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Abstract

The present paper targets the flow of fluid with Fe;O4 particles as nanomaterial over a non-linear elongated sheet with
changing width. The process holds vital importance in various industries like paper manufacturing, extrusion of dyes
and filaments, atomic reactors and many more. Nanofluids depict special features which give them the potential to be
also used in power engines, refrigerators, power plants as well as pharmaceutical processes. Hence, the presented model
is designed to intensify the rate of heat transfer and to reduce energy wastage, and tailor for the optimal selection of
parameters like conductivity as well as viscosity, which will improve the effectiveness of the heat transfer process. The
main idea behind this investigation is to calculate the effect of electromagnetohydrodynamics, Biot number, Eckert
number, radiation along with the absorption factor. In this paper, the flow is modelled by using Navier-Stokes equations
which are customised to Prandtl boundary layer equations. The Adams-Bashforth predictor-corrector is used to obtain
numerical solutions. The present study helps to potentially improve and achieve the desired quality of the stretching
sheet. Moreover, a negligible amount of activation energy is required, finding an economical way to get suitable out-
puts.
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1. Introduction

Engineers in the domain of computational fluid dynamics (CFD)
are curious to explore the cooling mechanism of elongated sheet
due to its wide variety of practical importance. In many facto-
ries, different domains have utilized the cooling of stretching
sheets to obtain the desired quality of the sheet. Although many
liquids have been tried as cooling agents, nanofluids have been
found superior in comparison to all other fluids. The fluid flow

over this type of sheet has many uses in industrial processes like
manufacturing parts of aircrafts, extraction of fibres from glass,
manufacturing of polymer sheets, drawing filaments and dyes,
and many more. The quality of sheets relies upon on rate of cool-
ing as well as heat removal. Many scientists studied the mecha-
nism of action of nanofluids in various geometrical shapes. In
[1], copper nanofluids flow over an elongated sheet is explored.
An exact solution of a thin fluid layer flowing over a stretching
sheet was found in [2]. The combination of dust particles mixed
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Nomenclature

A —variable viscosity parameter
A” — space-dependent coefficient
b — stretching constant

B, Bo— magnetic field strength, T
B* — time-dependent coefficient
Bi — Biot number

¢ - stretching parameter

Cp — heat capacity, J kgt K™

E, Eo— electric field strength, N C*
E1 —electric field parameter

Ec — Eckert number

f —base fluid

f' — velocity parameter
h —step size

k —kth iteration

k* — mean absorption coefficient

M — magnetic field parameter

n — parameter of velocity power index

N - coefficient related to stretching sheet
Nu — Nusselt number

Pr — Prandtl number

g™ — non-uniform flux

gr - radiative heat flux, W m—?2

Rd — parameter of radiation

T - fluid temperature, K

T — free stream temperature, K

Uw — wall velocity, m st

u, o— components of velocity along x- and y-axis, m s

with nanoparticles flowing over a stretched plate was investi-
gated with novel mathematical modelling in [3]. The flow in-
duced by nanofluid over an exponentially stretchable plate was
surveyed in [4] by considering the impact of viscous dissipation.
The thermophysical characteristics of nanofluid flow along
a vertical plate due to porous media along tiny sized suspensions
were studied with a novel method in [5]. The situation dealing
with free convection inside a cavity taking into account nano-
particles dispersed in the base fluid was solved numerically in
[6]. The impact of dust grains dispersed on a stretched surface
was investigated in [7]. The process of dispersing particles in
liquids over an increasingly stretching sheet was studied and
framed in [8] with viscous dissipation and magnetohydrody-
namics (MHD) taken into account. The comparison of heat
transfer in a normal fluid and nanofluid flow using different na-
noparticles on a stretching surface was studied in [9]. The nano-
particle’s shape was examined in [10] at a point of the magneto
stagnation flow with a dual combination of effects of chemical
reaction and thermal radiation. A 3D modelling of magneto flow
of nanofluids over a disc was presented in [11]. The Casson flow
stimulated due to gyrotactic microbes in a conical shape was
solved using the Homotopy Analysis Method (HAM). Lately,
the impact of magnetic nanofluid over a moving disc was de-
ducted in [12]. The impact of MHD on nanofluid flow over an
inclined stretched plate bearing an unsteady thin film flow was
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X, y — Cartesian coordinates, m

