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Construction of multiclass classifier as linear or mixed
binary programming task

Katerina HORAISOVA @ , Jaromir KUKAL @ and Pavel CEJINAR

Linear and mixed binary programming techniques, which arise from model linearity, are
widely supported by advanced optimization solvers. In this paper, we present a comprehensive
guide for transforming linear classifiers into linear or mixed binary programming tasks. Our
approach employs widely used techniques, such as Kesler construction with either perfect or
imperfect learning, and weight regularization using the L or Ly norm, enhanced by additional
maximum weight constraint (i.e., Lo ). Various linear optimization tasks are formulated based
on performance measures such as accuracy and sensitivity.

The classifiers are constructed using different weight penalizations and regularizations —
specifically, the Ly norm, which yields mixed binary programming tasks with NP-hard complex-
ity, and the L; norm, which results in linear programming tasks with polynomial complexity,
both with an additional maximum weight constraint. The proposed classifiers are compared on
several UCI datasets (Iris Flower, Wine, and Seeds) and match or outperform Ridge and Lasso
regression methods when applied to classification tasks.

Key words: linear classifier, Kesler construction, weight number reduction, feature selection,
linear programming, mixed binary programming

1. Introduction

Constructing multiclass classifiers [19,27,31] is a traditional task in pattern
recognition, closely linked to modern machine learning techniques. Many pattern
recognition methods arise from linear and nonlinear iterative schemes, stochastic
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optimization processes, linear statistical models, quadratic programming, and
other advanced approaches. When a fixed nonlinear transformation (a kernel
function) is allowed to apply on the input patterns, the resulting classifier can be
even linear. Regularized linear models — such as Lasso [44] and Ridge [21,22,40]
regression — applied in the feature space induced by a kernel transformation
have been shown to handle nonlinear classification tasks effectively; similarly,
support vector machines (SVMs [43]) exploit this principle. By mapping the input
data into a higher-dimensional space via a fixed nonlinear transformation, these
methods combine the expressive power of kernel methods with the simplicity and
computational efficiency of linear classifiers. Another example of this approach
is the RVFL network [33], which employs Ridge regression after a randomly
designed nonlinear transformation of the patterns.

Over the past five years, progress in general-purpose multiclass classifica-
tion has centered on ever-richer regularization schemes for linear or kernel-
ized models, such as the elastic net Extreme Learning Machine (ELM) [18],
the Liu-ELM [51] and its variants such as Liu-Lasso ELM [52] or a combination
of Ridge and Liu regressions for ELM [53], and the conjugate gradient opti-
mized regularized ELM [26], all of which consistently surpass classic Ridge or
Lasso baselines. Complementary ideas impose structural constraints on the la-
bel space, exemplified by the denoising low-rank discriminative least-squares
regressor [25], while instance- and prototype-oriented sparsity has been explored
through the group-Lasso sparse-KNN [56] and the Ranking-based Instance Se-
lection pre-precessor [8]. Ensemble innovations such as the two-stage Duet classi-
fier [46] further balance accuracy and computational cost, and even deep networks
have adopted more expressive penalties, e.g. the soft-diamond regularizer [1], to
outperform standard L1/L2 constraints. Despite these advances, almost none of
the recent methods reformulate multiclass learning as a linear or mixed-integer
programming problem, leaving the rich toolbox of exact optimization techniques
largely untapped. Addressing this gap, our work casts multiclass classification di-
rectly as a linear or mixed-binary program, providing a transparent, solver-ready
alternative to the prevailing heuristic regularization approaches.

Modern optimization solvers for linear programming (LP) [13,42,45] and
mixed binary programming (MBP) [34] tasks have scaled to handle large prob-
lems, opening new research areas such as best subset selection for large datasets
[5] or the analysis of neural network features via adversarial examples [29]. Our
study demonstrates the practical feasibility of constructing a multiclass classifier
by transforming advanced classification schemes — such as the Kesler construction
— combined with regularization techniques (e.g., Ridge regression or a similar
one) into equivalent LP or MBP tasks. These tasks can then be solved using
external optimization solvers. For linearly nonseparable datasets, a linear clas-
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sifier inevitably incurs some error because it cannot perfectly separate the data.
This limitation is addressed either by applying a fixed nonlinear transformation
(the kernel trick) before using a linear classifier or by introducing compensatory
variables for imperfect learning.

For multiclass classification, the Kesler construction [16,20] directly gener-
ates the target class index for each pattern, rather than relying on a one-vs-all
scheme (i.e., selecting the highest output value). Although implementing this
method directly requires advanced optimization techniques, reformulating it as
an equivalent LP or MBP task is well suited for use with external solvers. Whether
insisting on perfect classification of the target class index or allowing some mis-
classifications in exchange for improved robustness, both approaches can be
effectively handled by the linear multiclass classifier. Moreover, while the Kesler
construction requires a sufficiently large number of features to generate the target
class index, an abundance of features — obtained through any fixed linear or non-
linear transformation — can, in some cases, enhance classifier performance. Any
form of nonlinear feature preprocessing may be beneficial. When the structure
and parameters (weights) of this preprocessing layer are fixed, the remaining
component can be a linear multiclass classifier with the desired accuracy and
class sensitivities. Furthermore, when the hidden layer is large, applying regular-
ization can simplify the classifier. Possible designs for the hidden layer include
systematic polynomial expansion, kernel functions (via the kernel trick), a single
layer of random sigmoidal perceptrons as in the RVFL network, or any nonlinear
preprocessing motivated by the analysis of the learning task.

Ridge regression, also known as Tikhonov regularization, is a well-established
technique that can create effective classifiers even in the presence of multi-
collinearity [17]. However, minimizing the L, norm of the weights is not a linear
task and is therefore incompatible with LP solvers. To address this, techniques
based on the L; norm — such as Lasso regression [41,44] — have been successfully
applied to both regression and classification problems, sometimes outperforming
methods such as Partial Least Squares Discriminant Analysis [4, 39, 49]. One
advantage of Ridge regularization is that quadratic penalization of the L, norm
strongly biases the model toward smaller weights compared to the L or L norms.
In contrast, Li- or Lo-based classifiers may rely on a few features with extremely
high weights, potentially leading to overfitting. Although the L, norm cannot
be reformulated as an LP or MBP task, in our study we instead use the L; or
Lo norms combined with additional constraints on the weights. These external
restrictions help overcome some limitations associated with using the Ly or L;
norms alone.

