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Abstract
The temperature distribution field in a cylindrical channel of finite length, which was filled with moving
biomass due to the rotation of an induction-heated helix, was analyzed. The outer and inner surfaces
of the channel were assumed to be thermally insulated and to meet third-kind boundary conditions on
temperature at the entrance and exit of the reactor. To solve the thermal conductivity problem, the
desired function was decomposed into a Fourier–Bessel series with respect to the angular and radial
variables. Then, an integral Laplace transformation was applied with respect to time. The exact solution
was replaced by an approximate solution for practical numerical reasons. A detailed numerical analysis of
the temperature field was performed. The analysis showed that the duration of the transition process was
inversely proportional to the square of the biomass movement velocity and that temperature oscillation
amplitudes in the quasi-stationary regime were weak. However, these oscillations are clearly manifested
under space-time resonance conditions, especially when the velocities of helix rotation and rectilinear
movement of the biomass are correspondingly selected. It was also determined that a local temperature
increase occurs at low velocities of mass movement.

Keywords
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1. INTRODUCTION

Recently, considerable progress has been made in improving
the technological processes of pyrolysis for processing various
types of waste and biomass. The results of research in this
field of science and technology have been widely covered
in numerous analytical reviews of global literature, primarily
published between 2010 and 2020 (Biney and Gusiatin, 2024;
Bridgwater and Bridge, 1991; Campuzano et al., 2019; Garcia-
Nunez et al., 2017; Igliński et al., 2023; Lewandowski et al.,
2019; Ore and Adebiyi, 2021; Piersa et al., 2022; Vikram
et al., 2021; Winchell et al., 2022; Wu et al., 2019; Zerin
et al. 2023). These reviews highlight the significant role of
screw reactors in pyrolysis technologies and present the history
of their creation and use for the thermal transformation of
biomaterials in articles (Brown and Brown, 2012; Garcia-
Nunez et al., 2017). Papers (Brassard et al., 2017; Raza
et al., 2021) describe the use of screw pyrolysis reactors to
create biochar and biooil. Publications (Greco et al., 2019;
Perera et al., 2021) demonstrate that optimising the pyrolysis
process for specific biomass materials to produce biochar with
the desired properties for a given application is one of the
main challenges today. At the same time, the formation of
a temperature field in the reactor is identified as crucial for
creating the conditions for the pyrolysis reaction.

In this regard, modeling and simulating the distribution of
temperature and the movement of biomass in the reactor is

of primary importance. In works (Ding et al, 2020; Jalalifar et
al,. 2020; Luz et al., 2017; Luz et al. 2018; Morgano, 2019;
Nachenius et al., 2015a; Rego, 2021; Sanchís et al., 2022; Shi
et al. 2019), the temperature field in the reactor was simulated
using computational hydrodynamics, the discrete element
method and commercial mathematical support. Additionally,
temperature measurements were taken experimentally. The
temperature profiles were studied in particular, and it was
shown that the temperature increased along the axis of the
reactor from the entrance to the exit, i.e. in the direction of
the general movement of biomass. The vast majority of auger
reactors are heated using electric heat sources located on the
lateral side of the reactor (Chojnacki et al. 2024; Fryda and
Visser, 2015; Ganesapillai et al., 2023; Hasan et al., 2024;
Lewandowski et al., 2019; Makkawi et al., 2022; Maximino,
2013; Obrycki et al., 2017; Proãno, 2024; Verclyte, 2013).
However, pyrolysis systems have recently been developed in
which the heat source is a heated screw due to the Joule–
Lenz thermoelectric effect (Ledakowicz et al., 2019; Lepez
and Sajet, 2009; Moser et al., 2023; Obrycki et al., 2017;
Partridge et al., 2023; Pilát and Patsch, 2022; Spirajoule®,
2025). Clearly, the type of pyrolysis screw plays an important
role. It should be noted that the work (Brown, 2009) drew
attention to the lack of sufficient information regarding the
effect of screw surface geometry on pyrolysis efficiency. Since
biomass and waste are typically abrasive, sticky and poorly
flowing, a standard screw shape is generally used to prevent
clogging during pyrolysis.
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Recently, to reduce the weight of the reactor, shaftless screws
have been used (Ubiera Ruiz, 2021; Wang et al., 2015), which
have screws in the form of two layers of spiral tubes filled with
hot flue gas (Zhao et al., 2020; 2024). In the latter case, the
effect of rotation velocity, screw pitch and spiral tube cross-
section shape on pyrolysis characteristics, reactor aggregate
flow and heat and mass transfer was investigated. The work
(Proãno, 2024) and the patent (Obrycki et al., 2017) consider
cases in which the screw is a narrow helix and the reactor
contains an inner shaft. When modeling, it is important to
calculate the unsteady temperature field in three dimensions
(3D) in the reactor, especially when the heat source is a helix
that is inductively heated by the Joule effect. Such systems
have engineering applications, as discussed above. In article
(Ledakowicz and Piddubniak, 2022), the authors proposed
a model of the temperature field in a finite-length reactor
containing a wide, electrically heated screw with a shaft.
Below, we present the solution to the problem of a narrow helix
screw that is heated by the Joule–Lenz effect and contains
an inner shaft. As in the previous problem, a mathematical
solution must be found for the heat conduction equation.
This solution must take into account the velocity of biomass
movement and be based on an algorithm for the numerical
analysis of the spatio-temporal temperature distribution in
the system depending on its parameters.