Greek symbols

— wall thickness parameter

— infinitesimal small

— non-dimensional similarity variable
— dimensionless temperature

— viscosity parameter

— thermal conductivity, W mt K1

— dynamic viscosity, kg mts™

— kinematic viscosity, m? s—1

— density, kg m™3

— electric conductivity, S m™

o* — Stefan-Boltzmann constant, W m2K™
¢ —volume fraction

w — streamline function

(¢4

™

QA T < xR 3 T

Subscripts and Superscripts
f - base fluid

nf — nanofluid

t —tri

p - particle
s —solid
w —wall

' —differentiation with respect to 5

Abbreviations and Acronyms

FEM —finite element method

EMHD - electromagnetohydrodynamics
MHD - magnetohydrodynamics

examined in [13].

MHD flow in nanofluids has attracted attention due to its ex-
traordinary potential to control the rate of heat transfer. Magne-
tohydrodynamics is mainly derived from 3 terms: magneto, hy-
dro and dynamics — the term was coined in [14]. The process of
flow with magnetohydrodynamics on a stretched plate up to
a stagnation point was investigated in [15] and estimated numer-
ically using the finite difference method. Buongiorno’s model
was considered as a base to study MHD flow of nanofluid over
an extending plate taking the slip factor into account [16]. A case
of bidirectional MHD flow of nanofluid with Hall current and
heat flux over a stretching sheet was solved by [17]. It was no-
ticed that Hall current and heat flux boosted the quality of the
sheet. Many studies related to MHD are utilized in improving
machine efficiency [18-20] and serve as the motivation for the
current effort. Additionally, it is noted that studies on heat trans-
fer have utilized linear extending sheets. To document the im-
pact of electromagnetohydrodynamic (EMHD), a non-linear
elastic sheet of varying thickness has also been incorporated
with boundary-layer flow of a nanofluid. Changing width of
stretching sheets holds actual uses in industries, including appli-
ance constructions and patterns, nuclear reactor mechanisation,
filament extrusion, paper industry and several other fields [21—
24]. Velocity slip along ternary nanofluid over a stretching sheet
was enquired in [25] and concluded that the inclusion of three
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different nanoparticles accelerated the conduction of heat. Hy-
brid nanofluid over a porous stretched sheet was investigated in
[26]. Natural convection of hybrid nanofluid in a quadrantal en-
closure was studied in [27]. The study signified the role of mag-
netic field in the process of heat removal. The process was in-
vestigated by taking equal proportions of water and ethyl glycol.
The dual effect of two particle nanofluid and magnetic field was
analysed in [28-29]. Radiating hybrid nanofluid flow with the
Hall effect over a stretching/shrinking sheet was scrutinised in
[29]. Statistical modelling of radiative hybrid nanofluid was me-
ticulously solved in [30]. Darcy-Forchheimer flow of hybrid
nanofluids with melting heat transfer over a porous rotating disk
was investigated in [31]. Gyrotactic and heat transfer of water
with MHD taking single-walled carbon nanotubes (SWCNT) as
nanoparticles was studied in [32].

This study aims to provide new horizons to the effects of heat
transfer using iron oxide nanofluid, which is cost-effective over
a non-linear stretching sheet with changing width. The effects of
thermal radiation, changing heat flux, viscous dissipation, elec-
tromagnetohydrodynamics and ohmic heating are taken into ac-
count. Furthermore, the effects of Nusselt number and skin fric-
tion coefficient have been calculated. This study is significant to
obtain better quality of a stretching sheet which holds vital in-
dustrial importance, and it proves to be another milestone in the
computational fluid dynamic in the field of nanofluids.