The L; norm is effective at reducing classifier complexity by approximately
minimizing the number of nonzero weights, while the Ly norm — which directly
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counts the number of nonzero components — can be used for exact weight reduc-
tion. Both norms can also penalize compensatory variables in linearly inseparable
datasets (i.e., imperfect learning), as they directly influence the accuracy and sen-
sitivity of the classifier. However, neither norm inherently limits the maximum
value of any individual weight.

Because the absolute values of weights vary with the problem, an additional
technique for estimating and constraining their size is useful. First, the clas-
sification problem can be solved by minimizing the L., norm of the weights;
the resulting L, value (or a small multiple of it) can then serve as a problem-
dependent upper bound on the weights. This upper bound is used in conjunction
with other regularization techniques, such as those based on the Ly or L; norms.
While the L, norm alone is a basic regularization tool that constrains individual
weights to remain near zero, it is generally less effective than the L; or Ly norms.
Nevertheless, imposing a maximum weight constraint enhances classifier robust-
ness against outliers and can be effectively combined with other techniques that
are amenable to LP or MBP formulations.

Various performance criteria can be used during classifier training, and these
metrics are also employed during cross-validation on a separate verification set.
In this paper, we distinguish between two types of learning. Perfect learning
refers to training on a dataset that is linearly separable, resulting in a classifier
with perfect accuracy (and unit class sensitivity) on the training set. This ap-
proach is based on the hypothesis that perfect training accuracy will translate into
acceptable performance on the verification set. In contrast, imperfect learning
involves constructing a classifier that achieves at least a desired level of class
sensitivity, which is particularly useful for inseparable training sets (even after
feature expansion). The underlying hypothesis is that relaxing the requirement
for perfect class sensitivity during training may yield better overall performance
on the verification set.

In this paper, we present a comprehensive guide for constructing a multiclass
classifier through a series of LP or MBP tasks that implement a linear version of
the Kesler construction for both perfect and imperfect learning. We then formulate
various criteria for classifier robustness [37,54] and sparsity [7, 30, 36] in both
the original nonlinear form and an equivalent linear form based on the L or Ly
norms with additional weight constraints. The resulting LP and MBP tasks vary
in computational complexity and can be solved using various professional solvers
or employed to test solver performance.

Section 2 reviews basic concepts about patterns, their sets, and one-vs-all mul-
ticlass classifiers, as well as their linear forms with unknown weights. Section 3
introduces the Kesler construction for formulating learning constraints under per-
fect and imperfect learning. Section 4 presents methods for converting the perfect
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learning problem for linear multiclass classifiers into an LP task by exploiting
the linearity of the Kesler constraints. The revisited simplex method is employed
to enhance robustness and simplify the classifier. Section 5 discusses optimal
classifier simplification via an advanced MBP formulation, along with imperfect
learning tasks that target specific accuracy and critical sensitivity levels. Section 6
summarizes the implementation of the learning tasks and presents experimental
results on three representative cases — the UCI Iris Flower, UCI Wine, and UCI
Seeds datasets — followed by ablation studies in Section 7. These datasets were
obtained from the UCI Machine Learning Repository [28]. Finally, Section 8
provides a discussion, and Section 9 concludes the paper by summarizing the key
findings.

2. Multiclass classifier primer

Letm, n, H € N be the number of patterns (samples), variables (features), and
classes, respectively, satisfying m > H > 2. The multiclass classifier [19,31] is

a function ¢ : R" — {0, 1, ..., H}, where c¢(x) = 0 indicates an unknown class.
A pattern is a pair (X,c), where x € R"” and ¢ € {l1,...,H}. The pattern set
S ={(x;,c]) :i=1,...,m} can be represented by matrix X € R"*" and vector

c*e{l,...,H}". The set S can be divided into H classes:
Ce ={(xi,¢;) :c; =k}, k=1,....,H. (1)

The corresponding cardinality vector m € N has components:
m
mk:carde:Z(l—sign(|cf—k|), k=1,...,H, (2)
i=1
where sign is the signum function satisfying sign(0) = 0, sign(z) = 1,Vz > 0.
We accept only classes represented by at least one pattern.
The general majority classifier of x evaluates:

vi =f(x,wg), k=1,...,H, 3)

where w;, € R™*! is a weight vector for the class C; and f is a scoring function that
gives a score for given input x and weights wy. The multiclass classifier output is
determined by the majority principle:

c(x) € argmax yy. 4)
k=1,...H

where sometimes, to increase the differences, the so ftmax function is applied to
yx before application of argmax. However, when the maximum argument is not
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unique, we set c(x) = 0. Focusing on linear optimization tasks, we use the simple
linear model:

f(X, W) = Z WiX; (5)
j=0

with xo = 1.

The classifier performance can be measured using various approaches which
are based on the comparison of desired class memberships ¢ with the classifier
outputs ¢; = c(x;) fori = 1,...,m. The i-th pattern is correctly classified when
¢; = ¢;. The simple performance measure is the accuracy acc as the relative
frequency of correctly classified patterns in the pattern set S. Being focused on
the individual classes, we define the class sensitivity sey as the relative frequency
of correctly classified patterns within class Cy. The critical sensitivity seqi; is
the minimal value from the class sensitivities as the most stringent criterion for
classifier performance.

