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Abstract. Non-integer order modelling is used for a better description of different natural physical phenomena, which leads to more compact and
knowledge-based models. The main objective of the presented study is to apply the non-integer order model of a synchronous generator (SG) in
the power hardware-in-the-loop (PHIL) technique, which is readily used for design, research and development, maintenance, or service purposes.
The developed model was prepared and run in the MATLAB/Simulink software using a discrete solver. To discretize the non-integer order
model, the Z-transform was applied and the half-order derivatives and integrals present in the model equations were evaluated using Oustaloup
approximation. Finally, the model was validated on the measurements of the 125 kVA SG connected to the active-reactive loads of different

values and compared with the classical integer order one.
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1. INTRODUCTION

The non-integer order modelling is well known as a powerful
approach used for precise and pertinent modelling of different
natural phenomena like diffusion (of electric fields, tempera-
ture, gases, liquids) [1,2], energy and heat transfer [3,4], pro-
ton exchange [5], electrochemical reactions [6], skin effect [7],
eddy currents [8, 9], etc. Non-integer order modelling has been
increasingly adopted in recent years for the development of be-
havioural models of devices such as car suspensions [10], bat-
teries [11], super and ultracapacitors [12, 13], fuel cells [14] or
electrical machines [15—-17]. It is also used for robust controller
design [18]. Non-integer order modelling offers enhanced mod-
elling capabilities for various complex systems as it extends
traditional integer-order calculus to non-integer order deriva-
tives and integrals providing more flexible tools for describing
system dynamics. Non-integer order models naturally incorpo-
rate memory, meaning that the current state depends not only
on the present but also on the history of the system. It further
implies spatial and temporal non-locality, which means that
models account for interactions over a range of space and time,
rather than just local interactions. Additionally, the non-integer
order models provide better flexibility in data fitting due to their
additional degrees of freedom. All these features reduce the pa-
rameter number in the non-integer order models, as compared
to the integer-order ones and, at the same time enhance their
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accuracy, especially in frequency domain analysis [19]. Indeed,
this last characteristic is regarded as a kind of inconvenience
as for the time domain analysis in industry applications (e.g.,
PHIL platforms), the fractional order transmittances need to be
approximated by integer order ones [20]. In this context, it is
interesting to verify further the usefulness of the non-integer
order modelling approach in time-related applications, e.g., the
power hardware-in-the-loop technique (PHIL).

The PHIL approach has been gaining in popularity in recent
years. It consists of running the simulation model on the hard-
ware platform with an I/O interface enabling the real signals to
be analyzed and tested. Such an approach allows for designing
a scalable so-called “digital twin” [21] or emulator of a studied
machine without the need to construct an expensive and space-
consuming full-scale system [22]. Several industrial branches,
especially the aviation industry [23] or marine industry [24,25]
have adopted this solution for efficient testing and prototyping
the new ideas in distribution power systems comporting more
and more electrical components, e.g., battery energy storage
systems (BESS), fuel cells, power management systems (PMS)
or solar and wind renewable energy sources. These increasingly
complex structures of today’s modern distributed smart grid
power systems require the application of tools allowing for flex-
ible analysis of the behaviour, reliability, or readiness of system
components.

In the latest literature, one can find some useful hardware-
in-the-loop (HIL) and PHIL solutions dedicated to reliability,
maintenance, or service purposes that can be safely implemented
in laboratory conditions. In [26], the authors proposed the PHIL
solution that incorporates an AC/DC converter model for the
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simulation of a 20-kW DC nano grid to study the stability and
reliability of the grid under fault conditions, i.e., blackouts and
short circuits. The results proved that the developed testbed is ap-
propriate for studying the nano DC grid performance which al-
lows for avoiding inconvenient and dangerous tests on real power
systems. In [27], the PHIL solution of wave energy converter
(WEQC) serves to adapt the Bayesian policy gradient-based WEC
control approach, which is adaptive to faults in controller feed-
back, actuation, and plant model changes. In this case, the PHIL
solution contributes to mitigating the costs of operation, main-
tenance, and repair as the wave energy converters are usually
off-shore technologies. The paper [28] describes the hardware-
in-the-loop (HIL) tests based on the RT-LAB simulation plat-
form. They were performed to illustrate the performance of the
ageing rate equalization strategy for microgrid-scale BESSs.
Finally, the article [29] focuses on the PHIL emulator of in-
duction motors with internal faults. The proposed solution uses
a mathematical model of a faulted induction machine, which
reduces the costs, risk, and time associated with the real faults
generation need [30-32]. Also, the accuracy and reliability of
PHIL platforms themselves have been widely discussed in the
recent literature [33-35] to ensure the effective usability of such
solutions.

