temperature gradient at the solid surface. Chang and
Keh [16] analyzed the thermophoresis problem of an aerosol sphere by considering
thermal stress slip condition. They obtained the drag force exerted on an aerosol
sphere in good agreement with the experimental data and compared the results
of Brock [9] and Mackowski [17] with zero thermal stress slip condition. Chang
and Keh [18] studied the thermophoresis of cylindrical particle in unbounded
viscous fluid by assuming thermal stress slip and determined the expression for the
thermophoretic velocity in uniform temperature gradient given as

𝑈 =
𝜇𝐸∞
𝜌 𝑇0

(1 + 𝑘 𝐶𝑡 𝑙/𝑎) (𝐶𝑠 + (1 − 𝑘) 𝐶ℎ 𝐶𝑚 𝑙/𝑎)
(1 + 2𝐶𝑚 𝑙/𝑎) (1 + 𝑘 + 𝑘 𝐶𝑡 𝑙/𝑎)

, (1)

where 𝜇, 𝜌 are viscosity and density of the medium, respectively; 𝑘 is the thermal
conductivity ratio of particle to the medium;𝐶𝑡 , 𝐶𝑚, 𝐶𝑠, 𝐶ℎ denote the temperature
jump, viscous slip, thermal creep and thermal stress slip coefficients at the particle
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surface, respectively. 𝐸∞ is a uniform temperature gradient, and𝑇0 is the prescribed
temperature at the axis of the cylinder (or the mean gas temperature in the vicinity
of the particle). Using the singular perturbation method, Tseng et al. [19] found
the thermophoretic velocity of the cylindrical particle suspended in a gaseous
medium with the consideration of non-zero Péclet number. When the force is
driven by both temperature and concentration gradients, the force is referred to
as the general thermophoretic force. It arises from the collisions between gas
molecules and particles that are suspended in the gas. Dung [20] derived the
expression for the general thermophoretic force of a spherical particle suspended
in a gaseous medium. Bashir et al. [21] examined the thermophoresis phenomenon
in the context of the electrically conducting flow of viscous fluids around a revolving
and vertically moving permeable disk and discussed the thermal characteristics of
medium.

It is seen that the fluid flow in the bounded medium is extremely important,
such as fluid flow through channels and micro annular tubes have many applications
in chemical separations, biomedical, medical, and computer chips, etc. Bhatti et al.
[22] discussed the third-grade nanofluid between vertical channels under the effect
of electric and magnetic fields. They have applied the shooting method to find the
numerical outcomes for the temperature and velocity fields. Sarkar and Madasu
[23] studied the parallel and perpendicular flow of couple stress fluid past a circular
cylinder using the cell model technique. Marin [24] assessed the unique solution of
mixed problem for thermoelastic theory in which the heat conduction is estimated
by the Moore-Gibson Thompson equation. Many researchers have discussed the
thermophoretic mobility of aerosol particles in the presence of boundaries due to its
wide range of applications. Keh and Chang [25] analyzed the effects of boundary on
Stokes flow and thermophoretic migration of a spherical particle within a spherical
cavity. Keh and Ho [26] explored the effects of concentration on the thermophoretic
motion of spherical particle in the bounded medium using the cell model technique.
Recently, Li and Keh [27] discussed the thermophoretic migration of a spherical
particle within a cavity filled with viscous fluid. The motion of a spherical particle
situated eccentrically in the spherical cavity with the presence of Newtonian fluid
has been discussed in refs. [28, 29]. Using the optimal homotopy analysis method,
Shah et al. [30] explored the second-grade fluid flow through a vertical plate under
the effects of thermophoresis and magnetic field. Sarfraz et al. [31] examined the
stagnation flow of nanofluid that arises due to twisting motion of a cylinder in the
presence of magnetic field, thermophoresis and Brownian motion.

The fluid flow through a homogenous porous medium represents many real-
world applications such as sedimentation, soil contamination, oil recovery and
filtration processes in industries, etc. [32–34]. Faltas et al. [35] discussed the
thermophoretic migration of a spherical particle situated between two permeable
channels. Faltas and Ragab [36] studied the thermophoretic migration of a cylin-
drical particle in an unbounded Brinkman medium and obtained the analytical
expressions of thermophoretic velocity and thermophoretic force. Ayman et al.
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[37] investigated the effect of concentration on the motion of spherical particle in
an unbounded Brinkman medium under the temperature gradient. Faltas et al. [38]
considered the non-zero Péclet number for studying the thermophoretic migration
of spherical particle immersed in a Brinkman medium. The thermophoresis prob-
lems related to the motion of spherical particle in a spherical cavity filled with
porous media for the concentric and eccentric cases have been studied in the refs.
[35, 39]. This type of particle movement in the cavity can be used as a model
to capture soot particles employing thermophoresis in porous filters made up of
pores. These results encourage us to conduct the current study and explore the
thermophoretic behavior of cylindrical particle in a cylindrical cavity filled with
Brinkman medium. To the best of author’s knowledge, the current study has not
been conducted before.