2. STATEMENT OF THE PROBLEM

Let us consider a circular (R1 > R2), length L, in which
biomass (pseudo-liquefied mixture) with density ȷ, heat ca-
pacity cp and thermal conductivity coefficient – moves in the
axial direction Oz with a constant velocity v0. The source of
mass movement is a helix, the radius of which is equal to R0.
The helix rotates with an angular velocity ! around the axis
of symmetry of the system (Fig. 1; here, the upper picture
is a fragment of the reactor (Shutterstock, 2024), and the
lower figures are axial and radial sections of the system). It is
assumed that the helix is attached to the shafts outside the
concentric reactor, or it is attached to the rotating internal
shaft by heat-insulated thin spikes, the influence of which on
the temperature field is neglected in the first approximation.
The helix is a source of heat because it is inductively heated
due to the Joule–Lenz thermoelectric effect with a constant
current I. We also assume that the surfaces of the channel are
thermally insulated, and the temperature boundary conditions
of the 3rd kind are fulfilled at the inlet and outlet of the
reactor. At the initial moment of time, the temperature of
the mixture in the channel is T0. It is necessary to calculate
the temperature field at the following moments of time at an
arbitrary point of the reactor, taking into account the given
thermophysical, kinematic and geometric parameters of the
system. For this, it is necessary to solve the inhomogeneous
equation of thermal conductivity taking into account the axial
velocity of the biomass medium (Carslaw and Jaeger, 1959).

Figure 1. The scheme of a helix in a auger reactor with a rotating
shaft.
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and also under temperature boundary conditions of the third
kind (heat exchange according to Newton’s law) (Carslaw
and Jaeger, 1959) at the entrance
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and exit of the channel
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= h (Tout − T |z=L) (6)

In these relations, r; „; z are cylindrical coordinates with the
origin point in the center of the cross section of the channel
at the entrance, fi is time, h is the heat transfer coefficient;
T0; Tin; Tout are the constant temperatures.

As in our previous work (Piddubniak and Ledakowicz, 2022),
the body of the helix periodically rotating around the axis
of the channel is replaced by continuously distributed point
sources of heat, so that the intensity function q(r; „; z; fi) can
be written in the form:
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where ‹(x) is the Dirac function, q0 = ȷ0(jR1)
2, ȷ0 is the

specific electric resistance of the conductor, j = I=S is the
electric current density, I is the current strength, S is the
cross-sectional area of the helix, " = R0=R1, ’0 is the angle
of rise of the helix.

3. METHODOLOGY FOR OBTAINING
AN ANALYTICAL SOLUTION
TO THE PROBLEM

Let us write the temperature T in the form of the Fourier–
Bessel series
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where
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Here "0 = R2=R1, Jm(x) and Nm(x) are, respectively, the
Bessel function and the Neumann function of the mth order;
the prime symbol marks the derivatives of these functions
with respect to the argument, the sign Re means the real part
of the complex expression.

If we introduce new functions
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then applying the integral Laplace transform over time fi
(Dyke, 2004) to Equation (1) and boundary conditions (3)–(6)
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after certain transformations we obtain inhomogeneous
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In relations (15)–(17) an asterisk means complex conjugation;
‹mn is the Kronecker symbol (‹mn = 1, m = n; ‹mn = 0),
m ̸= n; a is the coefficient of thermal diffusivity of biomass,
a = –=(cpȷ) (Carslaw and Jaeger, 1959), w is the specific
strength of heat source (Luikov, 1968),
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q0"

2
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; (18)

Nu is the Nusselt number, Nu = hL=–; Num is the complex
Nusselt number

Num = Nu + iNuim;
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vm is the complex velocity of biomass movement

vm = v0

„
1− 2im

a tan’0

R0v0

«
(|m| = 0; 1; 2; : : :) ; (20)
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Here Fo0 are the Fourier number corresponding to the
rotation period of the helix fi0 = 2ı=!: Fo0 = afi0=R

2
1.

Instead, Fov is the Fourier number corresponding to the
rotation period of a biomass particle along the helix trajectory
fiv = 2ı=!v , !v = v0 tan’0=R0: Fov = afiv=R

2
1.

