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Abstract. Projectile shape optimization is crucial for enhancing aerodynamic performance and cost-effectiveness in ammunition development.
This paper presents an integrated methodology leveraging the numerical twin concept, combining computational fluid dynamics (CFD) with
design of experiments (DOE) methods to optimize projectile external geometry. The CFD model, serving as the core of the numerical twin, enables
accurate prediction of the aerodynamic drag coefficient, validated against experimental data with a deviation of less than 6.5% at Mach 2.73.
A structured experimental plan was established to determine the relationship between key geometric parameters and the drag coefficient for Mach
numbers ranging from 2 to 2.75. Based on these results, a response function approximating the drag coefficient was formulated and integrated
into the trajectory model, showing agreement with PRODAS software (less than 1.26% difference in terminal velocity and range). A second
DOE plan was then used to optimize the shape of a prospective projectile for maximum terminal velocity at 300 meters, achieving 753 m/s.
The resulting optimization tool provides time-effective estimations of terminal ballistics improvement for slight geometrical modifications. This
holistic CFD-DOE approach streamlines and reduces the cost of projectile shape optimization, lessening the need for extensive prototyping and
accelerating the design cycle.
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1. INTRODUCTION

The design of experiments (DOE) methodology was developed
to analyze how multiple factors affect a given object — whether a
product or a process — and how these factors influence the result-
ing characteristics of that object, known as the response. The
DOE methodology applies to five categories of experimental
problems: treatment comparison, variable screening, response
surface exploration, system optimization, and system robust-
ness [1]. These same categories are relevant to numerical ex-
periments, where a numerical twin replaces the physical object.
Numerical twin is a computational representation that replicates
the essential physical behavior of a real-world object or system
with sufficient fidelity to enable simulation, analysis, and pre-
diction of its performance under specified conditions. In this
context, the numerical twin acts as a measurement tool, and
each simulation run can be interpreted as a single measurement.
DOE is particularly valuable in the optimization of technical
systems through the optimization of their numerical twins.
Computational fluid dynamics (CFD) is the principal tool
used to construct and operate the numerical twin. CFD solves
the governing equations of fluid flow around any geometry, en-
abling estimation of aerodynamic forces and moments under
controlled conditions. Integrating CFD with DOE allows for
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the exploration of how geometric parameters and flight condi-
tions interact to influence aerodynamic characteristics and the
efficient identification of optimal configurations.

The motivation for this study stems from the need to im-
prove the aerodynamic performance of small-arms projectiles,
where incremental reductions in drag can lead to meaningful
gains in impact velocity and effective range. While prior re-
search provided extensive insights into the influence of projec-
tile geometry on drag [2, 3], most of the findings often rely on
one-factor-at-a-time testing or semi-empirical methods that can
overlook interactions between variables. This work addresses
this gap by applying a structured DOE approach to systemat-
ically model and optimize projectile geometry using validated
CFD simulations.

In this study, a numerical twin of a small-arms projectile was
developed by constructing a CFD model capable of accurately
estimating aerodynamic drag across a range of Mach numbers
(Ma) and geometric variations. Methods from response surface
exploration and system optimization were employed to derive a
predictive model of drag coefficient behavior, which is an ob-
jective function describing the dependence of the aerodynamic
drag coefficient on Ma and selected geometric characteristics.
The function was then used in external ballistics trajectory simu-
lations to identify the geometry that maximizes impact velocity,
which serves as the optimization criterion.

To obtain realistic and reliable results, the numerical twin
must be an accurate counterpart of the physical projectile. There-
fore, a significant part of this work is devoted to the assessment
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and validation of the numerical model. Estimating aerodynamic
coefficients with CFD requires different modeling strategies de-
pending on the coefficient of interest. Selecting an appropri-
ate solver (steady-state or time-dependent), choosing a turbu-
lence model, and ensuring adequate domain discretization are
all critical decisions influenced by specific flow phenomena un-
der consideration. In [4—11], the authors conducted flight sim-
ulations of 5.56 mm and 12.7 mm projectiles in steady-state
and transient regimes, demonstrating that Reynolds-averaged
Navier-Stokes (RANS) computations can accurately estimate
static aerodynamic coefficients. However, dynamic derivatives,
such as the Magnus effect in subsonic and transonic regimes
or pitch-damping moment, often require transient large eddy
simulations (LES) or hybrid RANS-LES approaches.

In the context of projectile shape optimization, while the in-
fluence of certain geometric features on drag was established
by McCoy and Carlucci [2, 3], other aspects were examined
in greater detail using CFD methods. For example, in [12],
the author analyzed drag coefficients of four different 5.56 mm
projectiles at various Ma using Ansys Fluent software. A two-
dimensional model was first validated against the known drag
coeflicient of a sphere before assessing the effects of total length,
boattail angle, ogive shape and length, and méplat size (the flat,
circular surface at the tip of the projectile nose). In [13], the same
software was used in combination with both the two-equation
k-w Shear Stress Transport (SST) and one-equation Spalart-
Allmaras (S-A) turbulence models to estimate pressure and skin
friction drag coefficients for a rotating 120 mm projectile over
a wide velocity range. The results were compared with semi-
empirical predictions from the PRODAS software. One geomet-
ric factor that necessitates three-dimensional CFD modeling is
the analysis of rifling grooves engraved on the projectile sur-
face. In [14], the authors explored drag minimization through
shape modifications using 3D CFD simulations with the S-A
turbulence model within a RANS solver. They examined spiral
grooves extending along the body and straight grooves limited to
the boattail, reporting up to a 12.4% reduction in drag coefficient
for certain configurations. Another investigation [15] assessed
the impact of rifling grooves on Magnus force and roll-damping
moment, highlighting that grooves significantly influence these
dynamic forces, while their effect on drag under zero-yaw con-
ditions is minimal. For cases involving yaw and rotation, more
computationally intensive time-dependent simulations were re-
quired.

Further optimization efforts focused on the projectile base.
In [16, 17], the bullet base was studied extensively. In [18, 19],
researchers demonstrated base drag reduction for a 155 mm ar-
tillery shell using axisymmetric RANS models and multiple
turbulence models. These studies confirmed that an axisymmet-
ric assumption can reliably estimate the static drag coefficient
for non-yawing motion. In [20], a novel passive control strategy
employing a porous surface on the boattail and base resulted in
a 23% drag reduction and nearly eliminated the Magnus force.
Additional work in [21,22] evaluated porous surfaces in tran-
sonic flow, showing drag reductions of approximately 8% with
axisymmetric RANS simulations using the Baldwin-Lomax tur-
bulence model.

The shape and geometry of the projectile nose and ogive sub-
stantially affect the flow field, pressure distribution, and shock
wave structure, collectively influencing drag [10, 11,23]. For in-
stance, in [24], a hybrid ogive profile combining a tangent ogive
and a secant ogive was analyzed using steady-state axisymmetric
CFD with the S-A turbulence model across subsonic, transonic,
and supersonic regimes. In our earlier research [25,26], the ef-
fect of méplat size on drag was investigated, and we identified an
optimal ratio of méplat diameter to projectile diameter between
0.12 and 0.15. A two-dimensional k-w SST model was employed
for that analysis. We established an experimental method for es-
timating the drag coefficient of the 5.56 mm M193 projectile.
This data was used to validate a 2D CFD model employing the
same turbulence modeling approach. The 7.4% discrepancy be-
tween the CFD and experimental drag coefficients confirmed
that the 2D model yielded sufficiently accurate results.