The primary goal of this paper is to analyze the thermophoretic motion of
a cylindrical particle positioned concentrically within a cylindrical cavity. Addi-
tionally, it aims to investigate the effects of permeability, thermal properties, and
slip parameters of the particle and surrounding medium on the thermophoretic
migration of the particle in a Brinkman medium. This study extends the work by
Faltas and Ragab [36] to the case of the bounded medium. The exploration of this
topic will assist industrial professionals in effectively removing dust particles from
filters and precipitators under temperature gradient. In this work, we examine the
behavior of a cylindrical particle within a cylindrical cavity that contains pores.
The results indicate that the movement of the particle is influenced by the medium’s
physical, thermal, and permeability properties.

2. Thermophoresis

Consider the thermophoresis of a large circular cylindrical particle of radius 𝑎
and of thermal conductivity 𝑘 𝑝 placed in a concentric cylindrical cavity of radius
𝑏 and of thermal conductivity of wall 𝑘𝑤 , as illustrated in Fig. 1. The gap is filled
with homogenous porous medium where overall thermal conductivity is 𝑘𝐴.

Consider a uniform temperature gradient ∇𝑇∞(= −𝐸∞ ®𝑒𝑥) is maintained at a
distance far from the particle. Where ®𝑒𝑥 is the unit vector in the 𝑥−direction and
𝐸∞ > 0. Let (𝜌, 𝜃, 𝑧) and (𝑥, 𝑦, 𝑧) be a cylindrical and Cartesian coordinate system
originating 𝑂 from the center of the particle with (®𝑒𝜌, ®𝑒𝜃 , ®𝑒𝑧), and (®𝑖, ®𝑗 , ®𝑘) are the
corresponding unit vectors, respectively. The axis of cylinder is along 𝑧− direction,
and the cylinder is moving in 𝑥− direction with uniform velocity 𝑈, which needs
to be determined. For the current work, the following assumptions are considered:

• The flow is steady, incompressible and axisymmetric.
• The porous medium is homogenous and isotropic.
• The Kundsen number is small.
• The Reynolds and Péclet numbers are negligible.
• All the physical properties of the particle and fluid are assumed to be con-

stants.
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Fig. 1. Physical representation of the problem

• The thermal slip over a particle in the continuum regime (the Knudsen
number 𝑙/𝑎 << 1 where 𝑙 is the mean free path of the gas molecules and 𝑎
is radius of the particle).

Based on above assumptions, the temperature and flow fields of the system are
governed by Laplace’s and Brinkman’s equations, respectively.

To solve for the thermophoretic motion of the cylindrical particle in a cylin-
drical cavity, one first needs to solve for the system temperature field.

2.1. Thermal transport distributions

Energy equation describing the fluid flow through porous medium are men-
tioned in refs. [36, 40]. The governing equations for temperature distributions 𝑇𝑝
for inside the particle, 𝑇 for the porous medium, and 𝑇𝑤 for outside the cavity
region are governed by Laplace equations as [39]:

∇2𝑇𝑝 = 0, 𝜌 < 𝑎, (2)

∇2𝑇 = 0, 𝑎 < 𝜌 < 𝑏, (3)

∇2𝑇𝑤 = 0, 𝜌 > 𝑏. (4)

The applicable boundary conditions at the particle’s surface and cavity wall are the
temperature jump and continuity of normal heat flux [39]:

𝑇𝑝 is finite : 𝜌 < 𝑎, (5)

𝑇 − 𝑇𝑝 = 𝐶𝑡 𝑙
𝜕𝑇

𝜕𝜌
, 𝜌 = 𝑎, (6)
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𝑘𝐴
𝜕𝑇

𝜕𝜌
= 𝑘 𝑝

𝜕𝑇𝑝

𝜕𝜌
, 𝜌 = 𝑎, (7)

𝑇 − 𝑇𝑤 = −𝐶′
𝑡 𝑙
𝜕𝑇

𝜕𝜌
, 𝜌 = 𝑏, (8)

𝑘𝐴
𝜕𝑇

𝜕𝜌
= 𝑘𝑤

𝜕𝑇𝑤

𝜕𝜌
, 𝜌 = 𝑏, (9)

also, far from cavity wall surface condition 𝜌 → ∞ is given as:

𝑇𝑤 → 𝑇∞ = 𝑇0 − 𝐸∞ 𝜌 cos 𝜃, 𝜌 > 𝑏, (10)

where 𝐶′
𝑡 is temperature jump coefficient at cavity wall surface.

