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Tool-path smoothing is essential for ensuring continuous motion at transition cor-
ners between linear segments, since kinematic discontinuities degrade both machining
efficiency and surface quality. Most existing spline-based methods achieve only G2 or
C2 continuity and therefore produce discontinuous jerk, which can excite high-order
structural resonances. Achieving true C3 continuity remains challenging, particularly
because synchronizing tool-tip position and orientation is complicated by the nonlin-
ear relationship between arc length and spline parameterization. This study presents
an analytical Catmull–Rom (CR) spline–based method for C3-continuous tool-path
smoothing in five-axis CNC milling. Transition corners are replaced by adjustable
Catmull–Rom (ACR) splines, whose control points and tuning parameters are de-
signed or optimized to constrain the deviation from the original path. The remaining
linear segments are also substituted with ACR splines to enforce position–orientation
synchronization, with control points that can be chosen analytically to guarantee
zero synchronization error. The proposed method is fully analytical and non-iterative.
Numerical simulations demonstrate that the generated tool paths satisfy prescribed
geometric tolerances, produce smooth and continuous jerk profiles, and achieve exact
synchronization between tool-tip position and orientation.
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1. Introduction

With the advancement of numerical control systems and equipment, mod-
ern computer numerical control (CNC) machine tools increasingly support spline
interpolation to meet the demands for lightweight, integrated, complex, and high-
precision manufacturing of aerospace structural components [1]. Nevertheless,
discrete linear motion commands (G01) generated by CAM software remain the
predominant tool paths in CNC machining [2]. Tangential discontinuities between
successive linear segments both lengthen cycle times and degrade surface finish
during milling [3]. Therefore, it is essential to smooth these discrete linear com-
mands to attain high-order geometric and parametric continuity before sending
them to the numerical control system.

Tool-path smoothing methods in the literature can be broadly classified into
global and local approaches according to the spline construction technique. Global
methods represent the entire discrete tool path as one continuous spline-examples
include NURBS [4], B-splines [5], and polynomial splines [6]. While these ap-
proaches readily provide overall smoothness, they often struggle to evaluate and
constrain deviation errors between the smoothed and original tool paths. By con-
trast, local methods improve smoothness by inserting micro-splines at junctions
between adjacent linear segments [7, 8]. Local smoothing more directly addresses
deviation constraints, but it raises the challenge of ensuring high-order continuity
at the interfaces between inserted splines and linear segments.

Numerous local smoothing techniques have been developed for three-, four-,
and five-axis machines to achieve different orders of motion continuity [9–12].
In three-axis machining, transition corners are commonly smoothed by inserting
curves such as quartic Bézier splines [13], cubic B-splines [14], or Pythagorean-
Hodograph (PH) curves [15]; only the tool tip position requires smoothing because
tool orientation is usually fixed. Multi-axis machines, however, require smooth-
ing of both tool tip position and tool orientation, and independently smoothing
those two aspects introduces additional synchronization challenges compared with
three-axis cases [16, 17]. This complexity is especially pronounced in five-axis
machining, which has attracted substantial research due to its complex kinematics
and drive constraints [16, 18, 19]. Drive and axis constraints (including axis jerk
constraints) have been explicitly considered in several studies that combine geo-
metric smoothing with drive-level constraints or feed rate interpolation techniques
to ensure feasible axis motions during execution [18, 20]. Reparameterization and
feed rate scheduling methods have also been used to generate jerk-minimized or
drive-aware multi-axis toolpaths (for example, Hashemian et al. on reparameter-
ization for jerk-minimized flank milling [19], and Beudaert et al. on feed rate
interpolation with axis jerk constraints [20]).

Continuity is typically described using geometric continuity (G𝑛) and para-
metric continuity (C𝑛), where Cn is the stricter requirement: C𝑛 continuity implies
G𝑛 continuity, but not vice versa. Jin et al. [21] proposed a G2 local smoothing
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method for five-axis tool paths using double G2 continuous cubic Bézier splines,
and Huang et al. [22] introduced a real-time G2 approach replacing cornered seg-
ments with cubic B-splines. To attain higher continuity, Zhao et al. [23] presented
an analytical C2 local smoothing method combining an asymmetric cubic B-spline
with symmetric quartic spherical Bézier splines, and Huang et al. [24] proposed
a C2 method using a high-order airthoid spline with peak-constrained jerk. Yang
et al. [25] developed an analytical smoothing algorithm for 6-DOF robots using a
fifth-degree PH-spline that smooths both position and orientation in the workpiece
coordinate system (WCS) and synchronizes them by replacing remaining linear
segments with specially constructed PH-splines. Although these G2/C2 methods
ensure continuous acceleration, they generally result in discontinuous jerk. As Yuen
et al. [26] demonstrated, discontinuous jerk can excite high-order resonances in the
mechanical system, increasing vibration and tracking error. To address this, later
studies have pursued C3 continuity: Zhang et al. [27] devised an analytical G3 local
smoothing method using two specially designed quartic curves; Tulsyan et al. [28]
inserted quintic and septic micro-splines for position and orientation to realize C3

continuity; Yang et al. [29] proposed a C3 method based on a specially designed
quintic micro-spline; and more recently Hu et al. [30] developed a real-time C3

local smoothing technique using C3 PH-splines. Despite their effectiveness, these
C3 approaches typically employ complex synchronization techniques that often re-
quire iterative computation of spline control points, which reduces computational
efficiency and can produce unsatisfactory synchronization errors.