Since the free terms in the differential Equations (15) do
not depend on the variable z , by performing the substitution
(Luikov, 1968)
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we obtain homogeneous ordinary differential equations of the
second order with respect to functions Ω0L
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The general solution of Eq. (24) has the form (Korn and Korn,
2000):
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Then, satisfying the boundary conditions (25) and (26), we
obtain the following system of algebraic equations for deter-
mining the coefficients c1 and c2:
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Solving this system of equations and substituting the found
coefficients c1 and c2 in (28), taking into account notations
(21) and (27), we find the solution to the problem in the
Laplace transforms:
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Applying the inverse formula of the Laplace integral transform
(Dyke, 2004)

f (fi) =
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based on Eq. (23), we obtain the following result:
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We can obtain the inversion formula for the function
Ω0L
mn (z; p) approximately by using the fact that the param-

eter ¸ = a (Lv0)
−1 is small (in specific cases of the order

of 10−4) (Ledakowicz and Piddubniak, 2023). If, in addition,
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dimensionless variables and parameters are used

‰ = r=R1; “ = z=L; Fo = afi=R2
1;
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where Fo is the Fourier number, then finally the expression
for the temperature can be formally written in the form
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Note that in the case where Tin = Tout = Tc , Eq. (40) takes
the form:

T00 (z; fi) ≈ T0 +
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×
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because R1
0n(“) + R2

0n(“) = 1.

The explicit form of the coefficients and functions from these
relations is given in Appendix.

4. SPECIFIC CALCULATIONS
OF THE TEMPERATURE FIELD
IN A CONCENTRIC CHANNEL
OF FINITE LENGTH

With an exact solution to the problem, it is possible to per-
form a numerical calculation of the temperature in a channel
containing a moving aggregate (pseudo-liquefied biomass) in

a given situation. To this end, we will select system parameters
that mirror the parameters observed during the experimen-
tal research (Nachenius et al., 2015b; Shi et al., 2019), as
summarized in Table 1.

Note that with the selected channel length, the Nusselt
number is Nu = 46:86. The dimensionless radii of the he-
lix and shaft are respectively " = 0:962 and "0 = 0:346.
Similarly, given the velocity of biomass movement in the axial
direction of the cylindrical channel, we obtain Fov = 0:593,
and with the above given angular velocity of the helix, we
find Fo0 = 0:0135. Assuming the helix is made of tung-
sten, then the constant q0, which is included in the heat
intensity function (7), will be equal to q0 = 18:40 W/m.
For the specific power of the heat source, the value will be
w = 2:850 · 104 W/m3.

Based on calculations according to Eqs. (41)–(43), Fig. 2a
illustrates the temperature distribution as a function of the
Fourier number Fo at the point ‰ = 0:5, „ = 0◦, “ = 0:8 for
different values of the current strength I and at R2 = 0:009 m
("0 = 0:346). Fig. 2b shows similar results, for R2 = 0:018 m
("0 = 0:692). Here R0 = 0:025 m (" = 0:962). We calculated
the roots —mn of the transcendental Equation (10) using the
“regula falsi” method (Pflanz, 1948). A logarithmic scale is
used for the time coordinate. A rather short transient pro-
cess of the order of Fo ≈ 0:015, corresponding to a time
constant of approximately fi ≈ 24 s, is clearly visible. After
that, the temperature reaches a long-term quasi-stationary
regime. Fig. 2 also shows, that in the quasi-stationary mode
the temperature reaches the level of approximately T = 356 K
for R2 = 0:009 m and T = 395 K for R2 = 0:018 m when
a current strength of I = 5 A is chosen. However, the quasi-
stationary temperature is also characterized by a microstruc-
ture that has an oscillating character and depends on the
angular velocity (cyclic frequency) of the helix’s the rotation
and its geometric dimensions.

Figure 3a shows a fragment of the temperature change over
a short period of time (incomplete four revolutions of the
helix) at the point ‰ = 0:8, „ = 0◦, “ = 0:5 at I = 5 A and
" = 0:961. Similar results are presented in Fig. 3b, but with
" = 0:481 (the radius of the helix is two times smaller). Here
"0 = 0:346. At the micro-level, the temperature signal takes
the form of amplitude-modulated oscillations with a period
of Fo0 =0.0135. This cyclicity is clearly related to the helix’s
rotation frequency, while the quasi-regularity of the amplitude
within one period of the signal is related to the phenomenon
of re-reflection of heat flows from the reactor’s cylindrical
surfaces, as well as its input and output impedance surfaces.
At the same time, the amplitude of temperature oscillations
at this point is quite small, at around 0.42 K.

Despite the oscillatory temperature components related to the
geometric and kinematic parameters of the helix being quite
weak against the background of the general temperature field,
it is advisable to analyse them in more detail. To this end, we
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will focus on the part of the temperature that depends only on
the volumetric heat source, i.e. the one containing the specific
power of the heat source w, using the following function:

# (‰; „; “; Fo) = [T (‰; „; “; Fo)− T0 − (Tc − T0)×

×
“
1− e−Fo=‚2

”i
=[q0=(ı–)]; (44)

which we will call the sensitivity function. Here
Tc = Tin = Tout = 300 K. Under the selected thermophysical
parameters q0=(ı–) ≈ 17 K.