Temperature distributions for all regions are given by

𝑇𝑝 = 𝑇0 − 2 𝐴 𝐸∞ 𝜌 cos 𝜃, 𝜌 < 𝑎, (11)

𝑇 = 𝑇0 − 𝐸∞

[
𝐴𝑌 + 𝐴 𝑋

(
𝑎

𝜌

)2
]
𝜌 cos 𝜃, 𝑎 < 𝜌 < 𝑏, (12)

𝑇𝑤 = 𝑇0 − 𝐸∞

[
1 − 𝐴 𝐵

(
𝑏

𝜌

)2
]
𝜌 cos 𝜃, 𝜌 > 𝑏, (13)

where

𝐴 = 2 𝑘∗𝑤
[
(1 + 𝑘∗𝑤 + 𝑘∗𝑤 𝐶′

𝑡 )𝑌 − (1 − 𝑘∗𝑤 + 𝑘∗𝑤 𝐶′
𝑡 ) 𝑋 𝜆2]−1

,

𝐵 =
[
(𝑘∗𝑤 𝐶′

𝑡 + 𝑘∗𝑤 − 1)𝑌 − (𝑘∗𝑤 𝐶′
𝑡 − 𝑘∗𝑤 − 1) 𝑋 𝜆2] (2 𝑘∗𝑤)−1,

𝑋 = 1 − 𝑘∗𝑝 + 𝑘∗𝑝 𝐶𝑡 , 𝑌 = 1 + 𝑘∗𝑝 + 𝑘∗𝑝 𝐶𝑡 ,

𝐶𝑡 = 𝐶𝑡 𝑙/𝑎, 𝐶′
𝑡 = 𝐶

′
𝑡 𝑙/𝑏, 𝜆 = 𝑎/𝑏, 𝑘∗𝑝 = 𝑘 𝑝/𝑘𝐴, 𝑘∗𝑤 = 𝑘 𝑝/𝑘𝐴.

2.2. Velocity distributions

The continuity and momentum equations under the Stokesian assumptions of
Brinkman fluid without body forces are given by [32, 33, 40]:

∇ · ®𝑢 = 0, (14)

∇𝑝 + �̃� ∇2 ®𝑢 + 𝜇

𝑘1
®𝑢 = 0. (15)
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In Eqs. (14) and (15), ®𝑢, 𝑝, 𝜇 represent the velocity vector, pressure, and viscosity
of the fluid, respectively. �̃� is effective viscosity and 𝑘1 is the permeability of
porous medium. The expression for stress tensor 𝑡𝑖 𝑗 can be expressed as:

𝑡𝑖 𝑗 = −𝑝 𝐼 + 2 �̃�Δ. (16)

Here Δ =
1
2
(
∇®𝑢 + (∇®𝑢)𝑡

)
, and (∇®𝑢)𝑡 is the transpose of ∇ ®𝑢, and 𝐼 is unit dyadic.

Since the problem is two-dimensional, so we have supposed components of
the velocity vector as

®𝑢(𝜌, 𝜃) = 𝑢𝜌 ®𝑒𝜌 + 𝑢𝜃 ®𝑒𝜃 . (17)

Furthermore, the axisymmetric motion plays a crucial role for defining the velocity
components in terms of the stream function 𝜓 as:

𝑢𝜌 =
1
𝜌

𝜕𝜓

𝜕𝜃
and 𝑢𝜃 = −𝜕𝜓

𝜕𝜌
. (18)

Introducing nondimensional parameters 𝜌 = 𝑏 �̃�, 𝑢 = 𝑈 �̃�, 𝑝 = ( �̃� 𝑈 𝑝/𝑏), ∇ =

(∇̃/𝑏) [32], into Eq. (15) and dropping the tildes, we get the reduced equations as

𝜕𝑝

𝜕𝜌
=
�̃�

𝜌

𝜕

𝜕𝜃
(∇2 − 𝛼2) 𝜓, (19a)

𝜕𝑝

𝜕𝜃
= −�̃�𝜌 𝜕

𝜕𝜌
(∇2 − 𝛼2) 𝜓, (19b)

where

∇2 =
𝜕2

𝜕𝜌2 + 1
𝜌

𝜕

𝜕𝜌
+ 1
𝜌2

𝜕2

𝜕𝜃2 is Laplacian operator and𝛼 =

√︄
𝜇𝑏2

�̃�𝑘1

is the permeability parameter.
From Eq. (19), we have obtained the pressure term

𝑝 = �̃� 𝛼2
(
𝑃

𝜌
−𝑄 𝜌

)
cos 𝜃. (20)

Eliminating pressure from Eq. (19), we have obtained the following equation
satisfied by the stream function given as:

∇2 (∇2 − 𝛼2) 𝜓 = 0. (21)

The solution of Eq.(21) is given by [41]

𝜓 =

[
𝑃

𝜌
+𝑄 𝜌 + 𝑅 𝐼1(𝛼 𝜌) + 𝑆 𝐾1(𝛼 𝜌)

]
sin 𝜃, (22)
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where 𝐼1(𝛼 𝜌) and 𝐾1(𝛼 𝜌) are the modified Bessel’s functions of first and second
kind of order 1, respectively. The expressions for velocity components, normal
stress 𝑡𝜌𝜌 and shear stress 𝑡𝜌𝜃 are given as:

𝑢𝜌 =

[
𝑃

𝜌2 +𝑄 + 𝑅
𝜌
𝐼1(𝛼 𝜌) +

𝑆

𝜌
𝐾1(𝛼 𝜌)

]
cos 𝜃, (23)