The literature reviewed above confirms that steady-state sim-
ulations are a suitable tool for estimating the drag coefficient.
Moreover, since barrel rifling does not significantly influence
drag under zero-yaw conditions, it can be omitted from the
model, justifying the use of a two-dimensional axisymmetric
assumption. While applying a porous surface on the boattail
and base of a bullet is an interesting concept, it could be equally
beneficial for an optimized shape. Therefore, this design feature
is excluded from the methodology in the present study.

As stated before, investigating the individual effect of each
geometric factor on drag can be time-consuming and poten-
tially misleading due to overlooked parameter interactions. To
address this, the DOE methodology was applied to develop a
response surface describing the drag coefficient as a function of
selected geometric variables. DOE proved valuable in defense-
related research: in [27], the method was successfully applied
in simulations to assess how various parameters affect the brak-
ing mechanism in a gas-delayed blowback operation firearm;
in [28], the authors implemented a face-centered composite de-
sign plan in wind tunnel tests of a 155 mm projectile to analyze
the response surface of Magnus and spin-damping coefficients.
Their approach significantly reduced the cost and time asso-
ciated with traditional one-factor-at-a-time testing methods. In
another study [29], DOE coupled with a neural network and
a genetic algorithm was used to maximize projectile range and
impact velocity, while minimizing the angle of attack. A fur-
ther application is shown in [30], where an optimization algo-
rithm was used to enhance muzzle velocity by adjusting peak
pressure, chamber volume, and propellant charge density of a
cased-telescoped ammunition, resulting in a 14 m/s increase in
muzzle velocity. In [31], genetic algorithms with results of PRO-
DAS and CFD estimations were used for shape optimization of
the 155 mm artillery projectile.

The algorithms confirmed theoretical data presented in [2,
3,32] concerning the least-drag characteristics of boattail angle
(at 7°), ogive radius (twice the tangent ogive radius), and méplat
diameter (0.12 of the projectile diameter). The cited studies em-
ploying DOE methods focused primarily on interior ballistics
or on the exterior ballistics of artillery projectiles. In exterior
ballistics optimization research [31], system responses were de-
termined mainly using the semi-empirical PRODAS software,
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with CFD simulations serving as a comparative reference to
highlight the tool-dependent variability of the results. In the
present work, which investigates small-arms exterior ballistics,
the use of a carefully designed DOE framework enabled the
authors to develop a reliable numerical twin based on CFD
models, demonstrating clear advantages over semi-empirical ap-
proaches.

Building on these developments, this work integrates CFD-
based aerodynamic estimation and DOE methodology to estab-
lish a numerical twin of a small-arms projectile for its external
shape optimization. The numerical model supports an in-depth
examination of the effects of geometric parameters on aerody-
namic drag and terminal velocity. The construction of the CFD
model is explained, detailing solver selection, mesh sensitivity
study, and the estimation of an aerodynamic coefficient for an
exemplary small-arms projectile. The CFD model is then vali-
dated based on the available results of 5.56 X 45 mm projectile
experimental drag estimations. A structured experimental plan
is then implemented to develop an approximating function of
the drag coefficient as a function of Ma and geometric vari-
ables for a perspective 7-mm-diameter projectile. This function
is incorporated into a ballistic trajectory model to predict perfor-
mance metrics and identify optimal configurations. The second
experimental plan is then conducted to approximate the termi-
nal velocity for a perspective projectile for exemplary initial
conditions, and the resulting objective function is employed in
an optimization tool. This integrated approach contributes to a
more comprehensive understanding of geometric influences and
supports the design of higher-performance projectile configura-
tions.

2. METHODS
2.1. Governing equations
The governing equations in CFD simulations are the continuity
and momentum equations of fluid mechanics. Given the high
Reynolds numbers associated with supersonic projectile flight,
the flow exhibits turbulent fluctuations across multiple scales.
To resolve this, the Reynolds-averaged Navier-Stokes (RANS)
equations are employed.

Following the assumption of 2D axisymmetric flow (zero-
yaw angle), the governing equations for the mean flow field can
be expressed as follows [33, 34]:

dp 0 o
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where p is the density of the medium, i is the time-averaged
velocity component, p is the mean static pressure, u is the
molecular viscosity, and § is the Kronecker delta.

Bull. Pol. Acad. Sci. Tech. Sci., vol. 74, no. 2, p. €157329, 2026

The term —pW in (2) represents the effects of turbulence
and is called Reynolds stresses. It accounts for the momentum
transport due to velocity fluctuations. To close (2) Reynolds
stresses must be modeled, and for this purpose, various tur-
bulence models may be employed. The effects of employing
various turbulence models on the flow variables and computa-
tional model convergence are analyzed in the model validation
in Section 2.3.

2.2. Computational model

The numerical twin for the simulations was established in An-
sys Fluent 2022R2 software, with part of the postprocessing
performed in version 2024R1. To validate the developed two-
dimensional CFD model, the process relied on existing ex-
perimental data for a real-world projectile. Specifically, the
5.56 x 45 mm M855 cartridge projectile was selected as the
reference since experimental drag measurements are available
in the literature. Due to the assumption of axisymmetry in the
two-dimensional model, the real-world scenario is simplified
to a case of a zero-yawing motion of a projectile in flight. As
stated before, in the case of a relatively high Ma (short distance
to target), this assumption yields acceptable results. A model
validated for this reference projectile is assumed to provide suf-
ficiently accurate predictions for similar prospective projectiles
with comparable shapes and aerodynamic characteristics.

The nominal geometry of the projectile used in the 5.56 X
45 mm MS855 cartridge was employed as a reference for mod-
eling, based on [35]. For simulation (generating an excellent
quality 2D mesh around the projectile geometry), the geom-
etry was simplified by omitting the rounded base profile and
replacing it with a sharp corner, as well as removing the can-
nelure on the cylindrical section of the projectile. The model
was set up for Mach 2.68, corresponding to the velocity for
which experimental data are available. An unstructured, two-
dimensional mesh with axisymmetric boundary was generated
using the Ansys Meshing tool. To establish a sufficiently large
computational domain and ensure resolved wake flow, based on
the best practices and previous analyses [26,36,37], the domain
was stretched approximately 18 projectile diameters radially, 14
diameters towards the inflow, and 30 diameters rearwards to the
outflow, so that the far-field boundary condition exhibited non-
disturbed flow variables. Pressure far-field boundary conditions
were employed with the operating pressure of 101325 Pa and
both far-field and outlet boundaries with 1% turbulence inten-
sity and turbulent viscosity ratio set to 2. The nondimensional
wall distance (y*), which is a critical parameter for accurately
resolving the boundary layer, was maintained below 1.0 across
the entire surface of the projectile. This requirement resulted in
an initial mesh comprising over one million cells. The compu-
tational domain and mesh characteristics are presented in Fig. 1
and Table 1 below.

