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The Inverted Pendulum Cart (IPC) system is a significant challenge in control
theory, is used as a benchmark for evaluating advanced actuator control techniques,
and has critical applications in robotics and autonomous systems. This paper proposes
a new control strategy based on a Hierarchical Non-Singular Fast Terminal Sliding
Mode (HNFTSM) controller technique enhanced by an Extreme Learning Machine
(ELM) neural network to achieve system stability. HNFTSM provides finite time con-
vergence and resistance to disturbances and uncertainty, while the ELM contributes
to estimating these disturbances to improve performance. The stability of this strategy
is proven using the Lyapunov stability theory, which ensures that all system states
reach the desired equilibrium in finite time. Furthermore, the proposed hierarchical
control scheme guarantees finite-time convergence of all closed loop IPC states under
bounded uncertainties. A comprehensive comparative analysis is conducted against
other advanced control techniques, including HSMC, HNTSM, ELM-HNTSM, and
conventional NFTSM controllers. Simulation results show that the proposed approach
outperforms other methods in tracking accuracy, convergence speed, singularity avoid-
ance, and chattering reduction, which enhances the effectiveness of system control
and makes it promising for practical applications.

1. Introduction

The inverted pendulum-cart (IPC) system is one of the most classical bench-
marks in control engineering due to its highly nonlinear dynamics, sensitivity to
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disturbances, and underactuated nature. These characteristics make the stabiliza-
tion problem both theoretically rich and practically challenging [1–3]. Additional
difficulties arise from sensor limitations, parameter uncertainties, and external
unmodeled disturbances, which further complicate the control design [4]. As a
SIMO underactuated system, the IPC lacks sufficient actuators relative to its de-
grees of freedom, making the development of reliable controllers an intricate
task [5–7].

IPC-type dynamics appear in numerous real-world systems such as cranes,
spacecraft, underwater vehicles, bipedal robots, manipulators, and rocket struc-
tures. Because of this widespread relevance, the IPC continues to serve as an ideal
testbed for validating novel nonlinear and robust control methods [8, 9].

To simplify the stabilization problem, several studies have adopted linearization-
based approaches that enable the use of conventional control tools [10, 11]. Com-
parative work in [12] evaluated PID, MPC, and LQR controllers, highlighting the
ability of MPC to incorporate system constraints into an optimization framework.
Meanwhile, [11] demonstrated how particle swarm optimization (PSO) can im-
prove LQR performance by tuning gains efficiently under limited computational
budgets. Related work in [13] further examined optimal stabilization strategies by
analyzing the influence of sensor placement on system zeros to enhance robust-
ness.

Although linear controllers can provide acceptable performance near nominal
conditions, nonlinear effects and disturbances can quickly degrade their effective-
ness. This motivates the use of intelligent and adaptive control techniques that can
handle time-varying dynamics and uncertainties more effectively [14–16]. Sliding
Mode Control (SMC), in particular, is widely recognized for its robustness against
parameter variations and matched disturbances [17–20]. Enhanced variants such as
ISMC and PID-SMC further improve transient behavior by modifying the sliding
surface structure [21–23].

However, conventional SMC suffers from asymptotic convergence, which can
lead to slow stabilization [24]. Terminal Sliding Mode Control (TSMC) addresses
this limitation by ensuring finite-time convergence through nonlinear surface mod-
ification, but it may introduce singularity issues near the origin [25]. Fast Terminal
Sliding Mode (FTSM) improves convergence speed but still fails to eliminate sin-
gularities [26]. To fully avoid singular behavior, nonsingular control approaches
such as NTSM and NFTSM have been proposed, providing finite-time convergence
across the entire state space [27–30].

Chattering, another common drawback of SMC-based methods, is often miti-
gated by using continuous approximations of the sign function, such as saturation
functions, which improve practical applicability [31, 32]. Hybrid intelligent SMC
approaches, including neural-network-based and fuzzy-based structures, have also
shown strong performance under uncertainties [33].

Neural network methods are particularly effective when dealing with unknown
or highly nonlinear dynamics. Among these, the Extreme Learning Machine (ELM)



Intelligent robust control of inverted pendulum using hierarchical sliding mode and . . . 21

stands out due to its simple structure, fast training, and ability to approximate non-
linear functions without iterative tuning [34, 35]. ELM has demonstrated strong ca-
pability in real-time estimation and compensation of dynamic uncertainties across
various control applications [36, 37].

Given the SIMO nature of the IPC system, a hierarchical control architecture is
an appropriate strategy to decouple and coordinate the dynamics of the pendulum
and the cart. In this work, a hierarchical Nonsingular Fast Terminal Sliding Mode
(HNFTSM) control framework is developed to ensure fast, finite-time convergence
of both subsystems. Traditional SMC schemes typically require prior knowledge of
disturbance bounds; however, this requirement is often impractical. To address this,
the proposed method integrates an online ELM estimator capable of approximating
the lumped uncertainty adaptively without needing predefined bounds.