𝑢𝜃 =

[
𝑃

𝜌2 −𝑄 + 𝑅
𝜌
(𝐼1(𝛼 𝜌) − 𝛼 𝜌 𝐼0(𝛼 𝜌)) +

𝑆

𝜌
(𝐾1(𝛼 𝜌) + 𝛼 𝜌 𝐾0(𝛼 𝜌))

]
sin 𝜃,

(24)

𝑡𝜌 𝜌 = −�̃�
[
𝑃

𝜌3 (4 + 𝛼2𝜌2) −𝑄𝛼2𝜌 + 𝑅

𝜌2 (4𝐼1(𝛼𝜌) − 2𝛼𝜌𝐼0(𝛼𝜌))

+ 𝑆
𝜌2 (4𝐾1(𝛼𝜌) + 2𝛼𝜌𝐾0(𝛼𝜌))

]
cos 𝜃, (25)

𝑡𝜌 𝜃 = −�̃�
[
4 𝑃
𝜌3 + 𝑅

𝜌2

(
(4 + 𝛼2 𝜌2) 𝐼1(𝛼 𝜌) − 2𝛼 𝜌 𝐼0(𝛼 𝜌)

)
+ 𝑆
𝜌2

(
(4 + 𝛼2 𝜌2) 𝐾1(𝛼 𝜌) + 2𝛼 𝜌 𝐾0(𝛼 𝜌)

)]
sin 𝜃, (26)

where 𝐼0(𝛼 𝜌) and 𝐾0(𝛼 𝜌) are the modified Bessel’s functions of first and second
kind of order 0, respectively.

To find the arbitrary constants 𝑃,𝑄, 𝑅, and 𝑆, we have to apply hydrodynamic
slip boundary conditions at the surface of particle and cavity wall as [36, 39]

𝑢𝜌 = 𝑈 cos 𝜃, 𝜌 = 𝑎, (27)

𝑢𝜃 = −𝑈 sin 𝜃 + 𝐶𝑚 𝑙

�̃�
𝑡𝜌 𝜃 +

𝐶𝑠 �̃�

𝜌𝐴𝑇0

1
𝜌

𝜕𝑇

𝜕𝜃
− 𝐶𝑚 𝑙 𝐶ℎ �̃�

𝜌𝐴𝑇0

𝜕

𝜕 𝜌

(
1
𝜌

𝜕𝑇

𝜕 𝜃

)
, 𝜌 = 𝑎, (28)

𝑢𝜌 = 0, 𝜌 = 𝑏, (29)

𝑢𝜃 = −𝐶
′
𝑚 𝑙

�̃�
𝑡𝜌 𝜃 +

𝐶′
𝑠 �̃�

𝜌𝐴𝑇0

1
𝜌

𝜕𝑇

𝜕𝜃
+
𝐶′
𝑚 𝑙 𝐶

′
ℎ
�̃�

𝜌𝐴𝑇0

𝜕

𝜕 𝜌

(
1
𝜌

𝜕𝑇

𝜕 𝜃

)
, 𝜌 = 𝑏, (30)

where 𝐶′
𝑚,𝐶′

𝑠, 𝐶
′
ℎ are frictional slip, thermal creep and thermal stress slip, respec-

tively, at cavity wall. 𝜌𝐴 denotes the density of the medium.
By substituting Eqs.(11)–(13) and Eqs. (23)–(26) in the boundary conditions

(27)–(30), we get the following system of linear equations as

𝑃 +𝑄 𝜆2 + 𝑅𝜆 𝐼1(𝛼 𝜆) + 𝑆 𝜆 𝐾1(𝛼 𝜆) = 𝑈 𝜆2, (31)
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𝑃 𝜎1 + 𝑅
[
𝜆 𝐼1(𝛼𝜆) 𝜎2 − 𝛼 𝜆2 𝜎3 𝐼0(𝛼𝜆)

]
+ 𝑆

[
𝜆 𝐾1(𝛼𝜆) 𝜎2 + 𝛼 𝜆2 𝜎3 𝐾0(𝛼𝜆)

]
−𝑄 𝜆2 = −𝑈 𝜆2 + 2𝐶𝑚𝐶ℎ 𝛿 𝐴 𝑋 𝜆

2 + 𝐶𝑠 𝛿 𝐴 (𝑌 + 𝑋) 𝜆2, (32)

𝑃 +𝑄 + 𝑅 𝐼1(𝛼) + 𝑆 𝐾1(𝛼) = 0, (33)

𝑃 𝜎4 −𝑄 + 𝑅 [𝐼1(𝛼) 𝜎5 − 𝛼 𝜎6 𝐼0(𝛼)] + 𝑆 [𝐾1(𝛼) 𝜎5 + 𝛼 𝜎6 𝐾0(𝛼)]
= −2𝐶′

𝑚𝐶
′
ℎ 𝛿 𝐴 𝑋 𝜆

2 + 𝐶′
𝑠 𝛿 𝐴 (𝑌 + 𝑋 𝜆2), (34)

where 𝛿 =
�̃� 𝐸∞
𝜌𝐴𝑇0

, and 𝜎𝑗 ; 1 ⩽ 𝑗 ⩽ 6 have shown in Appendix section. The expres-
sions for 𝑃,𝑄, 𝑅, and 𝑆 are very lengthy and cumbersome. So, they are not given
in the paper.