Figure 4 demonstrates the change of this function over three
oscillation periods at points located along the ray 0 < ‰ < 1,
„ = 0◦ in the middle cross-section of the reactor “ = 0:5.
Fig. 4a refers to the case when the helix radius is equal to
" = 0:961, and Fig. 4b refers to the case when the helix
radius is half that, i.e. " = 0:482. Here "0 = 0:346 again. As
can be seen from these figures, the temperature amplitude
increases sharply when the helix is closest to the observation
point. Similar, but much weaker, temperature amplitude spikes
occur for a screw of finite width when its crest passes near
the observation point (Piddubniak and Ledakowicz, 2022).

Table 1. Geometric, kinematic and thermophysical parameters of the process.

Parameter Symbols Units Values

Density of biomass ȷ kg/m3 551

Heat capacity of biomass cp J/(kg·K) 1502

Coefficient of thermal conductivity – W/(m·K) 0.35

Thermal diffusivity of biomass a m2/s 4:23 · 10−7

Initial temperature of biomass T0 K 293.15

Temperature at channel entry Tin K 300

Temperature at channel exit Tout K 300

Surface heat transfer coefficient h W/(m2·K) 10

Reactor length L m 1.64

Radius of channel R1 m 0.026

Radius of shaft R2 m 0.009

Radius of helix R0 m 0.025

Velocity of biomass movement v0 m/s 5:888 · 10−4

Angular velocity of helix ! Hz 0.292

Angle of helix inclination ’0
◦ 73.68

Helix pitch d = 2ıR0ctan’0 m 0.046

Radius of helix cross-section r0 m 1:5 · 10−3

Electrical resistance of helix material ȷ0 Ohm 4:44 · 10−8

(a) (b)

Figure 2. Temperature as a function of the Fourier number Fo at the point ‰ = 0:8, „ = 0◦, “ = 0:5 for different values of the current
strength I and " = 0:025 (a – "0 = 0:346; b – "0 = 0:692).
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(a) (b)
Figure 3. The fragments of the temperature profile at the point ‰ = 0:8, „ = 0◦, “ = 0:5 for I = 5 A and "0 = 0:346

(a – " = 0:962; b – " = 0:481).

(a) (b)

Figure 4. Time variation of the sensitivity function # on the ray 0 ≤ ‰ ≤ 1, „ = 0◦, “ = 0:5 for the three periods of microoscillation and
with "0 = 0:346 (a – " = 0:962; b – " = 0:481).

Fig. 5 shows how the sensitivity function # changes over
time for points located on a circle with a radius of ‰ = 0:8
and 0 ≤ | „ | ≤ 180◦, in the middle cross section of the
reactor ‰ = 0:8, 0 ≤ | „ | ≤ 180◦, “ = 0:5. In this case,
the relative radii of the helix and the shaft are equal,
(" = 0:962 and "0 = 0:346, respectively) and the observation
period spans three rotations of the heat source. The graph
clearly reproduces the geometric structure of the helix.
Notably, the amplitude of the maximum temperature

Figure 5. The time dependence of the function # on the circle
‰ = 0:8, 0 ≤ |ˆ| ≤ 180◦, “ = 0:5 for the three periods
of the helix rotation, when " = 0:962 and "0 = 0:346.

values, which are positioned at an angle of ı=2 − ’0

to the angular coordinate axis of the channel, remains
virtually unchanged along the ridges of the helix. At the same
time, the cross-section of these amplitudes is modulated
(see also Fig. 3), which is associated with heat superposition
processes on the concentric surfaces of the reactor.

Figures 6a and 6b show the periodic structure of the function
# over time, along a short section of the reactor’s axis at the
point where ‰ = 0:8, „ = 0◦, 0:2 < “ < 0:3. Here, " = 0:962
and "0 = 0:346. Fig. 6a shows that amplitude of the sensitiv-
ity function increases in the axial direction of the channel with
slight fluctuations from the entrance to the exit. A similar
phenomenon was observed in theoretical and experimental
works (Luz et al., 2017; Luz et al., 2018; Morgano, 2019;
Nachenius et al., 2015a; Rego, 2021; Sanchís et al., 2022; Shi
et al., 2019; Teo et al., 2018), albeit not to such a quantitative
extent. Fig. 6b illustrates the microstructure of the oscillations
obtained when the T00(“, Fo) contribution is not taken into
account. This takes the form of standing heat waves with
helical amplitudes, the maxima of which correspond to the
moments when the helix crest approaches the observation
point. The normals to the fronts of these waves are inclined at
an angle ’0 to the reactor axis. The instantaneous (Fo = 0:5)
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three-dimensional dependence of the sensitivity function on
the coordinates ‰ and „ in the middle cross-section of the reac-
tor “ = 0:5 is shown in Fig. 7a and Fig. 7b for "0 = 0:346 and
"0 = 0:692, respectively. In both cases " = 0:962. As can be
seen, the temperature changes slightly in the angular direction
against the background of an intense change in the radial di-
rection. Notably, significant temperature amplitude maxima in
the angular direction are only reached at points near the helix.