The main contributions of this paper are summarized as follows:
1. A modified nonsingular terminal sliding manifold is proposed to accelerate

convergence, especially for trajectories initially far from equilibrium.
2. A new sliding surface formulation is developed to guarantee the removal of

singularities in the control law.
3. An adaptive ELM-based estimator is designed to approximate the lumped

uncertainty in real time without requiring prior knowledge of disturbance
bounds.

4. A hierarchical HNFTSM structure is formulated to exploit the SIMO char-
acteristics of the IPC system, thereby improving coordination between pen-
dulum and cart dynamics.

5. The proposed approach achieves enhanced robustness and improved track-
ing performance under varying uncertainties and disturbances, while en-
suring finite-time convergence.

The remainder of this paper is organized as follows. Section 2 presents the IPC
mathematical model and analyzes the uncertain dynamics. Section 3 details the
proposed hierarchical control design and the integrated ELM estimator. Section 4
provides comparative simulation studies. Finally, Section 5 concludes the paper
and outlines future extensions.

2. Mathematical modelling

This section presents the mathematical model of the inverted pendulum-cart
(IPC) system, which forms the basis of the proposed control framework. The control
objective is to regulate the pendulum angle 𝜃 and the cart position 𝑥 by applying
a horizontal control force 𝑢 to the cart. The mechanical structure consists of a
pendulum of mass 𝑚 and length 𝐿, mounted on a cart of mass 𝑀 . The cart moves
along a frictionless horizontal track, as illustrated in Fig. 1. The physical parameters
of the IPC system are summarized in Table 1.
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Fig. 1. Inverted pendulum-cart (IPC) model

Table 1. IPC physical parameters
Parameter Symbol Value Unit
Pendulum mass 𝑚 0.14 kg
Cart mass 𝑀 1.00 kg
Pendulum length 𝐿 0.125 m
Gravity acceleration 𝑔 9.8 m/s2

Following the formulation in [38], the nonlinear dynamics of the IPC system
are written as: {

(𝑀 + 𝑚) ¥𝑥 + 𝑚𝐿 ¥𝜃 cos 𝜃 − 𝑚𝐿 ¤𝜃2 sin 𝜃 = 𝑢 + 𝑑,

𝑚𝐿 ¥𝑥 cos 𝜃 + 𝑚𝐿2 ¥𝜃 − 𝑚𝑔𝐿 sin 𝜃 = 0,
(1)

where 𝑢 is the control input and 𝑑 is a bounded disturbance satisfying |𝑑 (𝑡) | ⩽ Δ𝑑 .
To express these equations in state-space form, let’s define the state vector as:

x =


𝑥1

𝑥2

𝑥3

𝑥4


=


𝑥

¤𝑥
𝜃

¤𝜃


. (2)

Using this notation, system (1) can be rewritten as:

¤𝑥1 = 𝑥2,

¤𝑥2 = 𝑓1(𝑥) + 𝑔1(𝑥) (𝑢 + 𝑑),
¤𝑥3 = 𝑥4,

¤𝑥4 = 𝑓2(𝑥) + 𝑔2(𝑥)𝑢,

(3)

where the nonlinear functions 𝑓1(𝑥), 𝑓2(𝑥) and the input gain functions 𝑔1(𝑥), 𝑔2(𝑥)
are given by: [

𝑓1(𝑥)
𝑓2(𝑥)

]
=

[
𝑀 + 𝑚 𝑚𝐿 cos 𝜃
𝑚𝐿 cos 𝜃 𝑚𝐿2

]−1 [
𝑚𝐿 ¤𝜃2 sin 𝜃
𝑚𝑔𝐿 sin 𝜃

]
. (4)
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𝑔1(𝑥)
𝑔2(𝑥)

]
=

[
𝑀 + 𝑚 𝑚𝐿 cos 𝜃
𝑚𝐿 cos 𝜃 𝑚𝐿2

]−1 [
1
0

]
. (5)

From (4)-(5), the explicit subsystem dynamics become:

¥𝑥 = 𝑓1(𝑥) + 𝑔1(𝑥) (𝑢 + 𝑑), (6)
¥𝜃 = 𝑓2(𝑥) + 𝑔2(𝑥)𝑢. (7)

To incorporate model uncertainties, (6) is rewritten as:

¥𝑥 = 𝑓1(𝑥) + Δ 𝑓1(𝑥) + (𝑔1(𝑥) + Δ𝑔1(𝑥)) (𝑢 + 𝑑), (8)

which can be expressed equivalently as:

¥𝑥 = 𝑓1(𝑥) + 𝑔1(𝑥)𝑢 + 𝑑lump, (9)

where the lumped uncertainty term is:

𝑑lump = Δ 𝑓1(𝑥) + Δ𝑔1(𝑥) (𝑢 + 𝑑). (10)

Here, 𝑓1(𝑥), 𝑓2(𝑥) denote the nominal nonlinear dynamics, and 𝑔1(𝑥), 𝑔2(𝑥)
are the nominal input gain functions. The terms Δ 𝑓1(𝑥) and Δ𝑔1(𝑥) represent
bounded uncertainties arising from model inaccuracy, parameter variations, and
unmodeled dynamics.