3. Kaesler construction for perfect and imperfect learning

The perfect learning technique, introduced first, is based on forming and
solving a system of inequalities. The corresponding Kesler construction [16,20]
is designed as follows: each pattern generates H — 1 inequalities. Therefore, we
form a set

@i:{l,...,H}\{c?}, i=1,....m (6)
and define general Kesler majority conditions
£(xi, wey) = f(xi, wie) > 1 7

for all pairs (i, k) where i € {1,...,m}, k € D; according to (6).
In the case of a linear classifier, we obtain linear inequalities

n

D Werj = wi iy > 1 )
j=0
for all pairs (i, k) wherei € {1,...,m}, k € D;. The bias uncertainty is addressed
by the additive condition
H
> wio=0. 9)
k=1
The introduction of artificial variables &; ; > 0 allows for diminishing the sepa-
ration power fori = 1,...,m, k € O;. The resulting inequality system is

f(xi, Wer) = £(xi, Wie) > 1= &g (10)
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or equivalently
n

Z(Wc;:j —wi)xij > 1= &k (1)
j=0
with the same bias stabilization condition.
For linear multiclass classifiers, both perfect and imperfect learning may
involve additional optimization constraints, such as:
* L weight norm constraint (13) or minimization (14) to enhance classifier
robustness

L; weight norm minimization (16, 17) to reduce classifier complexity

L slack norm minimization (20) or (22, 23) to increase classifier accuracy

Lo weight norm minimization (29, 30) to reduce classifier complexity
* L slack norm minimization (36, 37) to maximize classifier accuracy
e L slack norm minimization (41-43) to maximize classifier sensitivity

all of them specified in linear form to keep them suitable for optimization solvers.
The referenced formulas are explained in Sections 4 and 5.

4. (Im)perfect learning as a linear programming task

Both perfect and imperfect learning of a linear multiclass classifier must be
also specified as linear optimization problems [13,42,45]. Therefore, additional
requirements must be formulated as linear constraints or objective functions of
wy,;j and &; ;. Well-known techniques for realizing the Ly [47] and Lo [38] norms
will also be employed.

4.1. Robustness of the classifier
The robustness to spiky noise [37,54] in X is described by the criterion
Q1= max |wg,l, (12)
k= H

,,,,,

as the L, metric of active weight list.
Constraining the criterion Q1 < w* is straightforward, involving a system of
2Hn fixed boundaries:

-w <wi;<w', k=1,...,H, j=1,...,n. (13)

However, if Q; is the subject of optimization, we must introduce Q1 > 0 as
a new variable, leading to inequalities [38]

_ngwk,]'nga k:L--~aHa j:1,...,l’l, (14)

and minimize the objective function Q.
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4.2. Reduction of classifier complexity

Classifier complexity reduction [7, 30, 36] refers to the minimization of
the number of nonzero weights, a topic to be explored in the next section. Al-
ternatively, we can approximate the classifier simplification task by employing
the L; metric of active weights to produce the criterion

H n
Q2= > lwejl, (15)
k=1 j=1

which can be minimized or constrained. The linear form of Q> is achieved using

new variables #; ; > Ofork =1,...,H and j = 1,...,n. In this case,
H n
Q2= >t (16)
k=1 j=1
where
—Ik,j < Wk,j < Ik,j, k=1,...,H,j=1,...,n. (17)

We then minimize the objective function Q; or set the constraint O, < ¢~
respectively.

Another approximation focuses on reducing occurrences of explanatory vari-
ables. Analogically to (16, 17), we can design adequate criterion Q3 in the linear

form using new variables u; > O for j =1,...,nas
n
Q3= ) uj, (18)
j=1
where
—Uj < Wk, j S Uj, kzl,...,H,jzl,...,n. (19)

*

We then minimize the objective function Q3 or set the constraint O3 < u”*.

4.3. Simple accuracy control

The imperfection of a classifier can be approximately managed by minimizing
or constraining the criterion

m

0i=) > & (20)

i=1 keD;

which represents the linear form of the L [47] metric for non-negative compo-
nents.
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We can also construct the criterion

m
= i ks 21
05 Zl max &4 @1
which penalizes individual patterns. Using variables v; > O fori = 1,...,m,
the linear form is "
0s=> v, (22)
i=1
where
O0<éix<v, i=1,....,m, ke D,. (23)
Penalization can also be applied to individual classes as
C= > v, L=1,.H. (24)
irct=L

5. (Im)perfect learning as mixed binary programming task

Binary variables complicate any linear programming task and can lead to NP-
complexity in classifier learning. However, they enable the precise calculation of
the number of nonzero weights and the number of misclassified patterns. Thus,
the complexity of the classifier and class sensitivities can be exactly optimized.
A basic technique [50] can be illustrated with the elementary task of sign(z)
minimization for z > 0. The optimal solution is z = 0.

Introducing a binary variable b € {0, 1}, we can construct the Mixed Binary
Programming (MBP) task [34]

b = min, (25)
subject to

2> 0, (26)

Z<M-b, (27)

where M > 0 is any upper bound of z.

5.1. Minimization of classifier complexity

An analogue of the Q; criterion in the style of Ly [12] metrics can be de-
signed as

H n
Qs =D ) sign(lwi ). (28)
k=1 j=1
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The linear form of Qg is
H
Q¢ = Z t,t’j, where tZ’j € {0, 1}, (29)

—M-tz’jéwk’ng-tz’j, k=1,...,H, j=1,...,n, (30)

with a sufficiently large M > 0.

Minimizing Qg creates a classifier with the minimum number of active con-
nections, i.e., low complexity. An alternative approach to classifier simplification
focuses on reducing occurrences of explanatory variables. An improvement on
the Qs criterion in the style of Lg is

n

07 = ;kaastign<|wk,jl>. (31)
The linear form of Q7 is
Q7= ) ui, ujef{o1}, (32)
=
-M u}'gwkng-u;, k=1,...,H, j=1,...,n (33)

5.2. Exact accuracy control

The accuracy [48] of classification, defined as
I 1= L 3 maxsign(zi) (34)
acc=1—-err=1-— max sign(&; ),
m par keD; & ok

is the relative number of correctly classified patterns. Thus, maximizing accuracy
is equivalent to minimizing the classification error (err), i.e., minimizing criterion

Qs = Z; max sign(£;). (35)
The linear form of Qg is
Os= ) di, dief0,1} (36)
i=1

0<é&éir<Md, i=1,....m, keD,. (37)

s
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The criterion Qg precisely represents the number of misclassified patterns.
Utilizing the same artificial variables, we can count misclassifications within
individual classes as