2. Methods and materials

A two-dimensional nanofluid with water as a base is made to
flow over a stretching sheet of changing thickness. The nature
of sheet is non-linear (Fig. 1). The velocity of fluid is given by
Uw(x) = b(x + c)" [33], where b is a constant, ¢ is the extending
parameter and n is the exponential parameter. The direction
along the stretching plate is considered an x axis. The EMHD
force is considered to act along a y axis. The variation of thick-

Fig. 1. Three different boundary layers.

ness is taken as y = N(x + ¢)(1 — n)/2. It is assumed that the
pressure difference does not alter the length of the sheet. N is
taken as a minor factor for this purpose. The application of two
forces of equal magnitude and opposite direction leads to the
elongation of the plate through its slit.

In order to maintain the Reynolds number in a low range,
electric and magnetic fields are applied perpendicular to the flow
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direction. The mathematical transformations for electric and
n-1
magnetic fields can be formulated as E(x) = Ey(x + ¢) 2
n-1
and B(x) = By(x + ¢) 2, [17], respectively. The temperature
difference due to layers of fluids is assumed to be zero. Further-
more, the effects of non-uniform heat flux, viscous dissipation,
and Joule heating are incorporated with Prandtl’s boundary layer
equations:

du v
u oy _ 8 TnfBo’u
Pns (u ox tv By) oy (D1 + Ptnf +

+onr[ECOB(x) — B(x)?ul, (2)

aT aT
(pCp)nf (ua +v E)

160* 32T
3k* dy?

a%T

T oy T

ou\? "
b (52) + 4" + o B — EGOP2, (3)
using boundary conditions represented by the equations:

u=U,x)= @x+)" y=0,

n—1
kL =n(T,-T) at y=N(x+c)z and

By_

4)
u—->0, T->T, as y— oo,

where the components of speed along coordinate axes are repre-
sented by u and v; T is the temperature fluid temperature, p,, is
the density, on is the measure of electrical conduction,
_ _knr
- (Pcp)nf
Boltzmann constant and k™ symbolises the average value of ab-
sorption. The coefficient of viscosity [16] is tailored by the equa-
tion:

is the thermal diffusivity, o” symbolises the Stefan-

Onf

u(M) =play + by (1 - 6)(T,y — T, (®)

where u* is a standard reference viscosity, whereas aj, b; are
assumed to be constants. q'”’ that appears in Eq. (3) is the non-
uniform value of heat flux and is computed by:

mr _ KnpUw(x)

vr(x+c)

[A*(Tw - Too) + B*(T - Too)]’ (6)

where A" and B” are heat generation and absorption parameters,
respectively.

2.1. Conversion of equations

To solve the given partial differential equations, it is necessary
to introduce the following dimensionless variables:

= (b0 )exf (), )
_ (n+1)b§9;+c)"‘_1]Eyl ®)
u=b+ o) f'(), ©)
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n-1
v= [M] [rm+afm==], o)
= T (), 11)
where Y(x,y) is the streamline function and u = % and v =

‘;f n is a similarity variable, and the temperature is non-di-

mensionlised as follows:

o) = 1=

—Teo

(12)

It is necessary to convert the partial differential formulas to or-
dinary differential equations:

Ao{la; + A1 - ODIf™

+4, (ff =2

—A0'f"} +
i f)H AME - f) =0 (13)

0" (A4 +2Rd) + Pr[AoEcf"” + A,EcM(f' — E;)* +
+ALf0' —A3f9( )]+A4—(Af +BO)=0. (14)

where the prime (") denotes differentiation concerning # and

n
fn=(tom)a,  fm=1
6'(n) = —Bi[1 — 6(0)] at n = 0;
f'm) =0, 6(n) =0 as n - o,
The non-dimensional parameters are given by:
_ 20783 E = Eo
- pfb(n+1)’ 1= Bob(x+c)™’
3 2(x+c)2
Rd = 2= = _p
kkg (Cp) £ (Tw—Tw)
1
Pr = 9r(Cpls a=N b(n+1)\2
—3 kf ] - 219f y
. h [297(x+0) 1-n _ B
Bi = _[ b(n+1) A= bl(Tw Too)y

where M symbolises magnetic field intensity, E; — magnitude of
electric field, Rd — radiation parameter, Pr represents the Prandtl
number, Ec is the Eckert number, « — wall thickness, Bi — Biot
number, Ao, A1,. Az, Az and A4 are unknown constants (dimen-
sionless coefficients).