The 300% mass variation used in the uncertainty analysis is justified by two factors.
First, recent IPC studies commonly test robustness using 100-200% parameter
variations [39]. Second, the proposed controller is based on an HNFTSM sliding
mode framework, which is inherently robust to large matched uncertainties. Thus,
extending the variation to 300% provides a meaningful worst-case scenario that
reflects the strong robustness properties of sliding mode control.

3. Control design

The proposed control framework consists of two main components. First, a
robust hierarchical nonsingular fast terminal sliding mode (HNFTSM) controller is
derived to guarantee accurate tracking and finite-time convergence of the pendulum
and cart states. Second, an Extreme Learning Machine (ELM)-based estimator is
employed to approximate the lumped uncertainties online, thereby improving the
robustness of the closed-loop system.

The primary control objective is to ensure finite-time convergence of the system
states to the sliding manifold, followed by asymptotic stability of the reduced-order
dynamics on the sliding surface.

To meet this objective, a nonsingular fast terminal sliding mode controller is
adopted [29]. A hierarchical sliding manifold is constructed based on nonlinear
sliding surfaces, forming the foundation of the control design. The stability of the
resulting control law is then established through Lyapunov theory.
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3.1. Fundamental principles of Extreme Learning Machine (ELM)

Consider a set of 𝑁 distinct training samples (x𝑖 , 𝝉𝑖), where x𝑖 = [𝑥𝑖1, 𝑥𝑖2, · · · ,
. . . 𝑥𝑖𝑛]𝑇 ∈ R𝑛 and 𝝉𝑖 = [𝜏𝑖1, 𝜏𝑖2, · · · , 𝜏𝑖𝑚]𝑇 ∈ R𝑚. A standard single-layer feed-
forward network (SLFN) with 𝑁 hidden neurons is expressed as:

𝑁∑︁
𝑖=1

𝛽𝑖𝐺 (x 𝑗 , 𝜸𝑖 , 𝛼𝑖) = 𝜏𝑗 , 𝑗 = 1, · · · , 𝑁. (11)

Here, 𝜸𝑖 = [𝛾𝑖1, 𝛾𝑖2, · · · , 𝛾𝑖𝑛]𝑇 represents the input weights, 𝛼𝑖 is the hidden-
layer bias, and 𝛽𝑖 = [𝛽𝑖1, · · · , 𝛽𝑖𝑚]𝑇 is the output weight vector. The activation
function is denoted by 𝐺 (·).

Let x = [x1, · · · , x𝑁 ], 𝜸 = [𝜸1, · · · , 𝜸𝑁
], and 𝜶 = [𝛼1, · · · , 𝛼𝑁

]. The SLFN
then satisfies:

H(x, 𝜸,𝜶)𝜷 = T, (12)

where the hidden-layer output matrix is:

H(x, 𝜸,𝜶) =

𝐺 (x1, 𝜸1, 𝛼1) · · · 𝐺 (x1, 𝜸𝑁

, 𝛼
𝑁
)

...
. . .

...

𝐺 (x𝑁 , 𝜸1, 𝛼1) · · · 𝐺 (x𝑁 , 𝜸𝑁
, 𝛼

𝑁
)

 . (13)

The ELM trains much faster than traditional neural networks because its input
weights are randomly assigned and only the output weights are computed analyti-
cally in one step. This avoids iterative backpropagation and local minima, making
ELM suitable for real-time uncertainty estimation [35].

The least-squares solution of:

∥H(x, 𝜸,𝜶)𝛽 − T∥ = min
𝜷

∥H(x, 𝜸,𝜶)𝜷 − T∥ (14)

is given by:
𝛽 = H†(x, 𝜸,𝜶)T, (15)

where H† is the Moore-Penrose pseudo-inverse [40].
If the activation function is infinitely differentiable, then with probability one:

∥H(x, 𝜸,𝜶)𝜷 − T∥ = ∥𝜆(x)∥ < 𝜆1, (16)

where 𝜆(x) is the approximation error.
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3.2. HNFTSM control strategy integrated with an ELM-based uncertainty
estimator

The proposed control strategy combines an HNFTSM controller with an ELM-
based estimator to achieve fast and robust tracking performance. The block diagram
of the entire scheme is shown in Fig. 2.