2.3. Thermophoretic mobility in the medium

The drag force exerted on inner rigid cylinder immersed in a bounded porous
medium is given by [42, 43]

𝐹𝑇 =

∫ 2 𝜋

0

[
𝜌(𝑡𝜌 𝜌 cos 𝜃 − 𝑡𝜌 𝜃 sin 𝜃)

]
𝜌=𝜆

𝑑 𝜃. (35)

Here
𝑡𝜌 𝜌 = −𝑝 + 2 �̃�

𝜕 𝑢𝜌

𝜕 𝜌
. (36)

Inserting the values of 𝑡𝜌 𝜌 and 𝑡𝜌 𝜃 , we obtained the drag force on inner cylinder

𝐹𝑇 = −�̃� 𝜋 𝜆 𝛼2 [𝑃 𝜆−1 −𝑄 𝜆 − 𝑅 𝐼1(𝛼𝜆) − 𝑆 𝐾1(𝛼𝜆)
]
. (37)

Since the particle remains suspended freely in the porous medium, the force 𝐹𝑇
must be zero, therefore

𝑃 𝜆−1 −𝑄 𝜆 − 𝑅 𝐼1(𝛼𝜆) − 𝑆 𝐾1(𝛼𝜆) = 0. (38)

Now, substituting 𝑃, 𝑄, 𝑅, 𝑆 in Eq.(38) yields the thermophoretic velocity of the
particle in the form

𝑈𝑇 = 𝑈𝑜𝑠 + 𝑀𝑇 𝑈0. (39)

Furthermore, when 𝐶′
ℎ = 𝐶′

𝑚 = 𝐶′
𝑠 = 0 at cavity surface and 𝑀𝑇 → 1, then

𝑈𝑇 → 𝑈0, 𝑖.𝑒., the thermophoretic velocity in absence of porous medium as

𝑈0 =
𝜇𝐸∞
𝜌𝐴𝑇0

𝐶𝑠 (𝑌 + 𝑋) + 2𝐶𝑚𝐶ℎ 𝑋

𝑌 (1 + 2𝐶𝑚)
, (40)

which is thermophoretic velocity of the corresponding unbounded cylindrical par-
ticle the same as Eq.(1), and
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𝑈𝑜𝑠 = 2
𝛿Ω2 𝐴

𝛾
[𝐶′

𝑠 (𝑌 + 𝑋 𝜆2) − 2𝐶′
𝑚𝐶

′
ℎ 𝑋 𝜆

2] . (41)

Here, the thermoosmotic velocity 𝑈𝑜𝑠 indicates the translational velocity rising
from the interaction between thermal creep at the cavity wall and prescribed tem-
perature gradient, 𝑖.𝑒., there is no thermophoretic motion (𝐶ℎ = 𝐶𝑠 = 0). Also

𝑈∗
𝑜𝑠 =

𝑈𝑜𝑠

𝐶′
𝑠 𝛿
, (42)

which represents the nondimensionalized thermoosmosis velocity along the cavity
wall and

𝑀𝑇 =
𝑃 (1 + 2𝐶𝑚) 𝐴Ω1

𝛾
(43)

denotes the dimensionless thermophoretic mobility of the particle, which is inde-
pendent of thermal creep parameters (𝐶𝑠, 𝐶

′
𝑠).

2.3.1. Bounded medium

In absence of porous medium, 𝑖.𝑒., 𝑘1 → ∞ thermophoretic velocity of the
particle in cylindrical cavity is given as

𝑈𝑇 =
𝜇𝐸∞
𝜌𝐴𝑇0

𝐴
[
𝑋
(
(𝐶𝑠+�̃�𝑚𝐶ℎ)𝜎6−(𝐶′

𝑠−2𝐶′
𝑚𝐶

′
ℎ
) 𝜎3𝜆

2)−𝑌 (𝐶′
𝑠𝜎3−𝐶𝑠𝜎6)

]
2𝜎3 𝜎6

,

(44)
where Ω𝑖; 𝑖 = 1, 2, 𝛾, 𝜎𝑗 ; 1 ⩽ 𝑗 ⩽ 8, 𝜏𝑘 ; 1 ⩽ 𝑘 ⩽ 5 have shown in the Appendix
section.

2.3.2. Unbounded medium

As 𝜆 → 0, and when thermal conductivity at cavity wall surface 𝑘𝑤 → 𝑘𝐴,
we have obtained the following cases:

Case I: Thermophoretic velocity of the cylindrical particle in Brinkman
medium is given as

𝑈𝑇 =
4 𝛿

(
𝐶𝑠 (𝑌 + 𝑋) + 2𝐶𝑚𝐶ℎ 𝑋

)
𝐾1(𝛼)[

(𝐶𝑚𝛼
2 + 4 (1 + 2𝐶𝑚))𝐾1(𝛼) + 𝛼(1 + 2𝐶𝑚)𝐾0(𝛼)

]
𝑌
, (45)

which is the same as the result of Faltas and Ragab [36].