The above-mentioned research shows a vital interest in PHIL
system development. Albeit, the presented PHIL solutions are
mostly based on classical integer order equations. In this article,
we use the non-integer order differential equations to formulate
the SG model for PHIL application based on the bidirectional
DC/AC power converter.

The main highlights of the article are as follows:

e Development of discrete non-integer order model of syn-
chronous generator.

e Implementation of power hardware-in-the-loop technique
based on commercial-grade power converter.

e Comparison with integer order model of synchronous gen-
erator.

e MATLAB/Simulink simulations of transient states of the
power generation unit.

2. NON-INTEGER ORDER MODEL OF SG

Figure 1 shows the SG non-integer order equivalent circuits
(axes d and ¢g) with half-order impedances le C/lz, le z/I 2, Zzlz/zz
integrated into the model.

This model was extensively discussed in the previous authors’
papers [19,36-38] in terms of accuracy, parameter identifica-
tion procedure, and time-domain simulations. The key feature
distinguishing the presented model from other approaches is
its ability to operate accurately in higher frequency ranges by
modelling also effects such as skin and eddy currents developing
during transient states without increasing the overall order of the
model. Indeed, starting with the Maxwell equations, the struc-

ture as well as the circuit parameters were derived. The Z 11 ‘/12 and

Z : /2 half-order inductive impedances are used to model massive
ferromagnetic parts of the machine rotor in d and g axes and are

given by equation (1) in explicit form, whereas Z; 6/12 half-order

resistive impedance is used to model squirrel cage damper bars
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Fig. 1. Non-integer order equivalent circuits of SG (axes d and q)

in the d-axis and is given by equation (2) in explicit form. In all
equations, s denotes the Laplace operator equal to j - 27 f

L )
1/2 _ ld/1q
2}l (8) = — . (1)
1+
Wid/1q
S
2, (s) =de~(1+,/w—M). ©)

Coefficients Lig/14 and Ry of the above non-integer order
impedances are called DC inductance and DC resistance re-
spectively and can be identified from the SSFR test procedure or,
for the simple geometry elements, calculated directly from the
physical properties and dimensions of the modelled parts [36].
Similarly, for the w1414 and wy4 which are the cut-off frequen-
cies of the half-order systems.

Finally, the system of equations defining the non-integer order
SG model in the orthogonal d-q reference frame is given in (3)

Vds=rs'ids_wr90qs+s")0ds,
Vs =rs igs+Wr@as+5-@gs,
172 .
0=Z,,ita+s-¢ia,
2 .
0=2,, i2a+s-¢2, 3)
L2
O_Zlq d1g+S-Plg»
O0=rrg i2g+S - 2q+5-Q1g,

VdeVfd'ifd+S'tpfd.

With the flux components defined as (4), (5), (6), (7), (8), (9)
and (10)

@ds = Lis “igs + Lima (ias +i1a +i2a +ifa), 4
©gs = Lis igs+Lmg (igs +i1g +i2g) , (5)
©1d = La (ias +iva+i2a+ifa), (6)
©1g = Ling (igs +i1g +ing) (7
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@24 = Lia (ias +i1a+i2a+ifa) +Lfioa (2a+ifa),  (8)
024 = Lirg "i2g» &)
@ra=Liga-ifa+Lsid(iza+ifa)
+ Ling (igs+ita+i2a+ifa), (10)
where V44 and V¢ are the armature voltages in the d-g reference
frame; V4 is the excitation voltage; iys and i, are the armature
currents in the d-g reference frame; i y4 is the excitation current;
i14 and i1 are the currents modelling the effects of eddy currents
present in the solid steel elements of the rotor in the d and g
axes; irq and i, are the currents modelling the skin effects in
damper windings in the d and g axes, taking into account the
fact that for identification reasons the damper bars in the g-axis
are modelled by the classical resistance r, and the classical
inductance Ljx, both constant with frequency. Next, ¢4s and
¢gs are the armature flux linkages in the d-q reference frame;
©Y1d> Y24, P14 and @y, are the appropriate massive parts and
damper windings flux linkages in the d-q reference frame; ¢ rgq
is the excitation flux linkage and w, is the electrical angular
speed of the machine. L,,4 and L,,, are the magnetizing mutual
inductances of the machine in the d-q reference frame; L;y and
Lirq are the leakage inductance of armature windings and the
leakage inductance of field winding respectively; L¢1o4 is the
mutual inductance linking field and damper windings. The rated
data of the studied SG and the identified model parameters can be
found in the Appendix. The parameter identification process was
performed based on data from the standstill frequency response
test (SSFR) and the least-squares method algorithm [39].
Equations (11) and (12) describe the mechanical comport-
ment of the dynamometer driving machine and the SG unit. 7;
is the driving torque set by the proportional-integral regulator
(PD); T, is the electromagnetic torque of the machine; B, is the
mechanical loss coefficient; J is the inertia coefficient of the unit
shaft and p stands for the pole pair number.