Fig. 2. Block diagram of the proposed control strategy

Define the tracking errors:

𝑒1 = 𝑥 − 𝑥𝑑 , (17)
𝑒2 = 𝜃 − 𝜃𝑑 , (18)

and their derivatives:

¤𝑒1 = ¤𝑥 − ¤𝑥𝑑 , (19)
¤𝑒2 = ¤𝜃 − ¤𝜃𝑑 . (20)

The second derivatives are:

¥𝑒1 = ¥𝑥 − ¥𝑥𝑑 , (21)
¥𝑒2 = ¥𝜃 − ¥𝜃𝑑 . (22)

The first-level sliding surfaces are defined by:

𝑠1 = 𝑒1 + 𝛿1𝑒
[Λ1 ]
1 + 𝜎1 ¤𝑒 [𝜁1 ]

1 , (23)

𝑠2 = 𝑒2 + 𝛿2𝑒
[Λ2 ]
2 + 𝜎2 ¤𝑒 [𝜁2 ]

2 . (24)
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Here, 𝛿𝑖 and 𝜎𝑖 are positive constants, and 𝜁𝑖 is an odd number satisfying:

1 < 𝜁𝑖 < 2, Λ𝑖 > 𝜁𝑖 . (25)

The second-level sliding surface is:

𝑆 = 𝑠1 + 𝜇𝑠2, (26)

with 𝜇 > 0.
The control input is decomposed as:

𝑢 = 𝑢1 + 𝑢2, (27)

where:
𝑢1 = 𝑢eq1 + 𝑢sw1 + 𝑢𝑒𝑠𝑡 , (28)

𝑢2 = 𝑢eq2 + 𝑢sw2. (29)

Differentiating the sliding surfaces yields:

¤𝑆 = ¤𝑠1 + 𝜇 ¤𝑠2. (30)

¤𝑠1 = ¤𝑒1 + 𝛿1Λ1 |𝑒1 |Λ1−1 ¤𝑒1 + 𝜎1𝜁1 | ¤𝑒1 |𝜁1−1( ¥𝑥 − ¥𝑥𝑑). (31)

¤𝑠2 = ¤𝑒2 + 𝛿2Λ2 |𝑒2 |Λ2−1 ¤𝑒2 + 𝜎2𝜁2 | ¤𝑒2 |𝜁2−1( ¥𝜃 − ¥𝜃𝑑). (32)

By setting ¤𝑠1 = 0 and ¤𝑠2 = 0, the equivalent control signals become:

𝑢eq1 =
1

𝑔1(𝑥)

(
− 1
𝜎1𝜁1

[
¤𝑒 [2−𝜁1 ]
1 + 𝛿1Λ1 |𝑒1 |Λ1−1 ¤𝑒 [2−𝜁1 ]

1

]
− 𝑓1(𝑥) + ¥𝑥𝑑

)
,

𝑢eq2 =
1

𝑔2(𝑥)

(
− 1
𝜎2𝜁2

[
¤𝑒 [2−𝜁2 ]
2 + 𝛿2Λ2 |𝑒2 |Λ2−1 ¤𝑒 [2−𝜁2 ]

2

]
− 𝑓2(𝑥) + ¥𝜃𝑑

)
.

(33)

The switching control inputs are:

𝑢sw1 = − 𝑘1
𝑔1(𝑥)

sgn(𝑆),

𝑢sw2 = − 𝑘2
𝑔2(𝑥)

sgn(𝑆),
(34)

where 𝑘𝑖 are positive gains.
The activation function of the ELM is chosen as:

𝐺 (x, 𝜸, 𝛼) = 1
1 + 𝑒−(𝛾𝑥+𝛼) . (35)

The lumped uncertainty is approximated by:

𝑑lump = H(x, 𝛾, 𝛼)𝛽. (36)
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Although the lumped uncertainty 𝑑lump contains the control input 𝑢, its bounded-
ness is ensured by the HNFTSM control structure, since both the equivalent and
switching terms remain bounded and the functions 𝑔1(𝑥) 𝑔2(𝑥) are bounded for
all admissible states. Consequently, 𝑢(𝑡) and 𝑑lump evolve within a bounded set,
allowing the ELM to reliably approximate 𝑑lump in real time.