Fig. 8a and Fig. 8b (" = 0:962 and " = 0:481, respectively)
likely depict the instantaneous changes in the sensitivity func-
tion in the (‰; “) plane over a small interval along the axial
variable, 0:2 < “ < 0:3, when "0 = 0:692. The temperature
microfield maxima are visible in the form of ridges here, the
spacing of which which is equal to the dimensionless pitch of
the helix d=L = 0:028.

Fig. 9a shows the instantaneous distribution of the sensitivity
function in the („, “) plane, while Fig. 9b shows the same
distribution without the T00(“, Fo) contribution. Here and
further " = 0:962, "0 = 0:692. Due to the superposition of
heat flows along the spiral ridges of heat propagation, it can
be seen that a quasi-periodic temperature structure occurs in
the axial „ =const and azimuthal “ = const cross-sections.

The phenomenon of space-time resonance was also observed
in finite-length reactors (Ledakowicz and Piddubniak, 2023)
and infinite reactors (Ledakowicz and Piddubniak, 2021).This
is characterized by a local increase in the sensitivity func-
tion # when the screw’s rotation frequency reaches a cer-
tain value associated with the velocity of the fluidized mass
flow v0, under the condition of space-time synchronism us-
ing the equation Fov = Fo0, or v = R0! = v0 tan’0. This

(a) (b)

Figure 6. The time dependence of the function # (Fig. 6b without the contribution of the background component T00) on at interval
0:2 ≤ “ ≤ 0:3 for ‰ = 0:8, „ = 0◦, " = 0:962, "0 = 0:346 and for the three periods of oscillation.

(a) (b)

Figure 7. The 3-D radial-angular distribution of the function #
in the middle cross-section “ = 0:5 for Fo = 0:5, " = 0:962 (a – "0 = 0:346; b – "0 = 0:692).

(a) (b)

Figure 8. The radial-axial distribution of the function # in the plane 0 ≤ ‰ ≤ 1, 0:2 ≤ “ ≤ 0:3 for „ = 0◦, Fo = 0:5, "0 = 0:692

(a – " = 0:962; b – " = 0:481).
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(a) (b)

Figure 9. The 3-D axial-angular distribution of function # (Fig. 9b without the T00 contribution) for Fo = 0:5 on the cylindrical surface
‰ = 0:8, 0 ≤ | „ | ≤ 180◦, 0:2 ≤ “ ≤ 0:3.

universal phenomenon also occurs in the case. This is illus-
trated in Fig. 10. Calculations were performed at the point
‰ = 0:8, „ = 0◦, “ = 0:5 at the moment when Fo = 0:5
and v0 = 5:89 · 10−4 m/s (’0 = 73:68◦, Fov = 0:593).
The peak of the maximum amplitude occurs at the value of
! = !res ≈ 0:085 Hz, with the difference in the function #
reaching a value of 1.24.

Figure 10. Transition of the function # through resonance at the
point ‰ = 0:8, „ = 0◦, “ = 0:5 for Fo = 0:5,
’0 = 73:68◦ and v0 = 5:89 · 10−4 m/s (Fov = 0:593).

With a constant screw rotation frequency of ! = 0:292 Hz
(Fo0 = 0:0135), and a variable mixture movement velocity v0,
the velocity is maintained at the value at which the sensitivity
function amplitude # reaches an extreme value and its phase
changes sharply. From the calculations illustrated in Fig. 11
for the case when T00(“, Fo) is not taken into account and the
following values are used: ‰ = 0:8, „ = 0◦, “ = 0:5, Fo = 0:5,
’0 = 73:68◦, it appears that the phase change is obtained at
v0 = v0res ≈ 0:00202 m/s. From the condition of space-time
synchronism, the angular velocity of the screw is found to
be ! ≈ v0 tan’0=(R0") = 0:288 Hz, for this case, indicating
that this condition is fulfilled quite accurately.

Figure 11. Dependence of the influence function # (without the
T00 contribution) on the velocity of biomass movement
v0 at the point ‰ = 0:8, „ = 0◦, “ = 0:5 for Fo = 0:5,
’0 = 73:68◦, ! = 0:292 Hz.

From the calculations, we also find that for a velocity of
biomass movement of v0 = v∗ = 0:512·10−4 m/s for different
values of the dimensionless variable “, on the straight line
‰ = 0:8, „ = 0◦ and at ’0 = 73:68◦, with a current strength
I = 1 A, the temperature rises sharply locally (Fig. 12). As
Equations (43), (A.2) show, this is due to the product

¸
“
1− e− Fo=‚2

”
= ¸

h
1− e−˛

2 Fo=(2¸)2
i

(45)

at a fixed Fourier number Fo (Fo = 0:5 in this case). At the
same time, the parameter ¸ remains small, ¸ = 0:00504. As
the movement of the biomass is caused by the rotation of the
helix, it follows from the condition of spatio-temporal synchro-
nism ! = v0 tan’0=(R0") that this velocity should correspond
to the frequency of helix’s rotation (! = 0:0073 Hz) with the
system’s geometric parameters remaining unchanged.