Case II: In absence of porous medium, thermophoretic velocity of the particle
is given as

𝑈𝑇 =
𝜇𝐸∞
𝜌𝐴𝑇0

(
𝐶𝑠 (𝑌 + 𝑋) + 2𝐶𝑚𝐶ℎ 𝑋

)
2(1 + 2𝐶𝑚)𝑌

, (46)



188 Shekhar NISHAD, Krishna Prasad MADASU

which shows a good agreement with the expression obtained by Chang and Keh
[18].

Case III: In absence of thermal stress slip parameter𝐶ℎ → 0, Eq. (46) reduces
to

𝑈𝑇 =
𝜇𝐸∞
𝜌𝐴𝑇0

𝐶𝑠 (𝑌 + 𝑋)
2(1 + 2𝐶𝑚)𝑌

, (47)

which shows a good agreement with the expression obtained by Keh and Tu [13].

3. Analysis of results

In this analysis, we have considered the thermal properties and slip parame-
ters at particle and cavity surfaces are the same; 𝑖.𝑒., 𝑘∗𝑝 = 𝑘∗𝑤 (𝑘 𝑝 = 𝑘𝑤), 𝐶′

𝑡 =

𝜆𝐶𝑡 (𝐶′
𝑡 = 𝐶𝑡 ), 𝐶′

𝑚 = 𝜆𝐶𝑚(𝐶′
𝑚 = 𝐶𝑚), 𝐶′

𝑠 = 𝐶𝑠, 𝐶
′
ℎ = 𝐶ℎ, and �̃� = 𝜇 recom-

mended in refs. [27, 32, 39]. Talbot et al. [44] suggested a set of kinetic theory values
for temperature jump and slip coefficients as 𝐶𝑡 = 2.28, 𝐶𝑚 = 1.14, 𝐶𝑠 = 1.17.
We have found the expressions for temperature distributions, thermoosmotic ve-
locity, thermophoretic mobility and normalized velocity, and presented graphically
and interpreted them. The thermophoretic mobilities and net normalized velocity
depends upon the various parameters:

1. The permeability (0 ⩽ 𝑘1 ⩽ ∞) [36, 39].
2. The thermal conductivity ratio of particle to overall thermal conductivity

of the porous medium(0 ⩽ 𝑘∗𝑝 < ∞) [27, 39].
3. The frictional / viscous slip parameter (0 ⩽ 𝐶𝑚 < ∞) [25, 27, 39].
4. The ratio of the particle-to-cavity radii (0.01 ⩽ 𝜆 ⩽ 1) [27, 39].
5. The ratio of thermal stress slip to thermal creep parameters (0 ⩽ 𝐶ℎ/𝐶𝑠 <

∞) [39].
The normalized thermoosmotic velocity𝑈∗

𝑜𝑠 of the confined inner cylinder caused
by the circulation of thermoosmotic flow along a cavity wall. The expression
for 𝑈∗

𝑜𝑠 is presented in Eq. (42), and graphs are shown in Figs. 2–5 to examine
the impact of the permeability, thermal conductivity ratio of particle to medium,
frictional slip parameter, and radii ratio of particle to cavity. Figs. 2 and 3 depicts
the variation of thermoosmotic velocity versus the permeability for various values
of the particle’s thermal conductivity ratio and frictional slip parameter. We have
observed that 𝑈∗

𝑜𝑠 sharply increases with an increase in permeability. Also, it is
noticed that thermoosmotic velocity increases when the thermal conductivity of
particle or thermal conductivity ratio of particle to medium increases. Because the
lower permeability denotes the frictional forces being larger than inertial forces, this
suggests the medium is more porous. Hence, the thermoosmotic velocity of particle
declines for low parmeability. However, the high permeability denotes reduced
frictional forces. So that velocity of cylindrical particle grows as permeability
rises. In Fig. 3, we have observed the enhancement of velocity with an increase in
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Fig. 2. Plots of𝑈∗
𝑜𝑠 versus 𝑘1 when 𝜆 = 0.3, 𝐶′

ℎ
= 1, �̃�𝑚 = 0.1, �̃�𝑡 = 0.2

Fig. 3. Plots of𝑈∗
𝑜𝑠 versus 𝑘1 when 𝑘∗𝑝 = 𝑘∗𝑤 = 1, 𝜆 = 0.25, 𝐶′

ℎ
= 1, �̃�𝑡 = 0.2

permeability, also it is noticed that it shows more effect for low value of frictional
slip parameter.