Both density-based and pressure-based solvers employing im-
plicit formulations were used in combination with three different
turbulence models to identify the most suitable computational
approach: one-equation Spalart-Almaras, two-equation Realiz-
able k-g and two-equation k-w Shear Stress Transport. Air den-
sity was treated as a variable governed by the ideal gas law,



www.czasopisma.pan.pl P N www.journals.pan.pl

POLSKA AKADEMIA NAUK

K. Piasta and R. Trebiriski

N pressure-farfield —»
mterior

pressure-outlet

4—"'/’

Fig. 1. Schematic of the domain boundaries for solver setup

Table 1

Discretization parameters and metrics of the initial mesh

Parameter Value
Number of elements () 1076400
Required max. first cell height (m) 0.80
Max. y* (-) 0.5
Max. skewness (—) 0.20
Avg. skewness (-) 0.03
Max. aspect ratio (-) 1782
Avg. aspect ratio (-) 85
Min. orthogonal quality (-) 0.95
Avg. orthogonal quality (-) 0.99

while viscosity was computed according to Sutherland’s law.
Initial simulations were conducted with the first-order upwind
discretization scheme coupled with Roe-FDS flux splitting and
a Courant number of 0.8. Following convergence of the initial
solution, the discretization was refined to a second-order upwind
scheme for improved accuracy.

The simulations were performed in parallel on 16 cores of the
Intel Core i9-13900F processor with 32 GB DDR5 5200 MHz of
RAM. No convergence acceleration methods were used to avoid
any influence of those methods on the final solution. The follow-
ing convergence criteria were employed: all the flow residuals to
be reduced at least four orders of magnitude, with the drag co-
efficient variation limited to less than 0.001 over a span of 1000
iterations. Ultimately, the variation in drag coefficient served as
the principal criterion for evaluating convergence in all cases.
The average time for each simulation was about 3 hours in cases
with achieved convergence.

2.3. Model validation

The model was validated both qualitatively, by examining the
flow fields, and quantitatively, by comparing the estimated zero-
yaw drag coeflicient with experimental data.

2.3.1. Turbulence model

The initial step involved evaluating each solver setup under dif-
ferent turbulence models. The analysis of density and velocity

fields, along with velocity vectors at the surface vicinity, was
conducted, as illustrated in Figs. 2-5. It is important to note
that only the density-based (d-b) solvers provided convergence,
while the pressure-based (p-b) solvers failed to successfully
establish a stable value of the analyzed variable — the drag co-
efficient value was oscillating.

Density-based solvers Pressure-based solvers

Fig. 2. Density fields obtained with CFD simulations — M855 projectile
at Mach 2.68: (a) d-b k-w SST, (b) p-b k-w SST, (c) d-b k-& Realizable,
(d) p-b k-¢ Realizable, (e) d-b S-A, (f) p-b S-A

The density fields obtained from the simulations provide in-
sights into the flow behavior around the surface of the projectile.
Upon initial inspection, the pressure-based solver with the k-
realizable turbulence model failed to simulate a stable flow field,
as expected due to the solver divergence (Fig. 2d). Consequently,
this solver configuration is deemed unsuitable for the analyzed
application and will not be considered in future analyses. Each
of the remaining solutions exhibits a reasonable representation
of the flow, characterized by supersonic velocities across the
entire surface of the projectile, except for the base region and
a small local subsonic area near the blunt nose. This flow pat-
tern aligns with the literature [10, 38, 39]. All notable features
of the flow field are illustrated in Fig. 2a. The bow shock is
visible close to the projectile nose with a small standoff and can
be considered oblique due to the high flow freestream velocity.
Additionally, expansion waves are evident at the junctions of the
ogive-cylinder and cylinder-boattail. The recompression shock
is observed immediately aft of the projectile base and propagates
at a steep angle toward the outlet. Downstream the projectile,
a wake region is visible, characterized by extremely low veloc-
ity magnitude and pressure extending up to approximately two
projectile diameters.

The criteria for selecting the turbulence model appropriate
for the investigated phenomenon were based on an analysis of
velocity and density fields, as well as the distribution of flow
vectors in characteristic regions of the flow: the base region, the
projectile méplat area, and the near-wall boundary layer.
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A discrepancy arises in the low-velocity region at the projec-
tile tip, where the bow shock forms when comparing the k-w
SST and k-£ Realizable turbulence models. To examine this lo-
cal flow field more closely, the velocity distributions around the
méplat are provided in Fig. 3 below.

k-o SST k-€ Realizable

Velocity (s

.
v v
SRR
| SR iie
\

Fig. 3. Velocity fields in the vicinity of the projectile méplat:
left — k-w SST, right — k-¢ Realizable turbulence model

Analyzing the flow field in Fig. 3, the flow velocity at the
wedge increases through an expansion fan following the Prandtl-
Meyer theory. The local subsonic region appears in the vicinity
of the vertical surface of the méplat, transitioning to supersonic
as it follows the shockwave contour [40]. In contrast, the k-&
Realizable density-based model fails to recognize the expansion
fan at the edge of the méplat. The méplat region itself is in-
accurately predicted, exhibiting a greater stand-off to a vertical
part of the shockwave, which should not occur at the analyzed
velocity.

To further evaluate the ability of the k-w SST solver to re-
solve the flow, the boundary layer was analyzed by depicting the
velocity vectors in the vicinity of the surface of the projectile
(Fig. 4).

Fig. 4. Velocity vectors obtained with the k-w SST turbulence model:
left — far from the boundary, right — close to the surface

The velocity vectors in Fig. 4 are extracted from the compu-
tational domain along a control line perpendicular to the main
flow direction, located at the middle of the cylindrical part of
the bullet geometry. The boundary layer region is accurately re-
solved, in agreement with findings reported in the literature [41].
The velocity at the wall (at the projectile surface) is zero, due
to the no-slip condition, gradually increasing within the bound-
ary layer until it reaches approximately 90% of the free-stream
velocity. Consequently, the model addresses the boundary layer
problem adequately.

Examining the base region obtained with each turbulence
model, a visible difference emerges between the k-« SST and S-
A models regarding the extent of the low-density, low-velocity
region (Fig. 2a, 2e). The former produces a more elongated
region, extending behind the projectile and generating a trailing
shock, whereas the latter yields a comparatively shorter and
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more confined region of one diameter. A spark shadowgraph
image at Mach 2.61, presented by Silton [35], suggests that
the base region predicted by the k-w SST model aligns more
closely with experimental observations. Figure 5 illustrates the
velocity field and the velocity vectors in the base region for the
density-based solver with the k-w SST turbulence model.

Fig. 5. Base region obtained with the k-w SST turbulence model:
left — velocity field, right — velocity vectors

In this local subsonic base region, the velocity vectors exhibit
low magnitudes, and flow separation generates vortices just aft
of the projectile base corner. These features agree with the liter-
ature, indicating that the k-w SST turbulence model accurately
resolves the flow [17-19,42].

Consequently, based on these findings, the density-based k-w
SST turbulence model was deemed most suitable for the present
analysis.

2.3.2. Drag coefficient estimation

To evaluate the sensitivity of the CFD simulations to domain
discretization, a mesh refinement study was conducted. Starting
from the initial mesh (Mesh No. 4), three coarser and two finer
meshes were generated, ensuring that the y* value remained
below 1.0 along the entire projectile surface. Simulations were
subsequently performed on each mesh utilizing identical solver
settings and following the same calculation procedure. Mesh
metrics and resulting drag estimates are summarized in Table 2
and Fig. 6.