The velocity of biomass movement does not remain constant
throughout the entire heating time interval. Fig. 13 illus-
trates this, showing the dependence of the total temperature
T on the velocity v0 and the Fourier number Fo obtained
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at the point ‰ = 0:8, „ = 0◦, “ = 0:5 for ’0 = 73:68◦,
! = v0 tan’0=(R0") and for the current I = 1 A. As can be
seen at a fixed velocity of biomass movement, the maximum
temperature value in the transition mode is only reached for
a specific Fourier number value. In other words the extreme
velocity value v0 = v∗0 disperses over time.

Figure 12. Local increase of the temperature T near the value
v0 = 0:512 · 10−4 m/s for different values of the
dimensionless variable “; 0 ≤ “ ≤ 1, on the straight
line ‰ = 0:8, „ = 0◦ and for Fo = 0:5, ’0 = 73:68◦,
! = 0:0073 Hz.

Figure 13. Dependence of the temperature T on the velocity v0
and the Fourier number Fo at the point ‰ = 0:8,
„ = 0◦, “ = 0:5 for ’0 = 73:68◦, ! = v0 tan’0=(R0")

and the current I = 1 A.

This dispersion relationship can be determined by re-
examining the multiplier (45). Let us consider a function

f (x) = x
“
1− e−1=x2

”
; x =

¸

˛
√
Fo

=
a

v0R1

√
Fo
; (46)

where notation (38) is taken into account. The maximum
value of this function is obtained at x ≈ 0:892. Then

v∗0 ≈ 1:121
a

R1

√
Fo
; (47)

On the other hand, if the velocity of mass movement is
fixed, then the critical Fourier number near which a local
temperature increase occurs is determined by the formula

Fo = Fo∗ ≈ 1:257

„
a

v0R1

«2

: (48)

Note that the Fourier number, which determines the duration
of the temperature transient process, is proportional to the
parameter a2=(v0R1)

2. In other words, the faster the mass
movement velocity, the shorter the transient process.

5. SUMMARY AND CONCLUSIONS

Some auger pyrolyzer designs have a very small screw width,
which is particularly important when processing viscous and
sticky materials, such as biomass. This study presents a new
mathematical model for heating biomass in a concentric
cylindrical channel of finite length. A spiral mounted on a
shaft is the source of the heat and the means by which the
biomass moves. This spiral uses induction heating based on
the Joule–Lenz effect and rotates around its own axis. Let us
summarize the results of the calculations and compare them
with those obtained for a wide-shafted screw (Ledakowicz
and Piddubniak, 2023).

• In both cases, the exact solution to the problem is obtained in
the form of a Fourier–Bessel series. However, the coefficients
of the helix series are obtained explicitly, while the coefficients
of the wide screw series are obtained via quadratures, which
are calculated approximately.

• Numerical analysis shows that the transient temperature field
process is very short-lived, on the order of a2=(v0R1)

2 after
which the temperature reaches a quasi-stationary regime.
Significant differences associated with the type of screw are
observed in the fine structure of the temperature field during
the heater’s quasi-monochromatic operating mode.

• The quasi-stationary part of the temperature field is
characterised by amplitude-modulated oscillations against
a constant temperature background. The frequency of
these oscillations is determined by the auger or helix’s
rotation period.

• As has been noted by other researchers the temperature
increases along the channel axis in the direction of biomass
movement.

• There are significantly larger temperature oscillation am-
plitudes than in the case of a wide screw. Additionally, the
sensitivity function amplitude level depends significantly
on the helix’s location: the closer the helix is to the outer
surface of the channel, the higher the level.

• Modulations of the temperature field in the axial and
azimuthal directions are most clearly observed, where
the temperature distribution is sensitive to the helix’s
geometry and rotation frequency. This is a consequence of
the complex superposition of heat flows that are reflected
from the ends of the reactor.

• The phenomenon of resonant amplification of the sensitiv-
ity function depending on the screw rotation frequency is
revealed. This occurs under the conditions of space-time
synchronism described in the work. This effect is more
pronounced with a helix than with a wide screw.

• A similar resonance phenomenon occurs when the speed of
the biomaterial’s movement changes. This phenomenon is
more pronounced with a helix than with a wide screw. Un-
der conditions of spatiotemporal synchronism, a resonant
change in the phase of the sensitivity function is obtained.

• It was established that in regions of very low biomass move-
ment velocities, an extreme increase in temperature ampli-
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tude occurs. This phenomenon is described by the “piston”
model of the temperature field, which is closely related to
the small parameter of the problem. This model is char-
acterized by an increase in temperature along the reactor
from the inlet to the outlet. These extreme changes in tem-
perature amplitude at fixed low biomass velocities occur at
times inversely proportional to the square of the velocity.

It should be emphasized that the presented analysis of the
temperature field is only the first step in solving a more
general problem: mathematically modeling the biomass py-
rolysis process using interconnected heat and mass transfer
equations that account for the heat of exothermic reactions.
Further investigation should focus on verifying the tempera-
ture distribution inside the screw reactor or sterilizer through
experimentation. This would allow us to explore the possibility
of optimizing the heating process by varying the electric cur-
rent and the frequency of the helix’s rotation. In the context of
industrial applications of biomass waste pyrolysis, this relates
to energy savings. Conversely, for the sterilization of herbs,
spices, and flavorings, it is necessary to provide controlled
temperature conditions to avoid charring.

