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Abstract: Air core solenoids are used widely as low-pass or band-pass filters in high volt-
age applications. To design a suitable solenoid with the desired Frequency Response (FR), 
a valid simulation model is required. The models typically used for this purpose are valid 
up to 1 MHz; however, in some cases, the behavior of such filters may be required in higher 
frequency ranges. This paper presents a detailed model for the multi-layer solenoid wind-
ings which is valid up to 5 MHz. To increase the model accuracy in the High Frequency 
(HF) ranges, the circuit elements of the model are calculated using the Finite Element 

Method (FEM). Additionally, the influence of the electromagnetic phenomena at high fre-
quencies is investigated in FEM analysis. Moreover, in the case of multi-layer solenoids, 
the influence of the winding direction of different layers on the FR are investigated. To 
validate the simulation methodology, some solenoid windings are manufactured and sub-
jected to Frequency Response Analysis (FRA) tests. Subsequently, the simulated and meas-
ured frequency responses of the windings are compared. 

Key words: finite element method, frequency response analysis, high frequency simula-

tion, solenoid windings 

 

 

1. Introduction 

 

Solenoid windings have no magnetic cores and, therefore, are usually called air-core 

windings. This type of winding is commonly used in low-pass or band-pass HV filters, such as 

the one used in partial discharge tests. To obtain the Frequency Response (FR) of such filters, 

various models have been reported in recent researches. In [1] and [2], a single unit containing 

lumped RLC elements is used as a model of the solenoids, as shown in Fig. 1(a). This simplified 

model is valid at low frequencies and can correctly simulate just the first resonance frequency of 

the solenoids. To increase the accuracy of the model at High Frequency (HF) ranges, detailed 

models are employed in [3–5] as shown in Fig. 1(b). In this model, each RLC unit represents one 

or several turns of the winding. Since numerous RLC units are used in detailed models, they can 
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simulate the electromagnetic behavior of the windings at HF ranges with more accuracy. On the 

other hand, detailed models are more complex and require additional computation time and effort 

[5, 6].  

Accurate determination of the model elements' values is crucial. For this purpose, theoretical 

equations are proposed and utilized in [3–6]. However, the approximations that are used in such 

equations cause some deviations in the frequency response of the winding at HF ranges. To solve 

this problem, some researchers have utilized Finite Element Analysis (FEA) to accurately obtain 

the parameters of the model [7–11]. In [7, 8], and [11], numerical equations are employed to 

calculate the capacitance between the turns. Similarly, the resistances of the model are 

investigated in [12] based on the winding losses, which are influenced by the skin and proximity 

effects. Due to the nonlinear behavior of the current distribution in the wire cross-section at 

different frequencies, the resistances of the turns are frequency-dependent, and therefore, 

numerical FEA is commonly used to calculate their values [13–15]. Likewise, some theoretical 

and numerical equations for inductance calculation are proposed in [2], and [10]. For the sake of 

simplicity, a frequency-independent behavior is assumed for the inductance in these equations. 

However, frequency-dependent current distribution in the wire suggests that the inductance 

should be similarly frequency-dependent.  

In this paper, the current distribution is investigated by FEA in more detail, and the resistance 

and inductance values are calculated with respect to the frequency. Additionally, the frequency 

response of multi-layer air core windings is investigated in the HF range, including 10 Hz to 

5 MHz. Furthermore, the effect of winding direction of different layers is inspected by both 

simulation and measurement results. To verify the model’s accuracy, two test windings are 

manufactured and their measured FRs are compared with the simulated ones. 

 

 

The paper is organized as follows: Section 2 presents the detailed RLC model of the test 

windings. Then, in Section 3, the method for calculating RLC elements based on FEA is 

discussed. Section 4 presents the validation of the simulation model with experimental test 

results. Finally, Section 5 includes the discussion and conclusion. 
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Fig. 1. The models of solenoid winding: simplified single unit RLC model (a); equivalent circuit of 
detailed model (b) 
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2. The proposed models for the test windings 

 

2.1. The test windings 

To study the frequency response of the multi-layer solenoids, two test windings are designed 

and manufactured; both of them are made up of two concentric layers. The inner layers of both 

test windings are identical and wounded clockwise. Likewise, their outer layers are similar, 

except for the winding direction; the outer layer of the first test winding is counterclockwise, 

while the outer layer of the second one is clockwise. The diameters of the outer and inner layers 

are 250 mm and 200 mm, respectively. All layers consist of 100 turns of copper wire of 4 mm 

diameter coated with epoxy resin with a thickness of 0.04 mm.  