The mesh refinement study indicates that, for the specified
domain size, geometry, and solver settings, a mesh with at least
870 000 elements is required to ensure solver convergence and

Table 2
Mesh refinement study results

Mesh number
Parameter
1 \ 2 \ 3 \ 4 \ 5 \ 6

Numberofelements | (o, | 755 | 875 | 1080 | 1330 | 1550
(x10”)
First cell height -\ 41 1040 | 038 | 038 | 036 | 032
(pm)
Max. skewness (=) | 0.20 | 0.20 | 0.20 0.20 0.20 0.20
Min. orthogonal | ) 55| 5 95 | 095 | 0.95 | 095 | 0.95
quality (-)
XI;”" aspectratio | 559912173 | 1785 | 1782 | 1599 | 1530
Drag coefficient (-) | - - 10.2610(0.2609 | 0.2608 | 0.2608
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Fig. 6. Estimated drag coefficient dependence on the number
of mesh elements

a stable solution. Coarser meshes (No. 1 and 2) failed to provide
solver convergence. To verify the mesh convergence, the drag
coefficient obtained with the finest mesh (Mesh No. 6) was
compared with the value from the initial mesh (Mesh No. 4):

Cp6—Cpa

= 0.04%. 3)
Cpa

The value of e characterizes the convergence of the method.
It indicates that the difference in the estimated drag coefficient
between the initial and finest meshes in the analyzed case is
negligibly small. The solutions obtained using meshes with 0.87
million and 1.33 million elements remain invariant as the mesh is
further refined, while the required computational time increases
significantly. Therefore, the mesh containing approximately 0.87
million cells is considered sufficient for the analyzed supersonic
flow over an axisymmetric projectile and will be used in subse-
quent simulations.

Figure 7 presents a comparative analysis of the drag coef-
ficient for the M855 projectile, including simulation results,
experimental data from the literature [43], and semi-empirical
estimates conducted by the authors using Arrow Tech PRODAS
software [44].

0.300

0.290 +

0.280 +

0.270 ~

0.260 ~

0.250 ~

0.240 +

Drag coefficient - C, (-)

0.230 ~

0.220 +

0.210 +

0.200 T T
Experiment Fluent

PRODAS

Fig. 7. Comparison of the M855 projectile drag coefficient estimations
at Mach 2.68 with experimental and semi-empirical results

The drag coeflicient of the 5.56 mm M855 projectile derived
from numerical experiments (Cpo = 0.261) is 6.45% lower than
the experimental value reported by the authors (Cp = 0.279,
after excluding one measurement that exceeded two standard
deviations from the mean) [43]. This discrepancy is primarily
attributed to geometric differences between the actual projectile
used in the experiment and the nominal geometry simplified for
the CFD model, as well as the assumption of axisymmetry in
the numerical twin. Nevertheless, when compared to the semi-
empirical estimate (Cpg = 0.252), which shows a discrepancy
of over 9.68%, the CFD result is considered satisfactory.

After validating the CFD model on the 5.56 mm M855 projec-
tile, the same modeling approach can be applied to a prospective
projectile design with different dimensions. The use of a vali-
dated numerical twin for a similar supersonic projectile shape
ensures the reliability of the aerodynamic estimations across
both configurations.

2.4. Experimental plan

An exemplary experimental plan was developed for a prospec-
tive 7 mm-diameter boat-tail secant-ogive projectile. The zero-
yaw drag coefficient, as the response function of interest, de-
pends on several factors and can be represented as:

Cpo=F(Ma,D,Dy,Dg,L,lg,lc,lo,ap, Ro), (4)

where D, Dp, Dy, are the diameters of projectile geometry
parts: projectile, base, and méplat; L is the projectile overall
length; I, Ic, lp are projectile geometry part lengths: boattail,
cylindrical; ogive, ap is the boattail angle and Ry is the ogive
radius.

The external shape of the projectile is simplified, with sharp
corners of the base and méplat, as well as by the lack of cannelure
on the cylindrical part of the geometry.

2.4.1. Factors definition

To implement the experimental plan, each factor was thoroughly
examined to determine which variables should remain constant
and to define appropriate ranges of variation for the others.
Chosen ranges can be modified, as the proposed methodology
applies to any configuration of constants and variables.

Starting with the Mach number: in CFD simulations, the only
variable in the Ma equation is the projectile velocity. Therefore,
in this analysis, Ma is considered a function of velocity. Given
the expected high terminal kinetic energy and a target distance
of no more than 300 meters, initial and terminal velocities were
estimated to range from 700 m/s, which is the lowest velocity
that would provide the required terminal ballistics, to 950 m/s,
which is the highest muzzle velocity for the lightest projectile,
for the projectile weight ranging from 6.0 to 8.8 g. Including
a safety margin, the Ma range for the experimental plan was
established between Mach 2.0 and Mach 2.75.

The diameter of the proposed projectile was defined in pre-
viously published preliminary research [45]. Without delving
into further details — given the illustrative nature of this experi-
mental plan — a constant diameter of 7.0 mm was chosen for the
following analysis.
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The factor range for overall projectile length was assessed
based on available literature and existing projectile designs,
while considering a weight requirement (maximum 8.8 g) and
using CAD-based mass estimations. For a 7 mm diameter pro-
jectile, the overall length was set to vary between 30 mm
and 36 mm.

Projectile length is directly related to three subcomponents:
boattail length, cylindrical length, and ogive length. As shown in
the literature review in Section 1, the cylindrical part has the least
direct impact on drag reduction. However, increasing the boattail
and ogive lengths for better aerodynamic performance should
not excessively reduce the cylindrical length, as it provides the
bearing surface for barrel engagement — critical for accuracy
and precision. This relationship is described by the following
equation:

lc=L-Ilp-lo. (5)
The analysis of existing modern bullets and literature shows
that a minimum length of a bearing surface (cylindrical part)
of at least 1.10+1.25 projectile diameter is required to ensure
stable alignment with rifling. Thus, in this study, the minimum
cylindrical length is set to 8 mm.

The boattail length effect on the drag coefficient is straight-
forward — longer boattail results in a lower drag coefficient for
supersonic flight; however, it can negatively impact dynamic
stability and thus decrease accuracy and precision. According
to McCoy [2], practical boattail lengths range from 0.5 to 1.0
times the projectile diameter. Accordingly, boattail length in this
study will vary between 3.5 mm and 7.0 mm.

Considering the ogive length, longer ogives provide a lower
drag coefficient for both low and high supersonic speeds. Al-
though there is no specific ratio of ogive length to projectile
diameter that is universally practical, the length should be max-
imized within the constraints of the other lengths — boattail and
cylindrical parts. To maintain a reasonable ratio between the
ogive length and projectile diameter, the minimal value of the
ogive length in the plan was set to 16 mm.