Its estimated value is:

𝑑lump =
1

𝑔1(𝑥)
(H𝛽). (37)

Thus, the estimation-based compensation term is:

𝑢𝑒𝑠𝑡 = −𝑑lump. (38)

Define:
𝜓2 = 𝜎2𝜁2 ¤𝑒 (𝜁2−1)

2 , (39)

𝜓1 = 𝜎1𝜁1 ¤𝑒 (𝜁1−1)
1 . (40)

The ELM output weights are updated by:

¤̂𝛽𝑇 = 𝜓1𝜂 |𝑆 |H, (41)

with adaptation gain 𝜂 > 0 ensuring finite-time convergence.
During the sliding motion, the system trajectories converge to their desired

references in finite time, thereby establishing the finite-time stability of the IPC
system.
Proof: To examine the stability of the closed-loop system, consider the following
Lyapunov candidate function:

𝑉 =
1
2
𝑆2 + 1

2𝜂
𝛽𝑇 𝛽, (42)

where 𝛽 = 𝛽 − 𝛽 is the estimation error of the ELM weights and 𝜂 > 0 is the
adaption gain.

The time derivative of 𝑉 is computed as:

¤𝑉 = 𝑆 ¤𝑆 + 1
𝜂
𝛽𝑇 ¤̃𝛽. (43)

From the definition of the hierarchical sliding variable:

¤𝑆 = ¤𝑠1 + 𝜇 ¤𝑠2, (44)

we first evaluate ¤𝑠1 and ¤𝑠2.
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Using Eqs.(2) and (31), the derivative ¤𝑠1 becomes:

¤𝑠1 = ¤𝑒1 + 𝛿1Λ1𝑒
Λ1−1
1 ¤𝑒1 + 𝜎1𝜁1 ¤𝑒 (𝜁1−1)

1
[
( 𝑓1 + 𝑔1𝑢1 + 𝑑lump) − ¥𝑥𝑑

]
. (45)

Substituting the control law components from Eqs. (28), (33), (34), and (38),
we obtain:

¤𝑠1 = 𝜓1

(
−𝑘1 sgn(𝑆) − 𝑑lump + 𝑑lump

)
= 𝜓1

(
−𝑘1 sgn(𝑆) + 𝑑lump

)
= 𝜓1

(
−𝑘1 sgn(𝑆) + 𝛽H

)
, (46)

where the lumped uncertainty estimation error is:

𝑑lump = 𝑑lump − 𝑑lump

= H𝛽 − H𝛽

= H(𝛽 − 𝛽)
= H𝛽.

(47)

Similarly, using Eqs. (7) and (32), ¤𝑠2 is given by:

¤𝑠2 = ¤𝑒2 + 𝛿2Λ2𝑒
Λ2−1
2 ¤𝑒2 + 𝜎2𝜁2 ¤𝑒 (𝜁2−1)

2
[
( 𝑓2 + 𝑔2𝑢2) − ¥𝜃𝑑

]
. (48)

Substituting Eq. (29), Eq. (33), and Eq. (34), we obtain:

¤𝑠2 = −𝜓2𝑘2 sgn(𝑆). (49)

Now, substituting Eqs. (46) and (49) into Eq. (44), we obtain:

¤𝑉 =
[
𝜓1

(
−𝑘1 sgn(𝑆) + 𝛽H

)
+ 𝜇 (−𝜓2𝑘2 sgn(𝑆))

]
𝑆 + 1

𝜂
𝛽𝑇 ¤̃𝛽. (50)

Using the adaptation law from Eq. (41) and ¤̃𝛽 = − ¤̂𝛽, the expression becomes:

¤𝑉 = −(𝜓1𝑘1 + 𝜓2𝑘2𝜇) |𝑆 | + 𝜓1 |𝑆 | 𝛽H − 1
𝜂
𝛽𝑇𝜓1𝜂 |𝑆 |H

= −(𝜓1𝑘1 + 𝜓2𝑘2𝜇) |𝑆 |.
(51)

The ELM approximation error 𝜆(𝑥) does not influence the closed-loop stability
because the adaptive update law in (41) cancels the term 𝛽𝑇H in the Lyapunov
derivative. Thus, ¤𝑉 remains negative and is dominated by the terms −𝜓1𝑘1 |𝑆 |
and −𝜓2𝑘2𝜇 |𝑆 |, ensuring finite-time convergence regardless of the approximation
accuracy.



Intelligent robust control of inverted pendulum using hierarchical sliding mode and . . . 29

From Eqs. (39) and (40), since 𝜎𝑖 > 0 and 1 < 𝜁𝑖 < 2, it follows that:

𝜓𝑖 > 0 for all 𝑒𝑖 ≠ 0. (52)

Thus, the Lyapunov derivative satisfies:

¤𝑉 ⩽ 0 since 𝜇, 𝑘𝑖 > 0, (53)

which guarantees that the sliding variable 𝑆 converges to zero in finite time.
Once the sliding surface is reached, the system trajectories evolve according

to the reduced-order sliding dynamics, ensuring that both the cart position and
pendulum angle tracking errors converge asymptotically to zero within a finite
time, even under bounded uncertainties and external disturbances.