St = d, L=1,...,H. (38)
i:c;=L
5.3. Sensitivity-based classifier

Maximizing accuracy does not necessarily focus on learning errors within
individual pattern classes, which can lead to error disproportions, a major ar-

gument against accuracy maximization. For a system of H classes Cy,...,Cy
consisting of my,...,mpy patterns and with Sy, ..., Sy learning errors, class
sensitivities [24] are defined as
SL
sep =1-—¢€[0,1], L=1,...,H. 39)
mr,

Maximizing sey is equivalent to minimizing Sy /m, and a constraint se; > se*L
isequivalentto Sz /m; < 1-se] forany desired class sensitivity se; . Maximizing
critical sensitivity [23]

Secrit = min_sey (40)

[ERRE]

can lead to uniformity of learning errors across the classes. Equivalently, we
minimize 1 — se;, leading to the criterion

S
Qo= max (—L) (41)
L=1,...H\myp,
and the corresponding optimization task is

Q9 = min, (42)

St
~—~<Qy, L=1,..., H. (43)

mp

Alternatively, we can also constrain the critical sensitivity seci; > se
conditions S; /m; <1 — seirit for all classes.

by

k)
crit

6. Experimental part

The time complexity of LP and MBP tasks is a critical factor influencing
the practical applicability of the proposed approach. We selected five optimization
tasks for implementation and testing. Their relationships to metrics, objective
functions, and constraints are summarized in Table 1. The tasks were implemented
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in MATLAB R2021a[32], using the Optimization Toolbox and the GUROBI9.5.2
solver [6], running on a Cisco UCS C220 M5 server with two Intel Xeon Gold
6154 processors, 384 GB RAM, and a virtualized Windows 10 64-bit operating
system. For GUROBI solver, time limit of 500 s was specified to each solved task.

Table 1: Suggested multiclass classifier learning tasks

. . mini- .
task | learning metric method mize constraints

T1 |perfect Lo LP 01

T2 | perfect L, LP 0>, Qr<w*

T3 |perfect Lo MBP | Q¢ OQO;<w*

T4 |imperfect L, MBP | O, Q;<w" Qg

(I —acc®)ym, S <(1-se;,)mp, VL
TS |imperfect Ly MBP | Q¢ Q1 <w* Qg<(

<
<(1—acc*)m, S < (1 —se’ . ymp, VL

*
crit

The revised simplex method [14] is strongly preferred for LP tasks due to
its generation of vertex solutions when the LP task has degenerate solutions. In
contrast, the CPU time consumption in MBP tasks heavily depends on optimiza-
tion heuristics and their settings. Therefore, tasks T3-T5 can also be used for
benchmarking of various optimization solvers.

In all cases, the accuracy of resulting classifiers was estimated using leave-
one-out method cross-validation [55]. For other properties, Lo, Lo, L, and
seqrir results in tables are reported as additional information and were com-
puted for classifier retrained on the whole dataset. For other implemented meth-
ods tested on the datasets, Lasso Regression and Ridge Regression for classi-
fication task using the one-vs-all scheme were implemented in MATLAB us-
ing functions from Statistics and Machine Learning Toolbox. The results were
then confirmed by implementation in R for Windows (ver. 4.3.1, [35]) using
packages caret (ver. 6.0.94) and glmnet (ver. 4.1.8, [44]). Accuracy was deter-
mined using the “best” rule for A € {0.0001,0.0002,...,0.001,0.002,...,0.01,
0.02,...,10}. The other two reference methods were k-nearest neighbor clas-
sifier with parameter k € {2,3,...,10} and Logistic Regression with set of
11 logarithmically-spaced regularization strengths A from 107 through 1079,
These methods for classification task using the one-vs-all scheme were im-
plemented in MATLAB using functions from Statistics and Machine Learn-
ing Toolbox. The last reference method was linear SVM with parameter
C €{1,10, 100, 1000, o}, implemented in R for Windows using package kernlab
(ver. 0.9.33), and the results confirmed through the implementation in MATLAB
with Statistics and Machine Learning Toolbox.
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6.1. Iris Flower classification

The well-known UCI Iris Flower dataset [9, 15] consists of 150 four-
dimensional patterns of three classes. Direct application of perfect learning is
impossible because the second and third classes are not linearly separable. In
this case, a quadratic transformation was employed to obtain extended patterns of
length 14, consisting of all x;, x?,x Xk for j < k. The resulting linear multiclass
classifier has 42 active weights of 14 features and three biases.

The robustness to spiky noise can be ensured by Lo, minimization (task T1)
or by constraining the Lo, metric in tasks T2 and T3. The goal was to obtain
a sparse multiclass classifier with the best possible accuracy and/or critical sen-
sitivity. In the first experiment, w* = 10% was used as an upper estimate for L,
instead of w* — +oo for the unlimited optimization. The results of tasks T1-T3
are summarized in Table 2. In the case of L., minimization (T1), robustness is
guaranteed, but the number of active weights is maximized with no classifier
complexity reduction. Conversely, Ly minimization (T3) leaves only four active
weights, demonstrating significant classifier simplification and the least robust-
ness. The resulting linear multiclass classifier is based solely on four nonlinear
features: x%, x%, xﬁ, x3x4. This case also showed the best cross-validation values for
accuracy and critical sensitivity. L; minimization (T2) simplified the multiclass
classifier to nine active weights.

Table 2: Perfect learning of Iris Flower multiclass classifier with unlimited weights

task acc Secrit Lo L; Lo
T1 0.9200 0.8800 24.8531 920.6110 42
T2 0.9200 0.8600 87.9723 243.1309 10
T3 0.9600 0.9400 1000000 1773069.13 4

The second experiment was focused on L; minimization (T2) under various
values of the robustness constraint w*. A compromise between robustness (w* =
25) and weight number reduction (w* = 10°) was observed, as shown in Table 3.
The best accuracy and critical sensitivity were achieved for w* = 100.

The third experiment was focused on Ly minimization (T3) under various
values of w*. A similar compromise behavior pattern was observed, as indicated
in Table 4, although the best accuracy and critical sensitivity were achieved in
several cases.