Another variable characterizing the ogive geometry is its ra-
dius. The results of preliminary analysis of the sensitivity of tan-
gent and secant ogive profiled projectiles to seating depth [46]
indicate that secant profile projectiles are slightly more sensi-
tive to seating depth; however, the differences were minimal and
could be affected by other factors such as variations in internal
and external dimensions, inconsistent propellant powder filling,
and variations in ogive shape and méplat diameter. Therefore, a
secant ogive profile was chosen for the analysis, with the R7/Ro
ratio of 0.5, with the profile radius two times longer than a tan-
gent profile for the same ogive length, optimal according to
McCoy and Carlucci, as confirmed in the recent literature, e.g.,
by Zeidler in [31]. Hence, the ogive radius in the analysis is a
function of one variable — ogive length.

The boattail angle directly affects the base and wave drag
components of the overall drag, significantly altering the drag
coefficient. A higher value of the boattail angle results in a
greater reduction of the low-pressure base region after the bul-
let, reducing the base pressure component of the drag. However,
when the angle is too steep, the flow begins to separate at the
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boattail angle, first creating shockwaves, and eventually, at ex-
tremely steep angles, it separates leading to a drastic increase in
the low-pressure region. Preliminary CFD and semi-empirical
simulations confirmed the literature data [2,3,31], indicating the
lowest drag at supersonic speeds at 7° of boattail angle, which
was set as a constant in the plan.

The base diameter of the projectile is determined by the
boattail angle and length. Given the fixed boattail angle of 7°,
the base diameter becomes a function of the boattail length
alone.

The méplat diameter, strongly dependent on the projectile
design and manufacturing technology, significantly affects the
drag coefficient. Prior analysis [25] demonstrated that for a small
arms projectile, the lowest average drag for supersonic flow was
achieved with a méplat diameter to projectile diameter ratio
of 0.12. This value is coherent with the literature [2, 3, 31].
Therefore, for a 7.0 mm diameter projectile, the méplat diameter
was set constant at 0.84 mm.

With the minimum bearing surface and boattail lengths de-
fined, the maximum possible ogive length can be calculated as
follows:

lomax = Lmax — {cmin — [ Bmin =36.0-8.0-3.5 =24.5 mm.

Conversely, using the minimum ogive length, the maximum
cylindrical length is:

lcmax = Lmax — [ Bmin — lomin =36.0-3.5-16.0=16.5 mm.

Based on the parameter analysis, the factors used in the approx-
imation function are listed in Table 3.

Table 3
Drag coefficient function parameters
Variable Unit
Ma - 2.00+2.75
D mm 7.0
Dy mm 0.84
Dp mm ()

L mm 30+36
Ip mm 3.5+7.0
lc mm 8.0+16.5
lo mm 16.0+24.5
ap deg. 7.0
Ro mm h(lp)

Following the data presented in Table 3, it can be concluded
that — after reducing the number of variables — the Ma and the
lengths of the projectile and its individual sections remain the
only variable factors influencing the objective function. Since
the cylindrical section length is defined by the values of the other
three length parameters, the following variables were selected
for the experimental plan:
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x1: Ma (ranging from 2 to 2.75)
x2: projectile overall length (ranging from 30 mm to 36 mm)
x3: projectile boattail length (ranging from 3.5 mm to
7.0 mm)

e x4: projectile ogive length (ranging from 16.0 mm to

24.5 mm)

To visualize the specified factors, the projectile geometry, in-
cluding all the characteristics analyzed above, is presented in
Fig. 8 below.

Ip-x3 Ic

D
Dg

/

<!

8\

Fig. 8. Analyzed projectile geometry with chosen factors

The minimal length of the cylindrical part — /.. is not enforced
during the optimization process, to avoid restricting the function.
However, it will be employed in the tool designed further on in
MATLAB, and the user will be informed if the restriction of the
minimum /. value is not met.

2.4.2. Execution of the plan

For studies involving three to seven factors, Hartley or Bi-
experimental designs are often preferable due to their efficiency
and the small number of experimental runs required. In the
present case, a composite Hartley design with four factors was
employed. The relation between coded and uncoded values of
the chosen parameters in DOE is given by the following for-
mula [47,48]:

Xk — (kaax +kain)
Xk =a >
Xk max — Xkmin

(6)

where X is the coded value of the k-th factor, « is the star arm,
Xk max 1S the maximum, and X i, is the minimum value of the
k-th uncoded factor.

The plan matrix, including both coded and uncoded factor
values, as well as the results of the CFD-based drag coefficient
estimations, is presented in Table 4. The CFD results of Cpg
estimations were achieved by implementing each treatment —
projectile geometry and Ma — to the validated two-dimensional
model explained in the earlier section.

The Hartley plan is a composite design consisting of three
components: a core set (first 8 runs), axial, or star points (runs
9-16, star arm « = 2, and a central point (run 17). Simulations
were performed for all 17 treatments, requiring a total of ap-
proximately 34 hours of computational time (about 2 hours per
simulation). Given the nature of computer experiments, where
random experimental error is absent, and only the discretization
difference must be considered, a full statistical analysis for each
treatment is omitted [49].

Table 4
Hartley plan PS/DS-P:Ha4 and results of numerical experiments
for Cpg
Plan
Coded factors Uncoded factors oo

n | Xi ‘ X> ‘ X3 ‘ Xq | x1 ‘ x2 ‘ x3 ‘ x4 Z

1 |-1|-1|-1|-1]2188]31.5]4.375 | 18.125 | 0.2520
2 |1 |-1|-1] 1 ]2563]|315]|4375]22.375|0.2049
3 -1 1 | =11 |2188]34.5 |4.375|22.375|0.2304
4 11 | 1 | -1|-1]2563|345|4375]| 18.125 | 0.2266
S|-1]-1]1 1 |2.188 | 31.5|6.125 | 22.375 | 0.2243
6 | 1 |-1|1|-1|2563]315]|6.125 | 18.125 | 0.2315
7 1-1] 1|1 |-1]|2188]34.5|6.125| 18.125 | 0.2459
81 111 |1 1 | 2563|345 | 6.125 | 22.375 | 0.1999
9121010 /| 0 |2.000]33.0|5.250|20.250 | 0.2509
10201 0| 0275 |33.0]5.250 | 20250 | 0.2010
110 (-2] 0] 0]2375]3005.250 | 20.250 | 0.2233
121012 1] 0| 023753605250 | 20.250 | 0.2240
13/ 0] 0 |-=2] 0 ]2375]33.0|3.500 | 20.250 | 0.2297
141010 | 2| 02375330/ 7.000|20.250 | 0.2176
I5/01] 0| 0 |-2]2375]33.0|5.250 | 16.000 | 0.2532
16 0] 0| 0| 2 |2375]|33.0]5.250 | 24.500 | 0.2071
171010 | 0| 0 |2375]33.0/5.250 | 20.250 | 0.2233

3. RESULTS AND DISCUSSION

3.1. Objective function

The object response, i.e., zero-yaw drag coeflicient derived from
the plan, can be approximated by a quadratic function:

223.3-11.85X; —0.53X, —2.28X;3
—11.79X4+0.79X} +0.22X7
+0.22X7+1.85X;

21073 (D)