Remark 1: The hierarchical approach used for the NFTSM scheme will also be
utilized for the NTSM and SMC approaches to assess the proposed controller. The
ELM estimator will also be applied to both the HNFTSM and HNTSM methods.
To provide a fair comparison, uniform parameter values are used in all methods,
including the suggested controller, as presented in Table 2. The controller parame-
ters were selected following the guidelines reported in [30], ensuring consistency
with previously validated NFTSM based designs.”

Table 2. Control parameters used for HNFTSM, HSMC, and HNTSM methods
Parameter Value Parameter Value

𝜁1 1.05 𝜁2 1.15
𝜎1 6 𝜎2 1.8
𝛿1 10 𝛿2 7
Λ1 10 Λ2 2
𝑘1 10 𝑘2 10
𝑐1 4 𝑐2 1.5
𝜇 1

Remark 2: The presence of chattering in the control signal is due to the signum
function in Eq. (34), which could have a detrimental impact on the performance
of the system. To reduce this chattering, it is customary to substitute the signum
function with a saturation function. This strategy is used in all the previously
described methods.

4. Results and discussion

This section demonstrates the efficiency of the proposed ELM-HNFTSM con-
troller for the inverted pendulum. Four different scenarios were examined and
compared to the HSMC, HNTSM, ELM-HNTSM, and HNFTSM controllers to
assess the ELM-HNFTSM ’s performance in terms of robustness, respond quickly,
its ability to estimate uncertainties, and maintaining accuracy. The first scenario
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evaluated performance under normal circumstances. The second scenario assessed
the resistance to parameter changes, while the third scenario tested the performance
under the impact of an external disturbance. The RMS values of all controllers were
analyzed under all three scenarios (nominal, uncertainty, and disturbance) using
the following equation:

RMS(𝑒) =

√√√ 𝑡∑︁
𝑖=1

𝑒2
𝑖

𝑡
(54)

Here, t is the sample number. In all simulations, the pendulum is started with an
angular position of −0.05 rad.

The adopted ELM selects node numbers 𝑁̃ and adaptive gain 𝜂 as 20 and
70, respectively. The starting parameters (𝛾, 𝛼) are randomly selected from the
intervals [−1, 1] and [0, 1], respectively.
Then, a sliding mode SMC surface is defined as:

𝑠𝑖 = ¤𝑒𝑖 + 𝑐𝑖𝑒𝑖 , 𝑐𝑖 > 0 (55)

And the NTSM sliding surface is defined as:

𝑠𝑖 = 𝑒𝑖 + 𝜎𝑖 ¤𝑒𝜁𝑖𝑖 1 < 𝜁𝑖 < 2 and 𝜎𝑖 > 0 (56)

4.1. Angular position response and stabilization

The comparative analysis of the control methods HSMC, HNTSM, ELM-
HNTSM, HNFTSM, and the proposed method is shown in Figs. 3–5, with distin-
guished differences in robustness, accuracy, and convergence speed. The HSMC
method exhibits more significant oscillations and slower convergence, indicating
less robustness under the tested conditions. In contrast, HNTSM and HNFTSM
methods demonstrate improved stability and faster convergence, although they still
experience minor oscillations. The HNTSM and HNFTSM methods exhibit a high
initial peak in the angular response due to the complex differential equations gov-
erning them, making them more sensitive to initial conditions such as angular
velocity and tilt angle. This sensitivity often results in an initial overshoot, as these
methods are designed to quickly reduce the error. Consequently, introducing the
ELM estimator into ELM-HNTSM and the proposed method further refines these
results, yielding smoother trajectories with faster stabilization. This indicates that
the ELM estimator effectively enhances the control strategies, improving both ro-
bustness and convergence speed and reducing the RMS error from (0.013,0.014) to
(0.0035,0.006) for the angular tracking errors of HNFTSM and HNTSM, respec-
tively, as noticed in Table 3.

Fig. 4 demonstrates that the proposed control strategy maintains stronger ro-
bustness than the other compared methods. Incorporating the ELM estimator fur-
ther improves the behavior of both HNTSM and HNFTSM methods, as reflected
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by the low RMS values of the position tracking error (ELM-HNTSM: 0.0070 and
ELM-HNFTSM: 0.0030).