2.2. Thermophysical properties of nanofluid

To calculate fixed values, the thermophysical properties of wa-
ter and iron oxide are presented in Table 1.

The volume fraction ¢ of nanoparticles determines the heat
capacity, thermal conductivity and viscosity of the nanofluids.
The nanofluid’s effective density is given by

Pry = (1= P)ps + Pps (15)

and the heat capacitance of nanofluid by
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- ¢)(pcp)f + ¢(pcp)s (16)

(pCp)nf =

According to Brinkman [34], the dynamic viscosity of
a nanofluid is as below:

.

#Tlf (1 4))2 57 (17)
kng _ (ks+2kg)—2¢ (kp—ks)
— = . 18
Ky (ks+2kf)+ ¢ (kp—ks) (18)

The electrical conductivity of a nanofluid can be given by

)

3¢(——1

=1+ —Uf Of.
(2+2)—<—p—1)¢ 4
o'f O'p

2.3. Skin friction coefficient

(19)

The skin friction coefficient C; can be derived from

Cr =,
f PrUG
du
where 7, = Mnf( ) n-1. Using the above equations,
0x/y=N(x+c) 2

we get

G Re: = —("“) f'(0). (20)

2.4 Nusselt number

The concept of the Nusselt number can be modified for nanoflu-
ids. The Nusselt number for nanofluids is given by:

Nu = (x+0)qw ]
kf(Tw—=TF)

where q,, = —ky (aT)

P n—1. Using the above we get

y=N(x+c) 2

1

NuReZ = —4, ("“) 0'(0). (21)

2.5. Solution of the problem

Numerical methods are efficient tools to deal with non-homoge-
neous equations with higher order accuracy. The system of non-
linear ordinary differential equations (ODE) is converted into 5
linear equations. The Adams-Bashforth predictor-corrector
method was utilized to fetch the solution. It is a linear multistep
methodology, which helps our results to be more accurate by
utilizing the quantitative value of the last step.

The calculation works can be divided into two phases, first
to get appropriate values as a predictor and the Adams-Moulton
method to get a corrector.

The first order system for 0 () and f () is as follows:

g=f" g.=9. 9=, (22)
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— g = 1 Bif 2 2 2
g3_g2 _[a1+A(1—9)] [A ele_B_o(g f_mgl)_
%ZM(E1 _.91)]: (23)
81 = 6,, 92 = 91’, (24)

1

6, =06, {Pr [@ch; + ZEM(E, — g% +
By By

 143Rd
B: 1-n
2re ()l (25)
Along with the boundary conditions
1-n ’ ’ .
fm=(2)a fa=1, @) =-Bill-6(0)]
atn=1
(26)
f' =0, 6(n)=0a n-ow
where:
_ My _ 1
Bo = ue o (1=¢)> @7
_ Pnf _ _ Pp
By= L= (1- ¢)py + ¢35 (28)
3¢(22-1
Bzziﬂ:lﬁ'#, (29)
T (e
S (1 gy e (30)
37 ey (pCp)f’
B _kng _ (ks+2kf)—2¢ (kf—ks) (31)

YTRr T (kstzkp)+ o (kp—ks)

Initial values are obtained with the help of the 4th order Runge-
Kutta method. Afterwards, the explicit fourth order predictor is
given by the formula:

1 ! ! ! !
Yn+icorr = Yn T Z(9Yn+1 =59, +37yp_1 — 9Yn—2)- (32)