 

2.2. The equivalent circuits 

The equivalent circuits of the test windings are shown in Fig. 2, where each nt = 4 turns are 

considered as one unit in the model, resulting in n = 25 units for each layer. In the models, Ri, Li, 

and Csi are the resistance, inductance, and the series capacitance of the i-th unit, respectively; the 

Mij is the mutual inductance between the i-th and j-th units, and Cpi is the parallel capacitance 

between the i-th unit in the outer layer and its opposite unit at the inner layer. Additionally, RE 

is the earth resistance that is connected to the end of the winding. 
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Fig. 2. The detailed model of the first (a) and second (b) test windings 

 

As is illustrated in Fig. 2, due to the winding directions of the layers, the last turns of the 

outer and inner layers of the first test winding are connected to each other, while in the case of 

the second test winding, the last turn of the outer layer is connected to the first turn of the inner 

layer. 

 

2.3. The model equations 

To achieve the relevant equations of the proposed model, Kirchhoff’s circuit laws are 

employed. Using the KCL and KVL relationships, the equations could be obtained in matrix 

form. For the first test winding (Fig. 2(a)), the KCLs result in the following equations: 

 𝐴2𝑛×2𝑛 × 𝐼2𝑛×1 − 𝐵12𝑛×1
= 𝑌2𝑛×2𝑛 × 𝑉2𝑛×1, (1) 

where: 

 𝐴 =

[
 
 
 
 
 
 
1 −1 0 ⋯ 0 0 0
0 1 −1 ⋯ 0 0 0
0 0 1 ⋯ 0 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮
0 0 0 ⋯ 1 −1 0
0 0 0 ⋯ 0 1 −1
0 0 0 ⋯ 0 0 1 ]

 
 
 
 
 
 

2𝑛×2𝑛

,  

 𝐼 =

[
 
 
 
 
 
 

𝐼1
⋮
𝐼𝑖
⋮

𝐼(2𝑛−𝑖+1)

⋮
𝐼2𝑛 ]

 
 
 
 
 
 

2𝑛×1

,    𝐵1 =

[
 
 
 
 
 
𝐶𝑠1𝑉in

0
0
⋮
0
0 ]

 
 
 
 
 

2𝑛×1

,    𝑉 =

[
 
 
 
 
 
 

𝑉1

⋮
𝑉𝑖

⋮
𝑉(2𝑛−𝑖+1)

⋮
𝑉2𝑛 ]

 
 
 
 
 
 

2𝑛×1

,  

also 

 𝑌 = 𝑗𝜔𝐶12𝑛×2𝑛
− 𝑗𝜔𝐶22𝑛×2𝑛

+ 𝑌𝑅2𝑛×2𝑛
, (2) 

where: 

 𝐶1 =

(1)
(2)

(3)

(2𝑛 − 1)
(2𝑛) [

 
 
 
 
 
 
𝐶𝑠1 + 𝐶𝑝2 + 𝐶𝑠2 −𝐶𝑠2 0 ⋯ 0 0

−𝐶𝑠2 𝐶𝑠2 + 𝐶𝑝3 + 𝐶𝑠3 −𝐶𝑠3 ⋯ 0 0

0 −𝐶𝑠3 𝐶𝑠3 + 𝐶𝑝4 + 𝐶𝑠4 ⋯ 0 0

⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 ⋯ 𝐶𝑠(2𝑛−1)

+ 𝐶𝑝2 + 𝐶𝑠2𝑛
−𝐶𝑠2𝑛

0 0 0 ⋯ −𝐶𝑠2𝑛 𝐶𝑠2𝑛
+ 𝐶𝑝1]

 
 
 
 
 
 

     (1)                                      (2)                                       (3)                                            (2𝑛−1)                              (2𝑛)