(a) Angular position (b) Angular velocity

Fig. 3. (a) Angular position and (b) angular velocity of the pendulum under nominal conditions

(a) Cart position (b) Cart velocity

Fig. 4. (a) Cart position and (b) cart velocity under nominal conditions

The control signal shown in Fig. 5b offers valuable information about robust-
ness, suppression of chattering, passage around singularities, and precision. The
proposed scheme provides a stable control signal with suppressed chattering and
ensures proper performance without encountering any singularity. The peak initial
control input in the proposed scheme represents a proactive approach to quickly
move the cart of the inverted pendulum system towards a balanced position. This
proactive control input helps in quickly responding to the system, which in turn
promotes it towards achieving stability. The scheme reduces chattering effectively
and provides a smooth control input, which plays a vital role in acquiring precise
control performance of different techniques on the sliding surface (𝑆). Regarding
settling time, the proposed method exhibits the fastest and most stable response,
outperforming other methods. The HNFSM (red) method shows a slightly delayed
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but stable response, whereas the HSMC (black) method demonstrates a slower
response with more initial oscillation. Adding the ELM estimator to the HNFTSM
and HNTSM methods improves robustness against uncertainties and disturbances.
This leads to a more accurate and stable sliding surface trajectory, particularly in
the proposed method.

(a) Sliding surface (b) Control signal

Fig. 5. (a) Sliding surface and (b) control signal under nominal conditions

Table 3. Comparison of RMS for position and angular tracking errors for five stabilizing controllers
Controller Scenario Position RMS error Angular RMS error

HSMC

Nominal 0.0120 0.0171
Uncertainty 0.0121 0.0171
Shock Disturbance 0.0146 0.0182
Periodic Disturbance 0.0124 0.0169

HNTSM

Nominal 0.0075 0.0140
Uncertainty 0.0087 0.0141
Shock Disturbance 0.0080 0.0161
Periodic Disturbance 0.0070 0.0129

ELM-HNTSM

Nominal 0.0070 0.0060
Uncertainty 0.0075 0.0090
Shock Disturbance 0.0069 0.0060
Periodic Disturbance 0.0060 0.0066

HNFTSM

Nominal 0.0050 0.0130
Uncertainty 0.0051 0.0129
Shock Disturbance 0.0060 0.0140
Periodic Disturbance 0.0052 0.0120
Nominal 0.0030 0.0035

Proposed Uncertainty 0.0040 0.0041
ELM-HNFTSM Shock Disturbance 0.0036 0.0030

Periodic Disturbance 0.0037 0.0035
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4.2. Parameter variations and system robustness

The second simulated study analyzes the controllers’ changes in parameter
changes. When the cart and pendulum Weights are increased by 300% (𝑚 = 0.42
kg 𝑀 = 3 kg), Figs. 6, 7, 8 show that while mass of the pendulum and cart increase,
it will not have a great effect on the control strategies for balancing IPC system.
From Table 3, we can conclude by the RMS errors that these methods are robust to
system dynamics variations. However, the control input signals exhibit significant
variations at the start of the execution due to the initial high force requirement to
compensate for the increased weight. The proposed method outperforms others in
speed, robustness, accuracy, chattering reduction, and singularity avoidance.

(a) Angular position (b) Angular velocity

Fig. 6. (a) Angular position and (b) angular velocity responses under uncertainty conditions (with
300% increase in cart and pendulum masses)

(a) Cart position (b) Cart velocity

Fig. 7. (a) Cart position and (b) cart velocity responses under uncertainty conditions (with 300%
increase in cart and pendulum masses)
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(a) Sliding surface (b) Control signal

Fig. 8. (a) Sliding surface and (b) control signal responses under uncertainty conditions (with 300%
increase in cart and pendulum masses)

4.3. Handling and rejection of disruptions

The third simulation evaluated the controllers’ ability to handle external dis-
turbances by subjecting the IPC to both shock and periodic disturbances. Initially,
the system was exposed to a shock disturbance of magnitude 7 for a duration of
1 second, starting at the 5th second. The results demonstrated the following key
findings:

The proposed NFTSM method combined with the ELM estimator is the most
effective approach for counteracting external disturbances, as evidenced by its
superior performance in Figs. 9, 10, 11. This method shows the fastest response
in facing disturbances, with a quick return to the desired state, outperforming the
other methods, including HSMC, HNTSM, and HNFTSM. Integrating the ELM
estimator is crucial, as it significantly enhances the control system’s disturbance
rejection capability, minimizing the external shock’s effect.

Regarding the pendulum’s angle and angular velocity, the proposed method
exhibits the least deviation and the fastest stabilization, as reflected by the lower
RMS error values of 0.0036 for the cart position and 0.003 for the angular tracking
error listed in Table 3, effectively countering the shock disturbance. Based on the
RMS measure, these low error values indicate that the proposed controller achieves
a faster decay of residual oscillations under shock disturbance. This behavior is
attributed to the rapid attenuation of post-disturbance transients, which significantly
reduces the accumulated error energy over the evaluation interval used for RMS
computation. Consequently, the angular velocity stabilizes faster, ensuring that the
pendulum returns to its upright position with minimal oscillations.