Cpo =

The objective function is a second-order response surface model
equation. It includes both linear and quadratic terms, while the
interaction terms were excluded to prevent overfitting (noticed
during the analyses). The idea behind this methodology is to
identify the stationary point of the response surface of the ob-
ject, which in this case is the point of minimum response — the
lowest value of the drag coefficient [50]. The analysis of the mag-
nitude of the coefficients associated with each factor reveals that
X1 (Ma) and X4 (bullet ogive length) have the greatest impact on
the value of the response, while X, (overall length) and X3 (boat-
tail length) are less significant. Although the pronounced effect
of the Ma on the drag coeflicient aligns with expectations, the
observation that the ogive length has a stronger influence than
overall length provides useful guidance for the aerodynamic
optimization of future projectile designs.
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The adequacy of the approximation function was evaluated
using the multiple correlation coefficient R. The correlation co-
efficient is used to evaluate how well a given model fits the
observed data. It includes values between 0 and 1, where O in-
dicates no correlation and 1 indicates perfect correlation. In the
context of experimental data fitting, an R value greater than 0.95
is considered acceptable. However, for numerical experiments,
a higher threshold is applied — typically higher than 0.99 — to
confidently assume that the model accurately represents the un-
derlying physical behavior. The multiple correlation coefficient

is computed as:
SSM §—5)*
S P VA )
SST CE))

where SSM represents the sum of squares for the model, SST is
the total sum of squares, y is the experimentally estimated value
of the response for each treatment, y represents the average value
of the response, and § is the approximated value of the response.

Accordingly, the model explains over 99.2% of the variabil-
ity in the response. To assess this adequacy, the coefficient of
determination R? was estimated at 0.984. The values of R and
R? indicate that the model can be considered adequate [48,51].
To illustrate the accuracy of the drag coefficient approximation
across different factor settings, three randomly selected sample
treatments are presented in Table 5.

R= (3

Table 5
Exemplary results of objective function approximation
Parameter Value

Ma x1 2.1875 2.5625 2.0000
gﬁ’ifﬁiﬁ overall 34.5 34.5 33.0
Boattail length x3 6.125 6.125 5.250
Ogive length x4 18.125 22.375 20.250
Cpo 0.2459 0.1999 0.2509
Cpo approx. 0.2472 0.1999 0.2502
Square error 0.0000017623 | 0.0000000001 | 0.0000005384

A visualization of the correlation between the approximating
function and the experimentally derived drag coefficient values,
where the squared error is on the order of 107° or lower, confirms
that the quadratic function without interaction terms provides
sufficient accuracy for further analysis.

3.2. Trajectory modeling

The approximation function described in (7) was integrated
into a validated in-house modified point-mass trajectory (PMT)
solver in MATLAB R2023B software. In standard PMT mod-
eling, the projectile is considered a point in space, with given
mass and average coefficient of drag. Due to the short distances
to the target analyzed (max. 300 meters) and small elevation
angles, the PMT model is deemed sufficient [2, 3]. In the study
presented, the projectile equations of motion incorporate a drag
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coefficient value that is recalculated at each timestep using the
DOE-derived function shown in equation (7). For the cases
where the projectile velocity during simulated flight exceeds or
drops below the objective function range, with muzzle velocity
higher than Mach 2.75, or with distance to the target causing
velocity to drop below Mach 2, the program extrapolates the
drag coefficient value. However, it is important to note that the
adopted DOE framework constrains the accuracy of the method
to the predefined factor ranges. The extrapolation presented here
is performed solely for comparative purposes, to demonstrate
the behavior of the tool beyond the Ma range used in the DOE.
Table 6 contains outcomes from a series of simulations under
various, randomly chosen initial conditions. Note that for some
cases, the parameters were intentionally selected to exceed the
established factor ranges. Consequently, the resulting predic-
tions may exhibit discrepancies arising from extrapolation. The
generated PMT solver employs the data as input and calculates
trajectories with a variable drag coefficient for any given fire
input data describing the desired projectile.

Comparison of the results for a chosen geometry with PRO-
DAS software using a 4DOF trajectory modeling was conducted.
The model employed in PRODAS was an FMJ steel/lead core,
brass jacket projectile, with external geometry and overall pro-

Table 6

Exemplary results of trajectory analysis

Simulation number
Inputs
1 \ 2 \ 3 \ 4 \ 5
Projectile diameter 70 70 70 70 70
(mm)
Projectile mass (g) 8.0 7.0 6.0 8.5 9.0
Overall length (mm) | 350 | 33.0 | 320 | 360 | 300
Boattail length 45 | 60 | 50 | 70 | 35
(mm)
Ogive length (mm) 18.0 20.0 19.0 20.0 16.0
Cylindrical length 125 | 70 | 80 | 90 | 105
(mm)
Launch angle (deg.) 0.21 0.20 0.1 0.25 0.2
Crosswind speed 2.0 30 | 20 | 30 | 40
(m/s)
Muzzle velocity 900 | 920 | 950 | 850 | 900
(m/s)
Distance to the target 300 300 500 200 100
(m)
Results CFD-DOE PMT model
Terminal velocity | 77 6> | 735.70 | 588.32 | 750.79 | 842.53
(m/s)
Terminal kinetic 2117.8 | 1894.4 | 1038.4 | 2395.7 | 3194.4
energy (J)
Total deflection (m) 0.07 0.11 0.28 0.05 0.01
Time of flight (s) 037 | 036 | 067 | 025 | 0.11
9
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jectile mass according to the data in Table 6 for each treatment.
Naturally, the CFD-DOE PMT solver does not consider mass
distribution in the bullet.

The trajectories calculated with both methods for the selected
case of a 7.6 g projectile are shown in Fig. 9 and specific results
can be analyzed in Table 7. The input data was chosen based on
previous analysis and existing data for a given PRODAS model.

Table 7
CFD-DOE PMT and PRODAS trajectory results comparison

Inputs Value

Projectile diameter

(mm) 7.0

Projectile mass (g) 7.6

Overall length

(mm) 31.500

Boattail length

(mm) 4.375

Ogive length (mm) 18.125

Cylindrical length

(mm) 9.000

Launch angle
(deg.)

Crosswind speed
(m/s)

0.23

Muzzle velocity

(m/s) 850

Difference
(%)

CFD-DOE

PMT Difference

Results PRODAS

Maximum horizon-

tal coordinate (m) 0.50

0.50 0.00 0

Max. horizontal co-

ordinate range (m) 2.68

240.32 243.00 1.10

Velocity at 100
meters (m/s)

Velocity at 200
meters (m/s)

Velocity at 300
meters (m/s)

789.20 791.63 243 0.31

729.80 734.84 5.04 0.69

672.12 679.54 7.42 1.09

Terminal velocity

(m/s) 7.43

588.91 596.34 1.25

4.39
0.0020

0.96
0.33

452.27
0.6385

456.66
0.6406

Range (m)
Time of flight (s)

The trajectories achieved with both 4DOF PRODAS and
CFD-DOE PMT models align exceptionally well with each other
for almost the whole flight. The highest discrepancies occur at
the aft section of the projectile, where the projectile modeled
with PRODAS is characterized by slightly higher velocity. The
resulting range for chosen initial conditions is slightly higher
than the one estimated with the CFD-DOE PMT method.

10
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Fig. 9. Trajectory comparison of the projectile with exemplary inputs

Analysis of the values presented in Table 7 shows a remark-
ably high correlation between PRODAS estimations and the
CFD-DOE PMT model. The former tends to predict slightly
slower velocity reduction, resulting in higher (by max. 7.43 m/s
— 1.25%) terminal velocity. The maximum horizontal coordi-
nate is equal (+0.01 m), with a difference of the range at which
the vortex appears of 2.68 +£0.02 m.