Imperfect learning techniques are not necessary for linearly separable pat-
terns but can yield better multiclass classifier performance. Using a fixed robust-
ness constraint w* = 50, the role of the minimum required critical sensitivity
se; .. € [0.95,1.00] in tasks T4 and TS5 was studied. The results of L; and Lo
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Table 3: Perfect learning of Iris Flower multiclass classifier by L; minimization

w* acc Secrit L Lo
25 0.9267 0.9000 917.4791 42
30 0.9267 0.9000 334.8309 17
40 0.9333 0.9000 247.2860 12
50 0.9333 0.9000 243.1309 11
60 0.9333 0.9000 243.1309 10
70 0.9267 0.8800 243.1309 10
80 0.9267 0.8800 243.1309 10
90 0.9267 0.8800 243.1309 9
100 0.9400 0.9000 243.1309 9
1500 0.9333 0.8800 243.1309 9
10° 0.9333 0.8800 243.1309 9

Table 4: Perfect learning of Iris Flower multiclass classifier by Ly minimization

w* acc S€crit L, Lo
25 0.9267 0.9000 917.4791 42
30 0.9333 0.9000 360.7763 16
40 0.9133 0.8800 264.4520 11
50 0.9600 0.9400 323.4474 9
60 0.9467 0.9200 276.9528 8
70 0.9600 0.9400 273.9668 7
80 0.9267 0.9000 318.6562 7
90 0.9333 0.8800 294.1427 7
100 0.9533 0.9200 331.2908 7
150 0.9333 0.9000 406.8887 5
1000 0.9533 0.9200 1653.847 5
1500 0.9600 0.9400 1823.415 4
10° 0.9600 0.9400 1773069.13 4

minimizations are summarized in Tables 5 and 6. The best cross-validated critical
sensitivity seqri; = 0.98 was obtained by L| minimization for se:rit = 0.98. How-
ever, the simplest possible multiclass classifier with only two active weights was
obtained by Ly minimization for se’ . = 0.96. This linear multiclass classifier is
based only on two nonlinear features: xx4, x3x4 and ignores the variable x, with
a critical sensitivity of seqj = 0.94.

For reference methods, the comparison of results is given in Table 7. The best
results with accuracy acc = 0.9867 and critical sensitivity seci; = 0.98 were
obtained by L; minimization and imperfect learning.
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Table 5: Imperfect learning of Iris Flower multiclass classifier by L; minimization for w* = 50

sezrit acc Secrit L Lo
1.00 0.9333 0.9000 243.1309 11
0.99 0.9267 0.8800 243.1309 11
0.98 0.9867 0.9800 6.9650 8
0.97 0.9667 0.9400 6.9643 7
0.96 0.9667 0.9200 2.6859 6
0.95 0.9600 0.9200 2.6822 7

Table 6: Imperfect learning of Iris Flower multiclass classifier by Ly minimization for w* = 50

se acc Secrit L, Lo
1.00 0.9600 0.9400 323.4474 9
0.99 0.9333 0.9000 306.9399 9
0.98 0.9667 0.9600 122.2356 3
0.97 0.9333 0.9000 122.2356 3
0.96 0.9600 0.9400 71.7573 2
0.95 0.9400 0.9000 87.8788 2

Table 7: Comparison of results for Iris Flower multiclass classifier

task acc S€crit seq sen se3
Lo 0.9267 0.9000 0.9800 0.9000 0.9000
L, 0.9867 0.9800 1.0000 0.9800 0.9800
Lo 0.9667 0.9600 0.9800 0.9600 0.9600
Ridge 0.9600 0.9423 1.0000 0.9423 0.9792
Lasso 0.9800 0.9423 1.0000 0.9423 0.9791
kNN 0.9667 0.9400 1.0000 0.9400 0.9600
SVM 0.9800 0.9423 1.0000 0.9423 0.9791
Logistic regression 0.9800 0.9600 1.0000 0.9600 0.9800

6.2. Wine classification

The UCI Wine [2,3] dataset classifies wines based on chemical compositions.
These data are the results of a chemical analysis of wines grown in the same
region in Italy but derived from three different cultivars. The analysis determined
the quantities of 13 constituents found in each of the three types of wines (e.g.
alcohol, color intensity, hue, and flavonoids), which were centered and scaled
prior to other analysis. The dataset includes 178 samples of wines with 59, 71,
and 48 samples per class and the data were centered and scaled. While the dataset
is linearly separable, all the experiments focused on perfect learning strategy.

First, the influence of the w* value on accuracy (acc) and critical sensitivity
(secrit) in tasks T1, T2, and T3, focusing on perfect learning, was studied. A value
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of w* = 10 was used as an upper bound for L, instead of w* — +co. The results
of tasks T1, T2, and T3 are summarized in Table 8, along with leave-one-out
accuracy and critical sensitivity.

The second experiment investigated the influence of the w* value on mini-
mization. The values of w* were chosen as small multiples £ of the L, value.
Multiple values of £ € {1,1.1,1.2,...,2.9,3,4,5,6,7,8,9, 10} were tested and
the best £ that achieved the highest accuracy was selected. Outstanding results
were obtained already for w* = 1.1 - L, with an accuracy of 0.9719 and a critical
sensitivity of 0.9577 achieved (see Table 9).

Table 8: Perfect learning of Wine multiclass classifier with unlimited weights

task acc Secrit Lo L, Lo
Tl 0.9607 0.9437 0.5369 16.1609 39
T2 0.9551 0.9296 1.6379 9.2568 17
T3 0.9494 0.9155 1000000 3466003.94 5

Table 9: The influence of w* by L; minimization in the Wine dataset

l w* =0 Lo acc S€crit Lo L Lo

0.5369 0.9719 0.9577 0.5370 13.3757 34

1.1 0.5906 0.9719 0.9577 0.5906 11.5679 29
1.2 0.6443 0.9719 0.9437 0.6443 10.6952 26
1.3 0.6980 0.9663 0.9437 0.6980 10.1602 21
14 0.7517 0.9607 0.9437 0.7517 9.9618 21
1.5 0.8054 0.9607 0.9437 0.8054 9.7765 21
1.6 0.8591 0.9663 0.9437 0.8591 9.6182 21
1.7 0.9128 0.9607 0.9375 0.9128 9.5190 21
1.8 0.9665 0.9607 0.9375 0.9665 9.4732 20
1.9 1.0202 0.9551 0.9375 1.0202 9.4522 20
2 1.0739 0.9551 0.9375 1.0739 9.4316 19