2𝑛×2𝑛

,  
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 𝐶2 =

(1)
(2)

(𝑛 − 1)
(𝑛)

(𝑛 + 1)

(2𝑛 − 2)
(2𝑛 − 1)

(2𝑛) [
 
 
 
 
 
 
 
 
 
 
 
(1) (2) (𝑛 − 1) (𝑛) (𝑛 + 1) (2𝑛 − 2) (2𝑛 − 1) (2𝑛)

0    0  ⋯     0         0        0     ⋯           0            𝐶𝑝2      0 

 0     0 ⋯      0         0        0    ⋯         𝐶𝑝3             0         0
⋮      ⋮  ⋱        ⋮         ⋮         ⋮      ⋱             ⋮               ⋮          ⋮
0    0   ⋯        0         0      𝐶𝑝𝑛   ⋯           0              0         0 

0     0  ⋯      0         0      0      ⋯            0              0         0
 0     0   ⋯    𝐶𝑝𝑛    0        0      ⋯            0             0         0 
⋮      ⋮  ⋱        ⋮         ⋮         ⋮      ⋱             ⋮               ⋮          ⋮
 0   𝐶𝑝3  ⋯    0       0        0      ⋯            0             0         0 
 𝐶𝑝2  0   ⋯    0       0        0      ⋯            0             0         0 
   0   0   ⋯    0       0        0       ⋯           0             0         0 ]

 
 
 
 
 
 
 
 
 
 
 

2𝑛×2𝑛

,  

 𝑌𝑅 =

[
 
 
 
 
 
0 0 0 ⋯ 0
0 0 0 ⋯ 0
0 0 0 ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮

0 0 0 ⋯
1

𝑅𝐸]
 
 
 
 
 

2𝑛×2𝑛

.  

Similarly, the KVLs result in: 

 −𝐴𝑇
2𝑛×2𝑛 × 𝑉2𝑛×1 + 𝐵22𝑛×1

= 𝑍2𝑛×2𝑛 × 𝐼2𝑛×1, (3) 

where: 

𝐵2 =

[
 
 
 
 
 
𝑉𝑖𝑛

0
0
⋮
0
0 ]

 
 
 
 
 

2𝑛×1

, 

 𝑍 =

[
 
 
 
 
𝑅1 + 𝑗𝜔𝑀1,1 𝑗𝜔𝑀1,2 𝑗𝜔𝑀1,3 ⋯ 𝑗𝜔𝑀1,2𝑛

𝑗𝜔𝑀2,1 𝑅2 + 𝑗𝜔𝑀2,2 𝑗𝜔𝑀2,3 ⋯ 𝑗𝜔𝑀2,2𝑛

𝑗𝜔𝑀3,1 𝑗𝜔𝑀3,2 𝑅3 + 𝑗𝜔𝑀3,3 ⋯ 𝑗𝜔𝑀3,3𝑛

⋮ ⋮ ⋮ ⋱ ⋮
𝑗𝜔𝑀2𝑛,1 𝑗𝜔𝑀2𝑛,2 𝑗𝜔𝑀2𝑛,3 ⋯ 𝑅2𝑛 + 𝑗𝜔𝑀2𝑛,2𝑛]

 
 
 
 

2𝑛×2𝑛

,  

where ω = 2πf is the angular frequency. In the same way, similar equations can be obtained for 

the model of the second test winding (Fig. 2(b)), except that the matrices C1 and C2 must be 

replaced as follows: 

 𝑪𝟏 =

(1)
(2)

(3)

(2𝑛 − 1)
(2𝑛) [

 
 
 
 
 
 
𝐶𝑠1 + 𝐶𝑝2 + 𝐶𝑠2 −𝐶𝑠2 0 ⋯ 0 0

−𝐶𝑠2 𝐶𝑠2 + 𝐶𝑝3 + 𝐶𝑠3 −𝐶𝑠3 ⋯ 0 0

0 −𝐶𝑠3 𝐶𝑠3 + 𝐶𝑝4 + 𝐶𝑠4 ⋯ 0 0

⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 ⋯ 𝐶𝑠(2𝑛−1)