A. APPENDIX
STRUCTURE COEFFICIENTS
AND FUNCTIONS IN EXPRESSIONS
FOR TEMPERATURE COMPONENTS

The Eqs. (40)–(42) contain the coefficients

c00 =
"2¸

˛2
`
1− "20

´ ;
cmn =

"2 (ı=2)2
`
—2
mn=Dmn

´
Bmn (")

1− (m=—mn)
2 −

n
1− [m=(—mn"0)]

2
o
[J ′m (—mn)=J ′m (—mn")]

2

(m = 0; 1; 2; 3; :::; n = 1; 2; 3; :::) : (A.1)

The functions R1
00(“) and R2

00(“) have the physical nature of
the reradiation coefficients of the axisymmetric heat flow of
the piston type from the input “ = 0 and output “ = 1 channel
cross-sections, respectively, and R3

00(“) are a combination of
these coefficients, for which the following formulas are fulfilled:

R1
00(“) =

d1
00(“)

d0
00

;

R2
00(“) =

d2
00(“)

d0
00

e−(1−“)¸−1

;

R3
00(“) =

1

Nu

d3
00(“)

d0
00

;

d0
00 = 1 + ¸Nu + (1− ¸Nu) e−¸

−1

;

d1
00 (“) = 1 + ¸Nu− ¸Nu e−(1−“)¸−1

;

d2
00 (“) = ¸Nu + (1− ¸Nu) e− “¸

−1

;

d3
00 (“) = − (1 + ¸Nu) (1 + Nu “) + ¸Nu (Nu + 2) e−(1−“)¸−1

+

+(1− ¸Nu) [1 + Nu (1− “)] e−¸
−1

: (A.2)

Similarly, the function R3
0n(“), which is included in Equa-

tion (41), is a combination of the reradiation coefficients

R1
0n(“) and R2

0n(“) of the n-mode axisymmetric thermal flow
in the axial direction of the channel from its input and output
cross-sections, respectively

R3
0n(“) = Nu

h
R1

0n(“)e
−(sr0n−1)“(2¸)−1

+

+ R2
0n(“)e

−(sr0n+1)(1−“)(2¸)−1
i
;

Rj0n(“) =
d jr0n(“)

d0r
0n

(j = 1; 2; n = 1; 2; 3; : : :) : (A.3)

The temperature multipoles described by Equation (42) con-
tain the functions R3r

mn(“) and R3i
mn(“), which have a complex

physical nature of a combination of the reradiation coefficients
of the asymmetric m-mode heat flux in the radial direction
and n-mode in the axial direction (helix trajectory of heat
rays) R1

mn(“) and R2
mn(“) (m; n = 1; 2; 3; : : :):

R3r
mn(“) = R1r

mn(“)
“
NuIrmn − NuimI

i
mn

”
−

− R1i
mn(“)

“
NuI imn +NuimI

r
mn

”
−

− R2r
mn(“)

“
NuJrmn +NuimJ

i
mn

”
+

+ R2i
mn(“)

“
NuJ imn − NuimJ

r
mn

”
;

R3i
mn(“) = R1r

mn(“)
“
NuI imn +NuimI

r
mn

”
+

+ R1i
mn(“)

“
NuIrmn − NuimI

i
mn

”
−

− R2r
mn(“)

“
NuJrmn − NuimJ

r
mn

”
−

− R2i
mn(“)

“
NuJrmn +NuimJ

i
mn

”
; (A.4)

where

R1r
mn (“) = R1

mn (“) e
−(srmn−1)“(2¸)−1

×

× cos
h
 1
mn (“)− s imn“ (2¸)

−1
i
;

R1i
mn (“) = R1

mn (“) e
−(srmn−1)“(2¸)−1

×

× sin
h
 1
mn (“)− s imn“ (2¸)

−1
i
;

R2r
mn (“) = R2

mn (“) e
− (srmn+1)(1−“)(2¸)−1

×

× cos
h
 2
mn (“)− s imn (1− “) (2¸)−1

i
;

R2i
mn (“) = R2

mn (“) e
− (srmn+1)(1−“)(2¸)−1

×

× sin
h
 2
mn (“)− s imn (1− “) (2¸)−1

i
: (A.5)

Irmn = cosffimn; I imn = sinffimn;

Jrmn = cos

„
ffimn −

m tanffi0
˛"

«
;

J imn = sin

„
ffimn −

m tanffi0
˛"

«
;

Krmn(“) = cos

„
ffimn −

m“ tanffi0
˛"

«
;

K imn(“) = sin

„
ffimn −

m“ tanffi0
˛"

«
; (A.6)

Here also

Rjmn (“) =

vuuut
nˆ
d jrmn (“)

˜2
+
ˆ
d j imn (“)

˜2oh
(d0r
mn)