The discrepancies between the two estimates arise from dif-
ferent drag coefficient estimation. A comparison of both drag
curves for the velocities in question is shown in Fig. 10.

0.30

0.29
CFD-DOE
4 PRODAS
— 0284 .
;
Q
O 0274
5
S 0.26
=
8
8 0.25 1
jo2}
Y
O 024 A
0.23 -
A
0.22 ‘ ; . .
17 18 19 20 21 22 23 24 25

Mach number (-)

Fig. 10. Calculated drag coeflicient of the exemplary projectile
with an experimental plan and PRODAS software

Figure 10 indicates that PRODAS tends to underestimate
the drag coefficient in the whole range of experienced Ma, as
previously reported by the authors in [26] and mentioned in
the literature [52], where semi-empirical drag estimates for a
155 mm projectile were lower than those from 2D CFD. In [13],
researchers likewise observed lower Cp values predicted by
PRODAS when compared to 3D CFD for a 120 mm projectile.
As concluded by the authors, PRODAS is effective for quickly
estimating aerodynamic coefficients for geometries similar to
existing data. However, its predictive accuracy cannot be en-
sured when the geometry and flow conditions fall outside the
database. In [31], the authors compared the drag coefficients es-
timated by PRODAS against CFD simulations for two 155 mm
artillery projectiles. Their findings similarly show that PRO-
DAS underestimated the coefficient in the whole Mach range.
The discrepancies were dependent on similar geometries of the
projectile in the program database, evidently affecting the re-
sults.
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The quadratic objective function, which approximates the
drag coefficient with a multiple correlation coefficient value of
over 0.99, implemented in a point-mass trajectory model, results
in range and terminal velocity predictions differing by 0.96%
and 1.25%, respectively, from those generated by PRODAS.
These discrepancies stem primarily from PRODAS underes-
timating the drag coefficient, as shown in Fig. 10. In practical
terms, an underestimation of drag by 9.5% when using PRODAS
can lead to an overestimation of effective range and terminal
velocity. Considering these findings, the presented CFD-DOE
PMT methodology offers more reliable estimates.

3.3. Shape optimization

The established methodology is applied to optimize the external
shape of the projectile with respect to the achievable termi-
nal velocity. Terminal velocity was selected as the optimization
objective since it directly correlates with impact energy and ef-
fective range, which are considered key performance metrics for
small arms projectiles. To develop an optimization tool capable
of determining specific geometric parameters — while keeping
selected features constant — a second experimental plan will be
implemented. In this plan, the response variable is the terminal
velocity of the projectile at the target, approximated as a func-
tion of selected shape-defining variables. This approximation is
based on the combined CFD-DOE PMT model.

The optimization process focuses exclusively on the external
shape of the projectile and does not consider modifications to
its internal configuration. It is assumed that any change in ex-
ternal geometry can be compensated by adjusting the internal
dimensions of the projectile components — such as jacket thick-
ness or core density — to maintain a consistent mass and mass
distribution. This approach isolates the aerodynamic effects of
shape on drag coeflicient and terminal kinetic energy, which are
the primary objectives of the analysis. Consequently, the sim-
ulations did not include potential variations in muzzle velocity
arising from unadjusted mass changes. In practical applications,
any necessary adjustments to preserve projectile mass and inte-
rior ballistics performance would be addressed during detailed
engineering design.

Regarding projectile stability, the optimization process was
conducted for a velocity range corresponding to Mach 2-2.75,
which are fully supersonic flight conditions. A zero-yaw motion
assumption (2D axisymmetry) was adopted in the numerical
twin construction, based on the expectation of negligibly small
yaw angles within the range where the projectile remains above
Mach 2 [2,3]. Under these conditions, a projectile that exhibits
adequate stability at the muzzle is expected to remain stable
throughout the considered trajectory segment. Therefore, a gy-
roscopic stability factor of at least 1.5 was assumed to ensure
sufficient spin stabilization and minimize the risk of dynamic
instability.

3.3.1. Terminal velocity objective function

The projectile velocity at target Vr, within the PMT external bal-
listics model employed in these simulations, depends on multiple
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factors. It can be described by the following function:
VT = F (VO’ S, mpa pa, QO’ VW’ DP’ L’ lBa IC9 109 CDO) b (9)

where Vj is the muzzle velocity, s is the distance to the target,
m, is the projectile mass, p, represents air density, aq is the
firing angle, and the v,, is the cross-wind speed.

To reduce the number of variables, a separate analysis was
conducted under exemplary conditions. For an 8 g projectile, a
muzzle velocity of 900 m/s was chosen as an achievable value
with modern small-arms technologies. The required distance
to target in terminal velocity estimations was set to 300 me-
ters. To evaluate projectile performance under a worst-case sce-
nario (maximum engagement distance), trajectory calculations
were also conducted for 300 m. The firing angle was defined
to ensure that the projectile trajectory did not exceed a maxi-
mum vertical displacement (vortex coordinate) of 0.5 m, cor-
responding to a point-blank trajectory for a 0.5 m high target.
For the specified muzzle velocity and projectile mass, this con-
dition resulted in a firing angle of 0.2°. Air density was set at
1.225 kg/m?, and windless conditions were assumed to satisfy
the two-dimensional assumptions of the numerical twin model.
The projectile diameter, set at 7 mm in the initial experimental
plan, was treated as constant.

The remaining geometric parameters of overall projectile
length and the lengths of individual geometric sections were
treated as variables within the ranges defined in Section 2.4.1.
The fourth variable, the drag coefficient, was approximated us-
ing equation (7).

As a result of variable analysis, the input ranges for the ap-
proximation function are summarized in Table 8.

Table 8
Terminal velocity function parameters
Variable Unit Value
Vo m/s 900
s m 300
mp g 8.0
Pa kg/m? 1.225
%) deg. 0.2
Vi m/s 0
mm 7.0
L mm 30+36
Ip mm 3.5+7.0
Ic mm 8.0+16.5
lo mm 16.0+24.5