+ 𝐶𝑝𝑛
+ 𝐶𝑠2𝑛

−𝐶𝑠2𝑛

0 0 0 ⋯ −𝐶𝑠2𝑛 𝐶𝑠2𝑛 ]
 
 
 
 
 
 

              (1)                                        (2)                                       (3)                                            (2𝑛−1)                            (2𝑛)

2𝑛×2𝑛

,  
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 𝑪𝟐 =

(1)
(2)

(𝑛 − 1)
(𝑛)

(𝑛 + 1)
(𝑛 + 2)

(2𝑛 − 1)
(2𝑛)

[
 
 
 
 
 
 
 
 
 
 
(1)
0
0
⋮
0
0

𝐶𝑝2

0
⋮
0
0

(2)
0
0
⋮
0
0
0

𝐶𝑝3

⋮
0
0

⋯
⋯
⋱
⋯
⋯
⋯
⋯
⋱
⋯
⋯

(𝑛 − 1)
0
0
⋮
0
0
0
0
⋮

𝐶𝑝𝑛

0

(𝑛)
0
0
⋮
0
0
0
0
⋮
0
0

(𝑛 + 1)
𝐶𝑝2

0
⋮
0
0
0
0
⋮
0
0

(𝑛 + 2)
0

𝐶𝑝3

⋮
0
0
0
0
⋮
0
0

⋯
⋯
⋱
⋯
⋯
⋯
⋯
⋱
⋯
⋯

(2𝑛 − 2)
0
0
⋮

𝐶𝑝𝑛

0
0
0
⋮
0
0

(2𝑛)
0
0
⋮
0
0
0
0
⋮
0
0 ]

 
 
 
 
 
 
 
 
 
 

2𝑛×2𝑛

.  

 

2.4. The transfer function 

The characteristic impedance (Z) of the test windings is considered as the transfer function 

(TF), which can be obtained as the ratio of the input voltage to the input current [16, 17]: 

 𝑍(𝒇) =
𝑉in(𝒇)

𝐼in(𝒇)
, (4) 

where f is a discrete frequency vector, consisting of 1601 logarithmically spaced frequency 

samples from 10 Hz to 5 MHz. To simulate and achieve the TF at any desired frequency, the 

winding end is solidly grounded, RE = 0 Ω, and then, the (1) and (3) are solved to obtain Iin with 

respect to Vin. 

 

 

3. The RLC elements calculation methodology 

 

In order to estimate the values of equivalent circuit elements, the FEA is implemented by 

using COMSOL Multiphysics software.  

 

3.1. The capacitance calculation 

To obtain the capacitance between two adjacent turns (Ctt), the geometry shown in Fig. 3(a) 

is simulated in COMSOL, and Electrostatic Physics is adopted. By applying a ΔV voltage 

difference between these two turns and finding the electrostatic energy (We), the equivalent 

capacitance can be calculated as: 

 𝐶𝑡𝑡 = 2 ×
𝑊𝑒

Δ𝑉2, (5) 

According to Fig. 3(b), the equivalent series capacitance of each unit will be Ctt / (nt –1). The 

results of the simulations are represented in Table 1 and have been verified by comparing their 

values with the results obtained from the analytical equations suggested in [1, 6, 7].  

 

 

Earl
y A

cce
ss



This paper has been accepted for publication in the AEE journal. This is the version, which has not been 
fully edited and content may change prior to final publication.  

Citation information: DOI 10.24425/aee.2026.156808 

 

7 

 

 

 
Table 1. Comparing the results of Ctt at inner and outer layers obtained by the FEA 

and some theoretical methods 

 
Method 

FEM simulation [1] [6] [7] 

Inner layer 173 pF 171 pF 156 pF 169 pF 

Outer layer 196 pF 188 pF 191 pF 189 pF 

 

t

Ctt

r

r

 

Ctt

Ctt

Ctt

 

(a) (b) 

Fig. 3. The simulation geometry for calculating turn-to-turn capacitance (a), 
and the internal capacitances of one unit consisting of nt = 4 turns (b) 

 

Likewise, the parallel capacitance between two opposite units at two adjacent layers (Cpi) 

can be calculated by finding the electrostatic energy (Fig. 4) using COMSOL. 