The final values of f'(u,b) (ambient velocity calculated by pre-
dictor) are calculated from Eqg. (32) by subtracting from bound-
ary values. A similar methodology is used to fetch 6(u,b) (ambi-
ent temperature calculated by the predictor). If results are larger
than &, then initial guesses are changed and the secant method is
employed for making another guess. The process is repeated un-
til we get the similarity variable. The value of the similarity var-
iable is assumed from 0 to oo, 1, represents the initial value of
the similarity variable, however, the solution converges by as-
signing its value up to 5.
The differential operator is defined by Egs. (33) and (34):

L=am.p. f@o) = fo (33)
T=q.0), () = 6. (34)

dan
The formula for the Adams-Bashforth predictor approach is
given by Egs. (35) and (36):

fierr = fr t %Q(le:fk) _EQ(nk—l:fk—l): (35)
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3h h
Orr1 = Ok + — a1, O1) =2 q (-1, 0—1). (36)

whereas the Adams-Moulton formula by Egs. (37) and (38):

fierr = fio t %Q(nk+1'fk+1) —SCI(Uk'fk), @37

h h
Okr1 = fi + 7 4k+1, Os1) =50k 6, (38)
where h is the step size. The obtained results were verified and
compared with the previous analysis.

3. Analysis of results

The effects of various thermophysical parameters are shown by
suitable graphs. The quantities considered are heat generation or
absorption factor, the wall thickness, electric and magnetic field
factors and viscous dissipation. Table 2 is designed to match the
outputs with earlier studies. The results obtained are in perfect
match with the earlier analyses.

Figure 2 shows the influence of n on the temperature and
velocity profile. The velocity shoots up as the value of n in-
creases, resulting in more fluid to be displaced and hence in-
creasing in the velocity associated with the boundary layer. The
increase in velocity ultimately lowers the heat transfer rate.

The velocity is decreased when the fluid is closer to the
sheet, resulting in reduction of the boundary layer. Because of
the wall thickness parameter, the temperature gradient similarly
demonstrates a downfall. Figure 3 guides the importance of in-
corporation of magnetic factor which influences both the tem-
perature gradient and speed. Increasing the magnetic field re-
duces the nanofluid flow. This is expected as an increasing value
of the MHD parameter of electrically charged nanoparticles re-
sults in an increase of the Lorentz force, a force which retards
the motion of fluid. This property is useful to fetch the desired
velocity. The graph shows that the magnetic field is inversely
related to the velocity factor.

Figure 4 exhibits the role of viscous dissipation in the tem-
perature profile. The Eckert number shows a relation between
the kinetic energy of nanofluid flow and the enthalpy difference
between the surrounding area and the wall to represent the heat
dissipation. This is in alignment with the study conducted in [8]
in the absence of magnetic field. The dimensionless temperature
for various Rd values is also displayed in Fig. 4. The radiation
parameter is designed to detect the rate of heat transfer. An in-
crease in radiation accelerates the amount of heat transfer which
leads to an increase in boundary layer thickness. Therefore, both
the temperature gradient and boundary layer thickness assume
higher values with the increasing Rd. The radiation effect is de-
signed to customize the fluid velocity.

Table 2. Thermophysical parameters.

Pr Gul et al. [8] Saeed et al. [9] Present study
2.0 0.9113 0.9114 0.9110
6.2 1.5797 1.5796 1.5786
7.0 1.8954 1.8954 1.8964

20.0 1.3539 1.3539 1.3539
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n =0,0.3,0.6,0.9

Fl

n =0,0.3,0.6,0.9

Fig. 2. Effect of n on velocity (a) and temperature (b).

a= 1120314

==== temperature profile
velocity profile

F,o ()

Effeet of o on velaciy and wmperatwre

F,o0M

M=1234

==== temperature profile
velocity profile

Fllect of magaesie Oebd on s ohocity and Swamperature

Fig. 3. The effect of magnetic field on velocity and temperature.

&n)

Rd=0,0.5,1,1.5

A
>
-

Fig. 4. Influence of Eckert number and radiation parameter on temperature.