s0r =L (=T~ By, (11)
3p . .
Te = = (Pasiqs = ¢qstas) - (12)

Integrating the equations (1) and (2) into the system equation
(3) one obtains the following system equations (13) with the
Laplace operator s to the powers of 1 and 1/2 which represents
the non-integer order derivatives

Vdszrs'ids_wﬂpqs"'s"pds,
Vs =75 igs +Wr@as +5 0gs
1
sl
VWig4
Raa
12 .
512 ing,
VWoq
1 1/2
_ .(p]q’
\/a)lq
O=rig izg+S 2q+5-Q1g,

Via=rfra-ifa+s-ofa.

. 2
0=Lig-itg+eia+ “P1d >

0=Rog-irg+s-prq+ (13)

O=L1q'i1q+(p1q+
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3. NON-INTEGER ORDER MODEL IMPLEMENTATION

PHIL platforms based on real-time simulations require dis-
cretization of the model equations. The authors proposed a PHIL
platform based on the bidirectional DC/AC commercial-grade
power converter. Such a system requires compiling the Simulink
model into the C code which is then loaded to the power con-
verter real-time controller. For this purpose, the equation sys-
tem (13) needs to be implemented in the MATLAB/Simulink
software using discrete form and the Z-transform. Even though
MATLAB has many toolboxes and libraries, there is no so-
lution to model a fractional order differential equation using
the Z-transform of the non-integer order. To tackle this issue,
it is unavoidable to use an approximation of the fractional or-
der systems by integer order ones. One of the most useful and
pertinent methods dedicated to such an approximation in the
frequency domain [wp, wy,] is the Oustaloup method [40]. The
basic equations of the Oustaloup filter for G (s) = s where «
is a non-integer number and N is an approximation order are
given below by (14), (15), (16), (17) and (18) [41]

N ’
S+ w'.
G =k [] — (14)
. S+ w;
i=—N
where
K= |22, (15)
wh
M
Wl =wp (“’—Z) , (16)
i+N+%+%
2N+1
wi = wp (ﬂ) , (17)
wp
wN
log(—)
wo
N=— 07 (18)
(wi+1)
log
Wi

In the MATLAB/Simulink software, the Oustaloup approxi-
mation is present among others in the “fractional-order mod-
elling and control” toolbox (FOMCON) developed by Tepl-
jakov, Petlenkov, and Belikov in 2011 [42]. Exemplary blocks
from this toolbox are: “discrete transfer Fcn”, “fractional state-
space”, “fractional derivative”, “fractional integrator”, etc. In
the following examples, the discrete transfer Fcn blocks are
used, as only they can be properly compiled into C language
using MATLAB real-time environment and implemented to the
functional unit DC/AC converter.

In the studied SG model, three equations from the equation
system (13) contain derivatives represented by the Laplace op-
erator s to the power of 1/2. After some transformations of
the mathematical equations to calculate certain machine val-
ues (e.g., i14, i1g and ¢24), one obtains the equations with the
half-order derivatives and integrals. In the MATLAB/Simulink
environment, they can be modelled as shown in Fig. 2—4.
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Numerators and denominators (num(z), den(z)) of the above
present derivatives and integrals were calculated in MAT-
LAB using ora_foc (Oustaloup-recursive-approximation for
fractional order differentiator) and c2d (convert model from o 1 P 3 4 2
continuous to discrete time) functions. It is worth noting that Time (seconds)
the c2d function, which converts any model from continuous to
discrete time, works more stable if the continuous time system
is introduced in the form of a state-space model instead of a
transfer function.