2.1 1.1276 0.9551 0.9375 1.1276 9.4118 19
2.2 1.1813 0.9494 0.9296 1.1813 9.3921 19
2.3 1.2350 0.9551 0.9296 1.2350 9.3723 19
2.4 1.2887 0.9551 0.9296 1.2887 9.3532 19
2.5 1.3424 0.9551 0.9296 1.3424 9.3350 19
2.6 1.3961 0.9551 0.9296 1.3961 9.3168 19
2.7 1.4498 0.9551 0.9296 1.4498 9.3005 19
2.8 1.5035 0.9551 0.9296 1.5035 9.2847 19
2.9 1.5572 0.9551 0.9296 1.5572 9.2695 18
3 1.6108 0.9551 0.9296 1.6108 9.2588 18

4 2.1478 0.9551 0.9296 1.6379 9.2568 17

10 5.3695 0.9551 0.9296 1.6379 9.2568 17
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In the final experiment, the influence of w* on Ly minimization was studied.
The value of w* was set in the same way as in the previous case. The results are
summarized in Table 10. The best accuracy (0.9888) with a critical sensitivity of
0.9718 was achieved for only 10 active weights. For the first cultivar, important
values of alkalinity of ash, flavonoids, and proline were identified. For the second
cultivar, alcohol, ash, nonflavonoid phenols, and hue were found to be impor-
tant. For the third cultivar, important values of flavonoids, color intensity, and
0OD280/0OD315 of diluted wines were determined to be important.

Table 10: The influence of w* by Ly minimization in the Wine dataset

l w* =0 Le acc Secrit Lo L Lo

0.5369 0.9775 0.9583 0.5370 13.3757 34

1.1 0.5906 0.9607 0.9437 0.5906 12.1338 25
1.2 0.6443 0.9663 0.9296 0.6443 12.0022 22
1.3 0.6980 0.9663 0.9437 0.6980 11.4720 20
1.4 0.7517 0.9831 0.9718 0.7517 11.0389 17
1.5 0.8054 0.9719 0.9577 0.8054 11.7200 16
1.6 0.8591 0.9775 0.9583 0.8591 10.8465 15
1.7 0.9128 0.9775 0.9583 0.9128 11.3090 14
1.8 0.9665 0.9719 0.9375 0.9665 11.8004 14
1.9 1.0202 0.9719 0.9577 1.0202 11.4365 13
2 1.0739 0.9551 0.9375 1.0739 12.2657 13

2.1 1.1276 0.9494 0.9167 1.1276 12.6212 13
2.2 1.1813 0.9551 0.9437 1.1813 12.3159 12
2.3 1.2350 0.9719 0.9661 1.2350 11.8711 12
2.4 1.2887 0.9831 0.9718 1.2887 11.1482 11
2.5 1.3424 0.9607 0.9577 1.3424 12.8001 11
2.6 1.3961 0.9663 0.9437 1.3961 12.8404 11
2.7 1.4498 0.9831 0.9718 1.4498 11.8183 10
2.8 1.5035 0.9888 0.9718 1.5035 12.8682 10
2.9 1.5572 0.9663 0.9577 1.5572 13.3285 10
3 1.6108 0.9719 0.9661 1.6108 14.0299 10

4 2.1478 0.9607 0.9577 2.1478 15.5642 9

5 2.6847 0.9719 0.9577 2.6847 20.4239 8

6 3.2217 0.9719 0.9577 3.2217 20.8891 8

7 3.7586 0.9663 0.9492 3.7586 19.3737 8

8 4.2956 0.9494 0.9296 4.2956 22.1794 7

9 4.8325 0.9438 0.9153 4.8325 23.9084 7

10 5.3695 0.9382 0.9155 5.3695 23.9816 7
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The comparison of all results for the Wine multiclass classifier is given in
Table 11. The best results with accuracy acc = 0.9888 and critical sensitivity
secrit = 0.9718 were obtained by Ly minimization, by Ridge regression, and also
by Logistic regression.

Table 11: Comparison of results for Wine multiclass classifier

task acc Secrit seq sep se3s
Lo 0.9607 0.9437 0.9831 0.9437 0.9583
L; 0.9719 0.9577 0.9831 0.9577 0.9792
Lo 0.9888 0.9718 1.0000 0.9718 1.0000
Ridge 0.9888 0.9718 1.0000 0.9718 1.0000
Lasso 0.9775 0.9795 0.9833 1.0000 0.9795
kNN 0.9719 0.9296 1.0000 0.9296 1.0000
SVM 0.9550 0.9796 0.9833 1.0000 0.9796
Logistic regression 0.9888 0.9718 1.0000 0.9718 1.0000

6.3. Seeds classification

The UCI Seeds [10,11] dataset originated from the properties of three different
varieties of wheat such as Kama, Rosa, and Canadian. Each category of wheat
has 70 elements which were randomly selected for the experiment. The dataset
contains the properties of the images which were recorded on X-ray KODAK
plates. Seven features are described as area, perimeter, compactness, length and
width of kernel, asymmetry coefficient, and length of kernel groove. Because of
the linear non-separability of patterns with the use of the original seven features,
after centering and scaling a quadratic transformation was employed to obtain
extended patterns of length 35, consisting of all x j,xﬁ,x Xy for j < k. First,
the influence of the w* value on accuracy (acc) and critical sensitivity (secrit)
in tasks T1, T2, and T3, focusing on perfect learning, was studied. A value of
w* = 10° was used as an upper bound for L., instead of w* — +co. The results
of tasks T1, T2, and T3 are summarized in Table 12.

The second experiment investigated the influence of the w* value on minimiza-
tion. The values of w* were chosen as small multiples of the L., value. Multiple

Table 12: Perfect learning of Seeds multiclass classifier with unlimited weights

task acc Se€crit Lo L, Lo
T1 0.9524 0.9286 1.4364 128.2417 105
T2 0.9524 0.9286 8.5926 48.9160 28
T3 0.9524 0.9429 1000000 2708786.28 6
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values of £ € {1,1.1,1.2,...,2.9,3,4,5,6,7,8,9, 10} were tested. The results
for various numbers of components are shown in Table 13. Outstanding results
were obtained for w* = 1.7 - Lo, where an accuracy of 0.9810 and a critical
sensitivity of 0.9571 were achieved.