 

Cp

 

Fig. 4. The equivalent parallel capacitance of two opposite units 
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3.2. The inductance calculation 

As was mentioned in the previous section, the value of the inductance depends on the 

frequency; therefore, its simulation is performed in the magnetic field physics of the COMSOL 

using a frequency-dependent study. Each unit is simulated by all its nt turns to calculate the self-

inductance based on the magnetic energy. Thus, the self-inductance of the unit is obtained as 

follows; 

 𝑀𝑖𝑖 = 2 ×
𝑊𝑚

𝐼2
,  (6) 

where Wm is the total stored energy in the simulation area, Mii is the equivalent inductance of the 

i-th unit, and I is the electrical current flow through the turns. The self-inductance results 

obtained by the simulation are given in Table 2. To verify the simulation results, the obtained 

values have been compared with the results of some theoretical approaches. According to this 

table, the simulation results in the low frequency range (50 Hz) are in good agreement compared 

to the results of other references.  

 
Table 2.  The self-inductance results of the considered units 

 
Method 

FEM simulation (at 50 Hz) [1] [2] [10] 

Inner layer 6.47 μH 6.50 μH 6.51 μH 6.58 μH 

Outer layer 8.64 μH 8.71 μH 8.70 μH 8.75 μH 

 

In addition, unlike the conventional methods in winding simulations, where constant values 

for the inductances are used, the inductance value decreases by about 6.2% when the frequency 

increases from 10 Hz to 5 MHz, as shown in Fig. 5. 

 

 

Fig. 5. The changes of a unit self-inductance in the studied frequency range 

 

Likewise, the mutual inductance between two different units, whether they are in the same 

layer or not, can be calculated similarly by considering their turns in the simulation space. The 
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mutual inductance between the i-th and j-th units could be found by obtaining the total magnetic 

energy in COMSOL: 

 𝑀𝑖𝑗 =
(2×

𝑊𝑚
𝐼2

−𝑀𝑖𝑖−𝑀𝑗𝑗)

2
. (7) 

 

3.3. The resistance calculation 

Due to the nonlinear current distribution in the wire cross-section at HF, the resistance values 

strongly depend on the frequency.  As the frequency increases, the uniform distribution of the 

current density across the wire is disturbed; the current tends to flow more through the lateral 

surfaces of the conductor. Therefore, the effective cross-sectional area decreases. In this case, 

the Skin and Proximity effects are two electromagnetic phenomena that affect the 

inhomogeneous HF current density [12–14]. In order to consider these effects simultaneously on 

the resistance value, similar to the inductance calculations, the magnetic field physics and 

frequency-dependent study of COMSOL are adopted. Accordingly, the magnetic field and 

current distribution on the surface of a unit are represented in Fig. 6.  

The distribution of current on the surface of the conductors depends on the frequency; as the 

frequency increases, the current distribution becomes more non-uniform, which increases the 

electrical resistance of the unit. Hence, as is shown in Fig. 7, the equivalent resistance of a unit 

at 5 MHz (110 mΩ) is about 323 times greater than its value at 10 Hz (0.34 mΩ). 

 

  

(a) f = 500 Hz (b) f = 5 kHz 

  

    (c) f = 50 kHz                                                                (d) f = 5 MHz 
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Fig. 6. The current density distribution across the conductors of a unit (left column), and the magnetic 
field at different frequencies (right column) 

 

 

Fig. 7. The unit resistance curve in the studied frequency range 

 

 

4. Verification of the simulation results 

 

The simulated TFs of both test windings are presented in Fig. 8, and compared with each 

other. The inductive and capacitive elements of the models determine the resonance/anti-

resonance frequencies, while the amplitudes of these points are affected by the resistance values 

[18]. Regarding the low frequency range, up to 100 kHz, the total equivalent inductances of both 

windings are the same. However, the subsequent resonant frequencies are different. Given that 

the model parameter values of both windings in Fig. 2 are identical, it can be concluded that the 

mentioned deviations in the TFs are caused by the different winding direction of the outer layers, 

as well as the electrical connection between the inner and outer layers in both windings. Since 

the first resonant frequency of the first test winding is lower than the second one, 328 kHz and 