After executing the second experimental plan, which em-
ployed a Hartley design for three factors, the following results
were obtained (see Table 9).
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Table 9 Table 10
Hartley plan PS/DS-P:Ha3 and the results of trajectory modelling Exemplary objective function approximation results
for Vr
Parameter Value
Plan Protectil 1
1% rojectile overa
Coded factors Uncoded factors g length x2 34.732 30.000 36.000
n| Xy \ X3 \ Xy x2 ‘ x3 ‘ x4 Z Boattail length x3 6.260 5.250 5.250
1 -1 -1 1 31.268 | 4.240 | 22.704 | 744 Ogive length x4 22.704 20.250 20.250
2 1 -1 -1 34732 | 4.240 | 17.796 | 726 Cpo 728.810 748.690 737.630
3 -1 1 -1 31.268 | 6.260 | 17.796 | 729 Cpo approx. 728.875 748.632 737.629
4 1 1 1 34732 | 6.260 | 22.704 | 749 Square error 0.0042219 | 0.0033083 | 0.0000017
51-1732| 0 0 | 30.000 | 5.250 | 20.250 | 738
6| 1732 | o0 0 360005250 | 20250 | 739 | 332 ?hape °p“r_'"za“°" pf°°9d”re ‘ S
- 0 1732 0 33.000 | 3.500 | 20250 | 735 Regardlng the maximum term%nal‘velocuy for given initial con-
ditions, projectile shape optimization can be achieved by finding
8 0 1.732 0 33.000 | 7.000 | 20.250 | 742 the maximum of the objective function (10). To do so, the par-
9 0 0 1732 1 33.000 | 5.250 | 16.000 | 718 tial derivatives of the function with respect to each factor were
defined:
10 0 0 1.732 | 33.000 | 5.250 | 24.500 | 750
1nl o 0 0 | 33.000 | 5.250 | 20.250 | 739 NV _oan_ 0.40X, .,
0X,
The second Hartley plan for three variables consists of a 6& =1.84-0.40X3,
core set (first 4 runs), axial, or star points (runs 5-9, star arm 9X3
a =1.732, and a central point (run 11). Simulations were con- ovVr —045-332X,
ducted for each of 11 cases, with the CFD-DOE PMT solver in 00Xy ' s

MATLAB.
The objective function extracted from the results shown in
Table 9 was established:

Vr =738.97+0.42X,+1.84X5+9.45X, — 0.20X22

- 0.20X3 - 1.66X; . (10)
The coefficients for each factor indicate that, for the chosen pro-
jectile design and its velocity at 300 meters, the ogive length
(X4) exerts the strongest influence on the bullet performance.
This aligns with the analysis of the coeflicient for the objective
function approximating the drag coefficient — see (7). Conse-
quently, this geometric parameter should be the primary focus
when seeking to optimize the bullet shape for improved terminal
ballistics.

The adequacy of the quadratic approximation was further con-
firmed with a correlation coeflicient of R = 0.998, which fulfills
the requirement of the correlation factor over 0.99 stated earlier.
The coefficient of determination R? equals 0.996, indicating
excellent adequacy. Table 10 shows representative terminal ve-
locity estimates for three selected cases, in which the bullet
overall length (x2), boattail length (x3), and ogive length (x4)
were set to randomly specified values.

The experimental plan results indicate a strong correlation
between the numerically calculated projectile velocity at 300
meters and the values estimated using the approximation func-
tion. The squared error, on the order of 1073 or lower, is con-
sidered acceptable for practical terminal ballistics performance
assessments.

12

By equating the partial derivatives to zero, the stationary point
at X, = 1.05, X5 =4.60, and X4 = 2.846 was obtained. Since the
coefficients of the quadratic terms in (10) are negative, these
values correspond to the location of the maximum of the re-
sponse Vr. However, the values of X3 and X, exceed the upper
boundary of the experimental range, which is 1.732. There-
fore, the maximum response within the defined experimen-
tal region occurs at X3 = 1.732 (x3 = 7.000 mm), X4 = 1.732
(x4 = 24.500 mm), while the value of factor X, remains as cal-
culated (x2 = 33.649 mm). The maximum value of terminal
velocity, within the specified factor ranges, is 753.17 m/s. It
must be emphasized that this value is strictly theoretical, as the
condition of bearing surface length is not satisfied.

Function shown in (10) can be utilized to identify the projec-
tile external geometry that yields the highest terminal velocity
when specific constraints are placed on the projectile external
shape, e.g., due to technological process, and can implement
the requirement of a minimum cylindrical length, which was
specified earlier. Such a tool can then be employed to evaluate
how variations in the remaining geometric factors influence the
terminal velocity.

Figure 11 presents the results of exemplary analysis where
the terminal velocity change was analyzed for a fixed overall
and boattail length and varied ogive (and therefore cylindrical
part) length, while Fig. 12 shows the case with only the boattail
length held constant.

By examining how each factor affects the terminal velocity
of the projectile, the impact of geometric modifications can be
readily evaluated. For instance, Fig. 11 illustrates that, with a
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fixed overall length and boattail length, extending only the ogive
length from 16 mm enables assessment of how much additional
velocity at the target can be gained per millimeter of ogive ex-
tension (and bearing surface reduction), thereby offering direct
insight into improvements in terminal ballistics performance.
When greater geometry alternations are possible, the analysis
shown for an exemplary set of values in Fig. 12 allows for a quick
estimation of how the ogive — overall lengths trade-off — affects
the terminal velocity at the chosen range. The ability to assess
how much velocity at the target can be increased by slightly
modifying projectile shape is especially crucial when analyzing
projectile-target interaction near the ballistic limit (V50). Even
a minor increase in terminal velocity near V50 can significantly
affect penetration success, showing the possible advantages of
using the presented methodology [11,53].

4. CONCLUSIONS

1. CFD simulations enable the development of a numerical
twin for the exterior ballistics of small-arms projectiles in
supersonic flight, providing better agreement with experi-
mental data than semi-empirical PRODAS predictions.

Bull. Pol. Acad. Sci. Tech. Sci., vol. 74, no. 2, p. €157329, 2026

2. The CFD model, utilizing the k-w SST turbulence model
in Ansys Fluent, showed around 6.5% deviation when vali-
dated against experimental and literature data for supersonic
projectile flow at the analyzed Mach number, confirming
mesh independence.

3. The DOE approach proved to be remarkably effective in or-
ganizing and analyzing the results of experiments performed
using the numerical twin, and it provided valuable results.

4. A Hartley experimental plan established strong correlations
(R > 0.99, R? > 0.98) between Ma, geometric factors, and
the drag coefficient, enabling the derivation of a highly ac-
curate quadratic approximation function. This function was
then integrated into a PMT solver for efficient trajectory sim-
ulations. The CFD-DOE PMT method proved more reliable
than semi-empirical software like PRODAS, which tends to
underestimate drag.

5. Asecond DOE plan successfully generated a quadratic func-
tion linking projectile geometry to terminal velocity at 300
meters, with extremely high adequacy (R > 0.99, R? > 0.99).
Both functions revealed ogive length as the strongest in-
fluencing factor on drag coefficient and impact velocity.
The function was directly used to find an optimal projec-
tile shape, achieving a terminal velocity of over 753 m/s
at 300 m.

6. The developed CFD-DOE PMT model is flexible and scal-
able, enabling adaptation to various projectile geometries
and parameter ranges. The objective functions can be recal-
ibrated through repetition of the DOE plan for new config-
urations or performance criteria.

7. This methodology is especially effective in analyzing termi-
nal ballistics near the ballistic limit V50. It provides valuable
insights into how small geometric modifications influence
performance at a given range, helping optimize penetration
potential without extensive physical prototyping.

8. The coupled approach significantly reduces development
time and costs, while improving the reliability of trajectory
predictions by incorporating CFD-based aerodynamic data
directly into performance simulations.

9. Limitations of the approach include simplifications em-
ployed in the numerical twin construction, such as assuming
axisymmetry and zero-yaw flight in the CFD model, and the
assumption of maintaining constant mass of the projectile
while modifying its external geometry. These factors may
influence accuracy in predicting drag and stability and affect
internal and terminal ballistics.

10. Experimental firing tests are planned to verify the numerical
predictions of the optimized configurations and to assess the
practical applicability of the CFD-DOE PMT methodology.
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