Figs. 4 and 5 represents the variation of thermoosmotic velocity versus the radii
ratio for various values of frictional slip parameter and permeability. The impact
of frictional slip and permeability on 𝑈∗

𝑜𝑠 declines when 𝜆 → 1. The value of 𝑈∗
𝑜𝑠

decreases with increase in �̃�𝑚, while the value of 𝑈∗
𝑜𝑠 increases with increase in

𝑘1, and shows its extreme value at 𝜆 = 0.01. Increasing the radii ratio means that
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Fig. 4. Plots of𝑈∗
𝑜𝑠 versus 𝜆 when 𝑘∗𝑝 = 𝑘∗𝑤 = 1, 𝐶′

ℎ
= 1, 𝑘1 = 0.06, �̃�𝑡 = 0.2

Fig. 5. Plots of𝑈∗
𝑜𝑠 versus 𝜆 when 𝑘∗𝑝 = 𝑘∗𝑤 = 1, 𝐶′

ℎ
= 1, �̃�𝑚 = 0.1, �̃�𝑡 = 0.2

the particle approaches to the cavity wall, due to this reason, the movement of the
particle becomes slow, i.e., thermoosmotic velocity decreases as 𝜆 → 1.

The normalized mobility constant 𝑀𝑇 of a cylindrical particle in a cavity is
described by Eq. (43). The thermophoretic mobility is independent of thermal
creep and thermal stress slip at the cavity surface (𝐶′

𝑠 = 𝐶
′
ℎ = 0). The variation of

mobility constant is shown in Figs. 6–8. Here, Fig. 6 illustrates the same behavior
as Fig. 2, and attains maximum value for the case of clear fluid (𝑘1 ⩾ 100). The
mobility constant slightly increases as 𝑘1 increases, and 𝑀𝑇 → 0 for lower value of
the permeability or 𝑘1 → 0 . In Fig. 7, there is seen an increasing effect in mobility



Thermophoresis of an aerosol cylinder in Brinkman medium within a cylindrical cavity 191

Fig. 6. Plots of 𝑀𝑇 versus 𝑘1 when 𝜆 = 0.3, �̃�𝑚 = 0.1, �̃�𝑡 = 0.2

Fig. 7. Plots of 𝑀𝑇 versus 𝑘1 when 𝑘∗𝑝 = 𝑘∗𝑤 = 1, 𝜆 = 0.25, 𝐶′
ℎ
= 1, �̃�𝑡 = 0.2

constant with increasing in permeability. Here, it is interesting to note that𝑀𝑇 shows
maxiumum variation for lowest frictional slip parameter (𝐶𝑚 = 0.0) in the range of
permeability between 10−2 and 0.2. However, when 0.2 < 𝑘1 < 102, we have found
reverse effect (curve of𝑀𝑇 maximum for𝐶𝑚 = 1.0). Fig. 8 shows that𝑀𝑇 decreases
with increasing radii ratio of particle to cavity, and decreasing thermal conductivity
ratio of particle to medium. 𝑀𝑇 attains its maximum value when 𝜆 = 0.01, while
𝑀𝑇 slightly downs as 𝜆 → 1. We have observed that thermoosmotic velocity and



192 Shekhar NISHAD, Krishna Prasad MADASU

Fig. 8. Plots of 𝑀𝑇 versus 𝜆 when 𝑘1 = 0.06, �̃�𝑚 = 0.1, �̃�𝑡 = 0.2

thermophoretic mobility of the particle are a decreasing function of radii ratio,
while increasing function of permeability, and thermal conductivity ratio.

The normalized thermophoretic velocity 𝑈𝑇/𝑈0 is the ratio of velocity in
bounded and unbounded medium. The velocity 𝑈𝑇/𝑈0 of a cylindrical particle at
𝐶𝑠 = 𝐶

′
𝑠 and 𝐶ℎ = 𝐶′

ℎ is caused by a uniform temperature gradient. The expression
of net normalized velocity obtained from Eqs. (39) and (40) as a function of
relevant parameters, are presented graphically in Figs. 9–12. In Figs. 9–10, we
have observed that 𝑈𝑇/𝑈0 increases with an increase in the permeability. It also
represents the maximum value of net normalized velocity for the higher values

Fig. 9. Plots of𝑈𝑇/𝑈0 versus 𝑘1 when 𝜆 = 0.2, �̃�𝑚 = 0.1, �̃�𝑡 = 0.2
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Fig. 10. Plots of𝑈𝑇/𝑈0 versus 𝑘1 when 𝜆 = 0.2, 𝑘∗𝑤 = 𝑘∗𝑝 = 2, �̃�𝑚 = 0.1, �̃�𝑡 = 0.2

Fig. 11. Plots of𝑈𝑇/𝑈0 versus 𝜆 when 𝑘∗𝑝 = 𝑘∗𝑤 = 1, �̃�𝑚 = 0.1, �̃�𝑡 = 0.2

of the thermal conductivity ratio parameter, viscous slip parameter and the ratio
of thermal stress slip and thermal creep coefficients. In both Figs.9–10, we have
observed the net normalized velocity increases as permeability rises. This happens
because high permeability medium behaves like a clear fluid, so that velocity
increases as 𝑘1 → ∞. Variation of 𝑈𝑇/𝑈0 versus the radii ratio for various values
of permeability, viscous slip parameter, and ratio of thermal stress slip and thermal
creep are presented in Figs. 11 and 12. Usually, as increase in radii ratio of particle
to cavity, net normalized velocity decreases due to decrease in the gap between
particle and cavity. In Fig. 11, we have found that 𝑈𝑇/𝑈0 attains its maximum
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Fig. 12. Plots of𝑈𝑇/𝑈0 versus 𝜆 when 𝑘∗𝑝 = 𝑘∗𝑤 = 1, 𝐶ℎ = 0, �̃�𝑡 = 0.2

value for the lower value of 𝐶ℎ/𝐶𝑠 and higher value of 𝑘1. Fig. 12 presents, for the
whole range of radii ratio and given values of the permeability, 𝑈𝑇/𝑈0 grows as
and frictional slip parameter rises.