The following figures (Fig. 5-8) present the results of the Bode Diagram
Oustaloup approximation of the discrete half-order integral and ' [
derivative in comparison to ideal first-order ones. The Oustaloup b
approximation order N was equal to 2 and 5 for comparison
purposes. The calculation step of the simulation model was
set to 1 ms. ;

. . . . . i — — 1/2 order, N=2 | |

Figure 5 and Fig. 7 indicate that the properties of the half- 112 order. N=5
order integral and derivative are preserved, i.e., the magnitude -150 ; ; ; ; '
asymptote changes by 10 dB per decade, while the phase asymp- L ]
tote is —45°. Also, the feature of including slow and fast dynam-
ics at the same time is noticeable in Fig. 6, where the integral
starts to respond very quickly, and then stabilizes to reach the
final slope value. The order N of the Oustaloup approximation
has no significant impact on the time response (Fig. 6 and Fig. 8) 5L . s s . '
as it has in the frequency domain (Fig. 5 and Fig. 7). Neverthe- 10° 10° 10° 10° 10°
less, to achieve an acceptable accuracy as well as to overcome L
the stability problems present for higher order approximations Fig. 7. Bode diagram of the discrete half-order and first-order
the order N was chosen equal to 5 [43]. Therefore, in further derivative

L
o
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=]
i
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Fig. 6. Step response of the discrete half-order and first-order
integral
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studies, the discrete form of the Oustaloup approximations of
the half-order integrals and derivatives are used in the MAT-
LAB/Simulink SG model.

4. PHIL CONCEPT OF AUTONOMOUS POWER SYSTEM
WITH SG

The proposed PHIL system is composed of functional units,

functional unit controllers, and control and communication pe-

ripherals (Fig. 9) [44].
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Fig. 9. PHIL system hardware diagram: functional units (1), functional
unit controllers (2), control/communication peripherals (3)

The system emulates the behaviour of SG operating in an
isolated power system by the controlled bidirectional DC/AC
power converter (marked as 1 in Fig. 9). This energy source is
subjected to sudden active-reactive load changes to imitate the
real SG working conditions in an autonomous power generation
systems. During transient states, the voltage and frequency vari-
ations are observed, which is the subject of further discussion.

Bull. Pol. Acad. Sci. Tech. Sci., vol. 73, no. 3, p. €154272, 2025

The commercial-grade power converters are designed to re-
produce the set voltage value and frequency. Therefore, the pro-
posed discrete non-integer order Simulink model of SG was
developed to calculate the reference output AC voltage ampli-
tude (V_AC_model) and frequency (calculated based on wm) for
the power converter based on the given 7; torque of the prime
mover (TI_in), measured load current (I_AC), phase voltage,
and frequency for active (P_AC) and reactive powers (Q_AC)
calculation. The Simulink real-time kernel can execute the real-
time control algorithm every 1 ms. Figure 10 shows the MAT-
LAB/Simulink I/O signals of the SG model for the PHIL ap-
proach implementation.
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Fig. 10. MATLAB/Simulink I/O signals of the emulated SG

All of the model parameters, initial values, and input signals
were initialized in m-file and loaded to the MATLAB Workspace
memory. For accuracy studies, the model facilitates observation
of all the internal machine variables and values, e.g., active and
reactive powers, load voltage and current, excitation voltage and
current, speed, etc. However, the potentially used DC/AC power
converter needs only the armature voltage and frequency as the
input values.

5. EXPERIMENTAL SETUP

To validate and compare the proposed non-integer order SG
model, the series of tests were performed on the Elmor
GChl14a/4 3-phase, 4-pole, 125 kVA (0.8 pf), 400 V, wye con-
nected salient pole SG using controlled short-circuit measure-
ment setup (Fig. 11). The rated data of the SG can be found
in Appendix. The SG was tested on the dynamometer test
stand with speed and torque control (Fig. 12). Measurements
of voltages and currents during active-reactive load (40 kW and
20 kVar at 400 VAC) switch on and off were performed using
LEM® current transducers and the ZES ZIMMER LMG670
power analyzer.
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6. DEVELOPED MODEL VALIDATION RESULTS

To validate the developed model, the measurement results of
load current, active, and reactive powers performed on the El-
mor SG connected to the various active-reactive loads were
given to the MATLAB/Simulink model input. The model re-
sponse was then compared with corresponding measurements.
The following figures (Fig. 13—16) present the comparison of
the integer and non-integer order model of SG while connected
to an example active-reactive load of 40 kW and 20 kVar at
400 VAC. The armature RMS voltage drop observed in Fig. 13
is due to the lack of an automatic voltage regulator (AVR).