2 + (d0i
mn)

2
i ;

 jmn (“) = arctan
ˆ
d j imn (“) =d

jr
mn (“)

˜
−

− arctan
`
d0i
mn=d

0r
mn

´
(j = 1; 2) ; (A.7)
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moreover

d0r
mn = 1− (srmn + 2¸Nu)2 + s i2mn−

−
nh

1− (srmn − 2¸Nu)2 + s i2mn

i
cos
`
s imn¸

−1
´
−

− 2s imn (s
r
mn − 2¸Nu) sin

`
s imn¸

−1
´¯

e−s
r
mn¸

−1

;
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mn =− 2s imn (s

r
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+
nh

1− (srmn − 2¸Nu)2 + s i2mn

i
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`
s imn¸

−1
´
+

+ 2s imn (s
r
mn − 2¸Nu) cos

`
s imn¸

−1
´¯

e−s
r
mn¸

−1

; (A.8)
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−
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˜
−
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srmn =
4

q
(1 + ‚2—2

mn)
2 +

`
2ım‚2Fo−1

0

´2×
× cos

n
1
2arctan

h
2ım‚2Fo−1

0

`
1 + ‚2—2

mn

´−1
io
;

s imn =
4

q
(1 + ‚2—2

mn)
2 +

`
2ım‚2Fo−1

0

´2×
× sin

n
1
2arctan

h
2ım‚2Fo−1

0

`
1 + ‚2—2

mn

´−1
io
: (A.11)

SYMBOLS

a thermal diffusivity, m2·s−1

aj lmn (·) complex function
Bmn(·) combination of cylindrical functions
cj complex coefficient
cp heat capacity of biomass, J·kg−1·K−1

cmn coefficient
d helix pitch, m
d0
00 coefficient
d j
k (·) intermediate function
d j
mn (·) complex function
d jr
mn (·) real part of complex function
d j i
mn (·) imaginary part of complex function
d0r
mn real part of complex value
d0i
mn imaginary part of complex value
Dmn modulus of complex value
f (·) intermediate function
Fo Fourier number
Fo∗ critical Fourier number
Fo0 Fourier number corresponding to period fi0
Fov Fourier number corresponding to period fiv
gmn(·) partial function, s−1

h surface heat transfer coefficient, W/(m2·K)

I current strength, A
Irmn real part of complex function
I imn imaginary part of complex function
Jrmn real part of complex function
J imn imaginary part of complex function
Kr

mn(·) real part of complex function
K i

mn(·) imaginary part of complex function
j electric current density of the conductor, A·m−2

Jm(·) Bessel function of m-th order
L length of reactor, m
Nm(·) Neumann function of m-th order
Nu Nusselt number
Num complex Nusselt number
Nuim imaginary part of complex Nusselt number
p Laplace transform parameter, s−1

pmn poles, s−1

Pmn(·) intermediate function
q0 heat source intensity, J·s−1·m−1

q(·) intensity function, J·s−1·m
r radial variable, m
r0 radius of helix cross-section, m
R0 radius of helix, m
R1 radius of channel, m
R2 radius of shaft, m
Rj

mn(·) reradiation coefficient
R3r

mn(·) real part of reradiation coefficient
R3i

mn(·) imaginary part of reradiation coefficient
srmn real part of complex value
s imn imaginary part of complex value
smn(·) complex function
s±mn (·) complex function
S cross-sectional area of the helix, m2

T0 initial temperature of biomass, K
Tin temperature at channel entry, K
Tout temperature at channel exit, K
Tc constant temperature, K
T (·) temperature of biomass, K
Tmn(·) partial temperature, K
v linear velocity of helix movement, m/s
v0 velocity of biomass movement, m/s
vm complex velocity of biomass movement
v∗0 critical velocity of biomass movement, m/s
w specific strength of heat source, W/m3

W jL
mn (·) complex function

d j
k (·) intermediate function

x intermediate variable
z axial variable, m

Greek symbols

¸ parameter
˛ parameter
‚ parameter
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‹(·) Dirac function
‹mn Kronecker symbol
" dimensionless radius of helix
"0 dimensionless radius of shaft
“ dimensionless axial variable
„ angular variable, rad
– coefficient of thermal conductivity, J·s−1·m−1·K−1

—mn roots of transcendental equation
‰ dimensionless radial variable
ȷ density of biomass, kg·m−3

ȷ0 electrical resistance of helix material, Ω·m
fi time, s
fi0 period of rotation of the helix, s
fiv period of rotation of the biomass particle, s
’0 angle of helix inclination, rad
’mn partial phases, rad
Φmn complex value
Φr

mn real part of complex value
Φi

mn imaginary part of complex value
 j

mn (·) the phase function
! angular velocity of helix, Hz
!v angular velocity of biomass particle rotation, Hz
Ωmn(·) intermediate function, K
Ω0

mn (·) intermediate function, K
#(·) dimensionless sensitivity function

Subscripts

0 initial
in index
L Laplace transform symbol
m mode number
n mode number
out index
res index
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