The proposed method again excels for the cart’s position and velocity in
Fig. 10a, showing the smallest position deviation and quickest return to the de-
sired position, demonstrating its effectiveness in maintaining the cart’s stability.



Intelligent robust control of inverted pendulum using hierarchical sliding mode and . . . 35

(a) Angular position (b) Angular velocity

Fig. 9. (a) Angular position and (b) angular velocity responses under shock disturbance

(a) Cart position (b) Cart velocity

Fig. 10. (a) Cart position and (b) cart velocity responses under shock disturbance

It can be seen in Fig. 11 for the sliding surface and a control signal that the
HSMC demonstrates a slower response with noticeable chattering faces, singularity
issues, and less stability, recovering eventually but with less robustness. HNTSM
shows improved disturbance rejection speed but still exhibits significant chatter-
ing, indicating sensitivity to disturbances. ELM-HNTSM benefits from the ELM
estimator, reducing chattering and improving speed, yet some oscillations remain
in the control signal. HNFTSM significantly reduces chattering and shows faster
and smoother disturbance rejection.

The proposed ELM-NFTSM, however, offers the best performance, with the
fastest recovery, minimal chattering, and smooth control signals, effectively avoid-
ing singularity problems and neglecting the disturbance. In conclusion, the pro-
posed ELM-NFTSM stands out as the most effective method, providing superior
robustness and optimal control for the system.



36 Iman FARAJ, Jasim KHAWWAF

(a) Sliding surface (b) Control signal

Fig. 11. (a) Sliding surface and (b) control signal responses under shock disturbance

Fig. 12a demonstrates the effectiveness of the ELM estimator in tracking
the external disturbance, as indicated by the close alignment of the estimated
disturbance (blue) with the actual disturbance (red).

Fig. 12b shows the error between the actual disturbance and the ELM es-
timator’s prediction, which remains minimal except for a brief spike during the
disturbance. This small error indicates the estimator’s strong performance in accu-
rately modelling the disturbance.

(a) Lumped uncertainties (b) Error tracking of ELM

Fig. 12. Responses under shock disturbance: (a) Lumped uncertainties and (b) ELM error tracking

After that, the system was subjected to a periodic disturbance (d(t)=sin(t))
for 10 seconds; the responses were captured in Figs. 13–14, showing the angle,
angular velocity, cart position, and cart velocity, respectively. The results highlight
the robustness of the control methods in handling disturbances, with the proposed
method demonstrating the most effective periodic disturbance rejection, as reflected
in the lower RMS error values presented in Table 3.
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(a) Angular position (b) Angular velocity

Fig. 13. Responses under periodic signal: Pendulum angular position and velocity

(a) Cart position (b) Cart velocity

Fig. 14. Responses under periodic signal: Cart position and velocity

The control signal shown in Fig.15b indicates reduced chatter and strong
stability, particularly for the proposed method with the ELM estimator, which
effectively reduces the impact of disturbances.

The integration of ELM with HNTSM, along with proposed control strategies,
greatly enhances the precision of disturbance estimation, as shown in Fig. 16a,
where it can be visualized that the estimated disturbances match with actual distur-
bances, demonstrating the estimator’s effectiveness in capturing dynamic variations
and improving overall system performance. Fig. 16b further supports this, show-
ing minimal error between the estimated and actual disturbances, confirming the
effectiveness of the ELM estimator in enhancing system performance.

The initial spike in Fig.16b, Fig.12a, the neural network tracking turbulence,
can be attributed to the fact that the ELM network relies on randomly generating
hidden layer weights. This random initialization leads to temporary instability at
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(a) Sliding surface (b) Control signal

Fig. 15. Responses under periodic signal

the start of the model run. However, the network quickly stabilizes its estimates
over time and approximates the disturbance well.

(a) Lumped uncertainties (b) Error tracking of ELM

Fig. 16. Responses under periodic disturbance: Lumped uncertainties and error tracking

5. Conclusions

This paper presents a new ELM-HNFTSM control strategy for stabilizing the
IPC system modelled as a SIMO system. The proposed method ensures simulta-
neous control of the cart and pendulum subsystems by employing a hierarchical
control structure, achieving rapid error convergence and robust disturbance rejec-
tion. Integrating the ELM neural network into the HNFTSM framework further
enhances the system’s adaptability to uncertainties and external disturbances, im-
proving control performance. Comparative simulations confirm the superiority of
the proposed method over existing approaches, particularly in terms of tracking ac-
curacy, convergence speed, and chattering reduction. Overall, the proposed NFTSM
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with ELM is the most robust and fastest method of handling (normal, uncertainties
and external disturbance) conditions, making it the best choice for controlling the
IPC system with such conditions.
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