For each simulated waveform the mean squared error (MSE)
as referred to measurements was calculated.

Figure 13 shows that the non-integer order model is more
accurate during the transient state than the classical one. Indeed,
the discretization of the non-integer order model and Oustaloup
approximation of its fractional order integrals and derivatives
did not influence significantly the model response accuracy in
the transient state. Whereas, the difference between simulations
and measurements in steady state is due to simplifications made
for both models, i.e., lack of saturation effect implementation.
Actually, in industrial power generation units, the influence of
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saturation of the SG core on the output voltage amplitude is
suppressed by the use of the AVR. However, voltage frequency
is reproduced with high accuracy by both models. Therefore,
the control signals, i.e., voltage and frequency set points for

Bull. Pol. Acad. Sci. Tech. Sci., vol. 73, no. 3, p. €154272, 2025
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the DC/AC power converter calculated based on the non-integer
order SG model can be successfully applied in the proposed
PHIL platform.

The following figures (Fig. 15 and Fig. 16) show the repro-
duced active and reactive powers, respectively.

One can notice that as before, the non-integer order SG model
responds more accurately than the classical one, which can trans-
late into higher precision of the designed PHIL system based on
the real-time control algorithm.

7. CONCLUSIONS

The first mention of the non-integer order model of SG appeared
in the early 2000s. The beginning of the 21% century was the
time of rapid development of this type of modelling technique.
Indeed, Prof. Shantanu Das in his book from 2011 suggested
that the differintegral calculus would be the calculus of the 21%
century [45]. The hardware-in-the-loop and power hardware-
in-the-loop modelling techniques are the new areas, where this
type of modelling has become increasingly justified.

In the presented research, the discrete non-integer order model
of SG was developed and prepared in the MATLAB/Simulink
software for the PHIL platform based on the bidirectional
DC/AC power converter. For this purpose, the half-order deriva-
tives and integrals from the differential equations were approxi-
mated using the Oustaloup method. Such a PHIL platform used
in the SG diagnostic system can support fault-condition detec-
tion in a power generation unit performance. Finally, the model
was successfully validated on the measurements carried out on
the real 125 kVA SG connected to the active-reactive loads of
different values and compared with the classical integer order
SG model. The results of the study show greater compliance
of the non-integer order model with measurements in transient
states than the classical one. This proved that the use of fractional
order system approximations does not deteriorate the overall ac-
curacy of the developed model. The ability to compile such
a discrete non-integer order model into the C language facili-
tates the successful implementation of the model on the PHIL
platforms based on real-time control algorithms.

The proposed PHIL approach based on the non-integer order
model has the potential for further development. To improve the
performance and scope of application of the emulation platform,
additional physical phenomena, e.g., saturation effect should be
incorporated into the model. The model should be also run on
the more powerful target PC to increase the sampling/calculation
frequency. Furthermore, future studies will focus on running the
developed SG model on the self-designed power converter to
enable precise harmonics generation and analysis.

APPENDIX

Elmor GCh1140/4 rated data:
Nominal frequency: f,, = 50 Hz.
e Nominal voltage: U, =400 V.

e Nominal power: S, = 125 kVA.
e Nominal current: I,, = 180 A.

e Power Factor: PF = 0.8.
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Identified Elmor GChl140/4 parameters in SI units (stator
side) using the SSFR test procedure:

L]s =04e-3 H, Lmd = 3.8e-3 H, Lmq = 2.8¢e-3 H, L]d =
0.3H, wig =5.15rad/ls, L1z = 0.16 H, wiy = 5.66 rad/s,
Ryg = 12.2e-3 Q, wyq = le-3rad/s, Lriog = 1e-6 H, riy =
4.1e-3 Q, Ljxg =43e-3H, Lirqg =0.12e-3 H, ry = 33e-3 Q,
Yfa = 2.3e-3 Q.

Base values:

e Frequency: f, =50 Hz.

e Pulsation: wp =21 fp =314.1593 rad/s.
e Impedance: Z;, = Un2/S, =1.28 Q.

e Inductance: Ly = Zp/wp =0.0041 H
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