Figure 5 illustrates the effect of Biot number (Bi). The Biot
number, which represents the ratio of convective heat transfer to
conductive heat transfer, significantly influences the thermal
boundary conditions. As observed, increasing the Biot number
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leads to a higher temperature gradient near the surface, indicat-
ing enhanced heat transfer at the boundary. This result shows an
excellent agreement with [9].
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Bi=0

=0.6
=0.9

a(n)

Fig. 5. Influence of Biot number on temperature.

Fig 6 highlights the impact of the space-dependent heat
generation/absorption parameter A* on the temperature distri-
bution. The left graph shows the effect of positive values of A*,

"%

&(n)

A*=0.2,0.4,0.6,0.8

Effect of positive A* on temperature

representing heat generation, while the right graph depicts the
effect of negative values of A*, corresponding to heat
absorption. It is on a par with the study conducted in [11]. It was
found that the dispersion of heat exhaust energy causes the tem-
perature gradient to be larger, enhancing the values of A*. The ef-
fect of heat absorption or generation factor on temperature can be
visualised in Fig. 7. The graphs show that an increase in values
of B" rises the values of the temperature gradient. It is also found
that while assigning negative values to B* there is more heat ab-
sorption and a decrease in value of temperature gradient.

The result matches with outcomes of study conducted in
[12]. The comparison of present results with Shah et al. [17] is
presented in Fig 8. The results obtained are comparable and
show an acceptable level of agreement.

4. Conclusions

The current work concentrates on flow simulation of copper car-
rying nanofluids along an elongated surface with varying width
in association with electromagnetohydrodynamic (EMHD)

&(n)

W A*=-0.2,-0.4,-0.6,-0.8

o 2 1 6 '8 1

n

Effect of negative A* on temperature

Fig. 6. The effect of heat absorption and generation factor on the temperature distribution.

*=0.4,-0.8,1.2,-1.6

Effect of positive B* on temperature

Effect of negative B* on temperature

Fig. 7. Effect of positive and negative values of the space-dependent parameter on the temperature distribution.
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Z. Shah et al.

m

Present Work

Z. Shah et al.

015

0.10 4

005 4

0.00 -+

A

Fig. 8. Comparison of present study with Shah et al. [17].

flow. It also incorporates the heat flux with radiation phenome-
non, which have a favourable effect on the flow behaviour.
A survey has been conducted on the effects of an electrically
charged particle-filled magnetic field on heat flux values, fluid
with varied viscosity, and so on an extended surface with vary-
ing thickness. Diagrammatic representations of the temperature
and velocity profiles are employed to analyse the influence of
various physical parameters. The key findings from this investi-
gation are summarized as follows:

e The comparative study of the obtained results using the
Adams-Bashforth method with earlier investigation
holds a good agreement, and also constitutes a validation
of the proposed methodology;

The temperature profile becomes more noticeable for the
enhanced radiation parameters, nanoparticle fraction,
and Eckert number; however, the opposite pattern is no-
ticed for the increasing stretching parameter and Prandtl
number;

The increase in nanoparticle concentration, in association
with the nonlinear stretching factor, reduces the
nanofluid velocity;

There is a noticeable reduction in the shear rate coeffi-
cient noticed for the increasing particle concentration,
while it overshoots the heat transfer rate;

While the power index of velocity term increases, both
the nanofluid velocity and the nanofluid temperature also
increase;

Due to an increase in the boundary thickness factor, both
the temperature as well as velocity of the fluid decrease;
For increasing positive values, the time-dependent and
space-dependent heat generation/absorption parameter
contributes to heat generation, thereby increasing the
temperature. Conversely, increasing the magnitude of
negative values enhances heat absorption, which reduces
the temperature.

The novelty of the present study is that it not only illustrates the
physical properties of the parameters under conditions, but also
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provides a base for future research by associating the momen-
tous role of magnetic and electric fields in customizing fluid ve-
locity, which can be favourable for industrial sector dealing with
stretching sheets. Further investigations using different concen-
trations, will be helpful in producing a finished product of the
desired quality. The key points of this research can be success-
fully applied for further scientific investigation using stretching
sheets.
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