455 kHz, respectively, it can be concluded that the total equivalent capacitance of the first 

winding in the low frequency range is larger. Hence, it can be concluded that to achieve a desired 

resonant frequency, adjusting the winding direction of the inner and outer layers could be a cost-

effective option. 
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Fig. 8. The TF curves of the test windings computed by the simulations 

 

The FRs of the windings are measured using a conventional FRA measuring test device, 

which is shown in Fig. 9. The sweep frequency measurement technique is used, in which 1601 

frequency samples are swept by a logarithmic scale starting from 10 Hz and ending at 5 MHz. 

The equivalent circuit of the measurement, including the measuring device, is shown in Fig. 10. 

According to this figure, some internal 50 Ω resistors are used in the measuring device to 

suppress reflections in the measuring cables. The output of the FRA test device, H(f ), is as 

follows [19]: 

 𝐻(𝑓) =
𝑉𝑚(𝑓)

𝑉𝑟(𝑓)
, (8) 

where Vr (f) and Vm (f) are the reference (or input) and measured (or output) voltages of the test 

device respectively. Based on Fig. 10, the equivalent impedance of the test objects (ZTO) can be 

calculated as follows [19]: 

 𝑍𝑇𝑂(𝑓) =
𝑉𝑇𝑂

𝐼𝑇𝑂
=

𝑉𝑟(𝑓)−𝑉𝑚(𝑓)

𝑉𝑚(𝑓)/50
. (9) 
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Fig. 9. FRA measurement setup 

 

AC

+
Vr Test 

Object

Measuring Cable

Measuring Cable

Test Cable
SFRA Measurement System

50  

50  50  

VTO

+

-

ITO

-

+
Vm

-

 

Fig. 10. The equivalent circuit of the FRA measurement 

 

In order to evaluate the accuracy of the simulated TF curves, they are compared with the 

measured results. In this regard, the simulation and measurement TFs of the first and second test 

windings are compared in Fig. 11 and Fig. 12, respectively. In both figures, in addition to the 

precise matching  of the two TFs at low frequencies, the resonance/anti-resonance points in the 

HF range have reasonable accuracy. Likewise, the resonance/anti-resonance frequencies of the 

simulation and measurement TFs are presented in Table 3, which again confirms the accuracy 

of the simulation models. 
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Fig. 11. The first test winding's response obtained by the simulation and measurement 

 

 

Fig. 12. The second test winding's response obtained by the simulation and measurement 

 
Table 3.  The resonant points of the test windings estimated by the simulation and measurements 

 
Resonance/ 

anti-resonance 
Measurement 

(MHz) 

Simulation 

(MHz) 
Error (%) 

1st winding 

1st 

2nd 

3rd 

4th 

0.343 

0.889 

1.25 

2.12 

0.328 

0.921 

1.34 

2.24 

–4.37 

+3.59 

+7.20 

+5.66 

2nd winding 

1st 

2nd 

3rd 

4th 

0.445 

1.651 

1.91 

2.55 

0.455 

1.715 

2.05 

2.445 

+2.24 

+3.87 

+7.32 

–4.11 
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5. Conclusion 

 

This paper presents a simulation method for HF analysis of the solenoid windings by using a 

detailed model. To enhance the accuracy of the model and increase the valid upper frequency 

limit of the simulations to 5 MHz, the finite element method has been employed to obtain its 

parameters. In such a way, the effect of the electromagnetic phenomena occurring in the winding 

could be considered in estimating the precise values of the parameters. It was shown that the 

resistances and inductances of the model depend on the frequency. 

Two different double-layer solenoids with various winding directions were constructed, and 

their detailed model equations were extracted. Then, the accuracy of the proposed method in HF 

ranges was validated by comparing the simulation and the measurement results. It was observed 

that the direction of the adjacent layers influences the resonance frequencies of the windings. 

Relying on such a credible simulation method that provides an acceptable estimation of the 

frequency response of the windings, it will be possible to design and implement the HV filters 

with a desired resonant frequency.  
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