Table 13: The influence of w* by L; minimization in the Seeds dataset

¢ w'=¢ Le acc S€crit Lo L, Lo
1.4364 0.9571 0.9286 1.4364 124.0297 100

1.1 1.5801 0.9619 0.9286 1.5801 78.3972 63
1.2 1.7237 0.9429 0.8857 1.7237 71.2188 54
1.3 1.8674 0.9571 0.9143 1.8674 65.8275 49
14 2.0110 0.9619 0.9286 2.0110 62.1566 46
1.5 2.1546 0.9571 0.9143 2.1546 59.3862 43
1.6 2.2983 0.9714 0.9286 2.2983 56.9387 42
1.7 2.4419 0.9810 0.9571 2.4419 54.7155 41
1.8 2.5856 0.9714 0.9429 2.5856 53.1868 38
1.9 2.7292 0.9619 0.9286 2.7292 52.3158 36
2 2.8729 0.9619 0.9286 2.8729 51.8568 32
2.1 3.0165 0.9571 0.9143 3.0165 51.5089 32
2.2 3.1602 0.9571 0.9143 3.1602 51.1700 33
2.3 3.3038 0.9524 0.9143 3.3038 50.8488 31
2.4 3.4474 0.9524 0.9143 3.4474 50.5660 32
2.5 3.5911 0.9524 0.9143 3.5911 50.3212 32
2.6 3.7347 0.9524 0.9143 3.7347 50.0870 32
2.7 3.8784 0.9524 0.9143 3.8784 49.8740 31
2.8 4.0220 0.9619 0.9286 4.0220 49.7147 30
2.9 4.1657 0.9619 0.9286 4.1657 49.5821 30
3 4.3093 0.9571 0.9143 4.3093 494712 30
4 5.7457 0.9429 0.9000 5.7457 49.0846 30
5 7.1822 0.9381 0.9143 7.1822 48.9772 29
6 8.6186 0.9524 0.9286 8.5926 48.9160 28
10 14.3643 0.9524 0.9286 8.5926 48.9160 28

In the final experiment, the influence of w* on Ly minimization was studied.
The value of w* was set in the same way as in the previous case. The results are
summarized in Table 14. The best accuracy (0.9762) with a critical sensitivity of
0.9571 was achieved for only 19 active weights.

The comparison of all results for the Seeds multiclass classifier is given in
Table 15. The best results with accuracy acc = 0.9810 and critical sensitivity
secrit = 0.9571 were obtained by L; minimization.
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Table 14: The influence of w* by Ly minimization in the Seeds dataset

£ w"={-Le acc Secrit Lo L, Lo
1 1.4364 0.9619 0.9286 1.4364 124.0297 100
1.1 1.5801 0.9714 0.9429 1.5801 81.9812 56
1.2 1.7237 0.9524 0.9143 1.7237 73.9773 47
1.3 1.8674 0.9429 0.8857 1.8674 71.2270 41
1.4 2.0110 0.9571 0.9143 2.0110 65.9422 37
1.5 2.1546 0.9619 0.9286 2.1546 63.4570 34
1.6 2.2983 0.9667 0.9429 2.2983 65.8132 32
1.7 2.4419 0.9524 0.9000 2.4419 63.5372 29
1.8 2.5856 0.9571 0.9143 2.5856 63.6289 27
1.9 2.7292 0.9524 0.9286 2.7292 55.7340 26
2 2.8729 0.9762 0.9429 2.8729 58.1767 24
2.1 3.0165 0.9714 0.9571 3.0165 56.1830 22
2.2 3.1602 0.9619 0.9429 3.1602 61.0581 21
2.3 3.3038 0.9667 0.9286 3.3038 59.7557 21
24 3.4474 0.9667 0.9429 3.4474 62.4732 19
2.5 3.5911 0.9762 0.9571 3.5911 58.0470 19
2.6 3.7347 0.9667 0.9286 3.7347 61.0221 18
2.7 3.8784 0.9762 0.9429 3.8784 62.5230 18
2.8 4.0220 0.9762 0.9429 4.0220 63.0583 17
29 4.1657 0.9571 0.9286 4.1657 61.8498 17
3 4.3093 0.9619 0.9000 4.3093 64.2894 17
4 5.7457 0.9524 0.9000 5.7457 64.8710 14
5 7.1822 0.9524 0.9143 7.1822 61.2110 13
6 8.6186 0.9571 0.9000 8.6186 67.6689 11
7 10.0550 0.9714 0.9429 10.0550 68.9269 10
8 11.4915 0.9714 0.9571 11.4915 76.3873 9
9 12.9279 0.9524 0.9286 12.9279 88.5678 9
10 14.3643 0.9476 0.9000 14.3643 78.5011 9
Table 15: Comparison of results for Seeds multiclass classifier
task acc S€crit seq sen ses
Lo 0.9524 0.9286 0.9286 0.9714 0.9571
L, 0.9810 0.9571 0.9571 1.0000 0.9857
Lo 0.9762 0.9571 0.9571 1.0000 0.9714
Ridge 0.9238 0.9571 0.9571 0.9859 0.9853
Lasso 0.9619 0.9571 0.9571 0.9859 0.9853
kNN 0.9381 0.8857 0.8857 0.9571 0.9714
SVM 0.9667 0.9571 0.9571 0.9859 0.9853
Logistic regression 0.9762 0.9571 0.9571 1.0000 0.9714
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7. Ablation studies

When quantifying the individual effects of the techniques, previous results
indicate that both the L; and Ly norms provide effective regularization, with no
clear advantage of one over the other. However, when using the Ly norm, one
must solve at least MBP tasks, which are generally NP-hard, whereas the L
norm leads to LP tasks that have polynomial-time complexity. However, when
imperfect learning is introduced, the resulting tasks also become MBP regardless
of the norm used.