4. Conclusions

This paper examines analytically the thermophoretic motion of rigid cylinder
located concentrically within a cylindrical cavity. This investigation is conducted
with the consideration of negligible Reynolds and Péclet numbers. During this
analysis, we applied the temperature jump, viscous slip, thermal creep, and ther-
mal stress slip at the particle and cavity wall surface. Analytical expressions for
thermoosmotic velocity, thermophoretic mobility and net normalized velocity of a
cylindrical particle are obtained. The main results are as follows:

• The thermoosmotic velocity, thermophoretic mobility and normalized ve-
locity show increasing effect with an increase in permeability.

• We have observed that for whole range of radii ratio, thermoosmotic velocity,
mobility constant and net normalized velocity decrease, and approach 0 when
radii ratio is 1.

• The thermoosmotic velocity and mobility constant are monotonically in-
creasing function of thermal conductivity ratio.

• The normalized thermophoretic velocity represents maximum effect for
higher value of thermal conductivity ratio, viscous slip parameter and per-
meability.

• The thermoosmotic velocity, thermophoretic mobility and normalized ve-
locity have maximum value in absence of the cavity.
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• The effect of ratio of thermal stress slip parameter and thermal creep pa-
rameter enhance or reduce the net normalized velocity, depending upon the
characteristics of particle and medium.

Our results are matched with the previous published results available in the liter-
ature for the cases of absence of cavity wall, porous medium and thermal stress
slip parameter. Also, we have obtained the expression for thermophoretic velocity
of cylindrical particle in bounded viscous fluid. The boundary effect on the ther-
mophoretic motion of a particle in a porous medium can be significant. Various
problems such as thermophoresis of cylindrical particle parallel to its axis, and a
particle in micropolar fluid are considered as future aspects.

Appendix

The expressions mentioned in Eqs.(32), (34), (41), and (43) are given as

Ω1 = 𝜏4 𝛼 𝜆 𝜎6 + 𝜏1 − 𝜏2 𝛼 𝜎6 + 𝜏1 𝜎5, Ω2 = 𝜏3 𝛼 𝜎3 − 𝜏1 − 𝜏1 𝜎2 − 𝜏5 𝛼 𝜆 𝜎3,

𝛾 =
[
𝛼 𝜎3 (𝜎5 𝜏4 − 𝜎4 𝜏4 − 𝛼 𝜏1 𝜎6) 𝜆3 + (𝛼 𝜎3 𝜏6 (𝜏4 + 1) + (𝜏2 + 1) 𝜎7) 𝜆2(

𝛼 𝜎3 𝜏4 (𝜎5 + 1) + 𝛼 𝜎6 𝜏3 (𝜎1 + 1) − 𝛼2 𝜎3 𝜎6 𝜏1

)
𝜆 − (𝜎1 + 𝜎2 + 2) 𝜎8

]
,

𝜎1 = 1 + 4 �̃�𝑚, 𝜎2 = 1 + 4 �̃�𝑚 + �̃�𝑚 𝛼
2 𝜆2, 𝜎3 = 1 + 2 �̃�𝑚, 𝜎4 = 1 − 4𝐶′

𝑚,

𝜎5 = 1 − 4𝐶′
𝑚 − 𝐶′

𝑚 𝛼
2, 𝜎6 = 1 − 2𝐶′

𝑚, 𝜎7 = (𝜎4 𝜏5 − 𝜎5 𝜏5 − 𝛼 𝜏2 𝜎6),

𝜎8 = (𝜏5 + 𝛼 𝜏2 𝜎6 + 𝜎5 𝜏5), 𝜏1 = 𝐾1(𝛼 𝜆) 𝐼1(𝛼) − 𝐼1(𝛼 𝜆) 𝐾1(𝛼),

𝜏2 = 𝐾1(𝛼 𝜆) 𝐼0(𝛼) + 𝐼1(𝛼 𝜆) 𝐾0(𝛼), 𝜏3 = 𝐾1(𝛼 𝜆) 𝐼0(𝛼 𝜆) + 𝐼1(𝛼 𝜆) 𝐾0(𝛼 𝜆),

𝜏4 = 𝐾1(𝛼) 𝐼0(𝛼) + 𝐼1(𝛼) 𝐾0(𝛼), 𝜏5 = 𝐼0(𝛼 𝜆) 𝐾1(𝛼) + 𝐾0(𝛼 𝜆) 𝐼1(𝛼).
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