The impact of w* is evident from several experiments focused on minimizing
the L; or Ly norms for various w* values. To quantify the influence of Kesler
construction on final accuracy or class sensitivity, an independent multiclass
classifier employing either L; or L regularization — with an added fixed weight
constraint and a one-vs-all scheme — is required. When implemented in MAT-
LAB or R for the L; norm, this corresponds to a Lasso-constrained regression.
The results on the tested datasets are presented in Table 16, with the w* values
chosen as shown in Table 3 for the Iris dataset, Table 9 for the Wine dataset, and
Table 13 for the Seeds dataset.

Table 16: Ablation studies for weight constraint w* and the Kesler construction using Lasso

task Iris Flower Wine Seeds
acc Secrit acc Secrit acc Secrit
Lasso 0.9800 0.9423 | 09775 0.9795 | 0.9619 0.9571
Lasso-constrained 0.9800 0.9423 | 09943 0.9795 | 0.9667 0.9571
Lasso-constrained & Kesler || 0.9400 0.9000 | 0.9719 0.9577 | 0.9810 0.9571

For the Iris Flower dataset with quadratic transformation, the best accuracy
(acc = 0.9800) and critical sensitivity (secri; = 0.9423) were achieved by both
the original Lasso regression and the Lasso-constrained version, indicating that
the weight constraint alone did not improve performance. In contrast, when
the Kesler construction was applied with the L; norm and imperfect learning,
the final accuracy improved (acc = 0.9867, seqit = 0.9800). However, compar-
ing the Lasso-constrained regression with the one-vs-all scheme to the classifier
employing only the Kesler construction (i.e., using the L.; norm with perfect learn-
ing, which yielded acc = 0.9400 and se.i; = 0.9000) indicates that the Kesler
construction alone degrades performance.

For the Wine dataset without quadratic transformation, the Lasso-constrained
regression achieved exceptionally high accuracy (acc = 0.9943), confirming
the significant impact of w*. In this case, adding the Kesler construction only
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worsened the results. When more features are available for the Kesler construc-
tion, the target class index can be constructed more accurately; consequently, if
a quadratic transformation is also applied to this dataset, the accuracy of the classi-
fier with the Kesler construction improves slightly (acc = 0.9775). However, this
combined approach still does not match the performance of the Lasso-constrained
regression alone.

For the Seeds dataset with quadratic transformation, the classifier employing
the Kesler construction outperformed the classifier without it in terms of accuracy
(acc = 0.9810 versus acc = 0.9667), as well as outperforming the classifier
that used neither the Kesler construction nor an individual weight constraint. In
summary, the overall effect of Kesler construction varies depending on the dataset
and the specific setup.

8. Discussion

Error penalization and weight regularization are fundamental tools in classifier
training. We present a guide for constructing a linear classifier by transforming
it into a LP or MBP task, which can then be solved using any LP or MBP
optimization solver. This approach enables us to combine advanced regularization
techniques — such as L; or Lo minimization — with an additional maximum weight
constraint to enhance robustness, and, if needed, to incorporate a class sensitivity
constraint (imperfect learning).

We compared two linear optimization approaches: one based on L norm pe-
nalization and regularization, which yields MBP tasks with NP-hard complexity,
and one based on L; norm penalization and regularization, which results in LP
tasks that can be solved in polynomial time.

The Iris Flower classification task allowed us to compare L and Ly minimiza-
tion strategies, weight reduction and feature selection, as well as the effect of addi-
tional class sensitivity constraints (i.e., perfect vs. imperfect learning). The highest
critical sensitivity (0.9800) and accuracy (0.9867) were achieved using L; min-
imization for imperfect learning, with a target sensitivity of se; . = 0.98 and
a weight constraint of w* = 50. In contrast, perfect learning (i.e., without class
sensitivity restrictions) yielded inferior results. The accuracy values obtained are
generally comparable to published results for the Iris Flower dataset [15].

For the Wine dataset, which is linearly separable, we compared L, L{, and
Lo minimization under various perfect learning strategies. The highest accuracy
(acc = 0.9888) with a critical sensitivity of se.j; = 0.9718 was achieved using
Lo minimization with a weight constraint of w* = 1.5035, as well as with Ridge
regression and Logistic regression.
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For the Seeds dataset, the highest accuracy (0.9810) and critical sensitivity
(secrit = 0.9571) were achieved using L; minimization with a weight constraint
of w* =2.4419, which results in a simple LP task.

Less complex learning techniques that employ a weakly motivated L.; norm
exhibit behavior similar to that of the more exact Ly norm. This observation, sup-
ported by our examples, suggests that computing time during weight optimization
can be reduced since only LP tasks need to be solved.

The value of w* is also crucial for efficient classifier simplification and for
maximizing the desired performance measure (e.g., accuracy). Based on results
from several datasets, the final L., value obtained from the L.-based classifier —
and its low multiples — provides good estimates for a reasonable interval of w*
values. However, minimizing Lo, alone is not particularly effective in terms of
accuracy and sensitivity.

In this paper, we presented various optimization approaches for construct-
ing linear multiclass classifiers. These approaches were summarized, unified,
modified, and reformulated as LP or MBP tasks. After implementing the pro-
posed tasks using MATLAB’s Optimization Toolbox and the GUROBI solver,
we conducted a numerical study on several multiclass classification problems.
We found that acceptable critical sensitivity and accuracy can be achieved by
minimizing the L criterion under a weight constraint (w* < +oc0), which leads
to an LP task in the case of perfect learning. The resulting classifier is robust
and utilizes a reduced number of weights, positively influencing its general-
ization ability. Moreover, this optimization process has only polynomial time
complexity. In contrast, minimizing the Ly norm or employing imperfect learn-
ing with a desired critical sensitivity results in MBP tasks, which, while po-
tentially improving accuracy and sensitivity, are generally NP-hard and more
time-consuming.

9. Conclusions

We have demonstrated that specifying a classifier using a system of inequal-
ities — which incorporates both the Kesler construction and an effective classifier
complexity reduction technique (such as minimizing the Ly or L; norm with
a maximum weight constraint) — is a viable alternative to current methods for
creating classifiers. This system of inequalities can be solved independently us-
ing any external LP or MBP optimization solver and can achieve accuracies
and class sensitivities comparable to widely used methods. Furthermore, when
the L; norm is employed, the resulting task remains within polynomial-time
complexity.
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