Beyond pure smoothing and continuity concerns, five-axis tool-path generation
must also address inverse-kinematics multiplicity, optimal orientation selection,
and collision/clearance issues. Several works study multiple inverse-kinematics
solutions and multipoint five-axis tool positioning strategies to exploit redundancy
and improve feasibility (e.g., Sharma et al. [31]). Optimal orientation control and
collision-aware orientation selection have been addressed to improve surface qual-
ity and avoid interference (Farouki and Li [32]; Ezair and Elber [33]), and more
recent research has extended collision-free motion planning to specialized cutters
such as toroidal tools (Chichell et al. [34]). These studies highlight that smoothing
algorithms for five-axis milling need to integrate with orientation selection, kine-
matic solution choice, and collision avoidance strategies to be practical in industrial
settings. Catmull–Rom (CR) splines are an attractive choice for local smoothing
because they are interpolating splines with intuitive local control and well-studied
geometric properties [35]. Their interpolatory nature makes it straightforward to
bound deviations from the original polyline by manipulating control points and
tension parameters, and their local support simplifies real-time implementations.

In this study we propose a Catmull–Rom (CR) spline-based C3 continuous
tool-path smoothing method for five-axis milling. Tool orientations provided by
CAM software in the WCS are first transformed to the machine coordinate system
(MCS) via inverse kinematics. Tool tip position and orientation are then smoothed
independently using an adjustable Catmull–Rom (ACR) spline method. Control
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points are used to constrain local deviation errors, and these errors are further
reduced via a simple, efficient optimization. Finally, the remaining linear segments
are replaced by ACR splines so that tool tip position and orientation are synchro-
nized with the tool-tip displacement while preserving C3 continuity. Importantly,
the control points for these splines can be selected directly without additional
computation, substantially reducing processing time.

The remainder of this paper is organized as follows. Section 2 introduces the
ACR spline-based corner smoothing method for tool tip position and orientation,
including a brief overview of the ACR spline. Section 3 presents a deviation-error
optimization method to constrain the smoothing-induced errors in tool tip position
and orientation. Section 4 describes the synchronization method that aligns tool tip
position and orientation with tool-tip displacement. Section 5 provides numerical
simulations that validate the proposed method, and Section 6 concludes the study.

2. Analytical C3 continuous corner smoothing method

The motion control of NC milling is realized by driving the rotation or trans-
lation of each joint axis in MCS, while the existing commercial CAM software
generally generates the tool path in WCS. For five-axis machine tools, the drive
commands q =

[
𝑋, 𝑌, 𝑍, 𝑅𝐴, 𝑅𝐶

]T in MCS are utilized to control the motion of
machining, while the tool path is made up of tool-tip position p =

[
𝑥, 𝑦, 𝑧

]T and
tool orientation O =

[
𝑂𝑖 , 𝑂 𝑗 , 𝑂𝑘

]T in WCS. The transformation between these
two coordinate systems are realized through the forward and inverse kinematics
models. In this study, the table-tilting five-axis machine shown in Fig. 1 is taken as
an example for analysis.

The forward kinematics transformation from MCS to WCS can be calculated
by using Denavit-Hartenberg matrix:

𝑥 = − cos(𝑅𝐶)𝑋 − cos(𝑅𝐴) sin(𝑅𝐶)𝑌 + sin(𝑅𝐴) sin(𝑅𝐶)𝑍
− sin(𝑅𝐴) sin(𝑅𝐶)𝐿𝑦𝑎 ,

𝑦 = sin(𝑅𝐶)𝑋 − cos(𝑅𝐴) sin(𝑅𝐶)𝑌 + sin(𝑅𝐴) cos(𝑅𝐶)𝑍
− sin(𝑅𝐴) cos(𝑅𝐶)𝐿𝑦𝑎 ,

𝑧 = sin(𝑅𝐴)𝑌 + cos(𝑅𝐴)𝑍 − cos(𝑅𝐴)𝐿𝑦𝑎 − 𝐿𝑎𝑐 ,

𝑂𝑖 = sin(𝑅𝐴) sin(𝑅𝐶),
𝑂 𝑗 = sin(𝑅𝐴) cos(𝑅𝐶),
𝑂𝑘 = cos(𝑅𝐴),

(1)

where 𝐿𝑦𝑎 and 𝐿𝑎𝑐 are offsets determined by the geometry of the rotary table. The
smoothing of tool orientation in the tool path smoothing method developed in this
study is carried out in MCS, so it is necessary to transform the generated tool path
by CAM from WCS to MCS through the inverse kinematics transformation firstly,
which can be obtained by solving Eq. (1):
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Fig. 1. Coordinate transformation of table-tilting five-axis machine

𝑅𝐴 = arccos(𝑂𝑘),
𝑅𝐶 = arctan(𝑂𝑖 , 𝑂 𝑗),
𝑋 = − cos(𝑅𝐶)𝑥 + sin(𝑅𝐶)𝑦,
𝑌 = − cos(𝑅𝐴) sin(𝑅𝐶)𝑥 − cos(𝑅𝐴) cos(𝑅𝐶)𝑦 + sin(𝑅𝐴)𝑧 + sin(𝑅𝐴)𝐿𝑐𝑎 ,

𝑍 = − sin(𝑅𝐴) sin(𝑅𝐶)𝑥 + sin(𝑅𝐴) cos(𝑅𝐶)𝑦 + cos(𝑅𝐴)𝑧
+ cos(𝑅𝐴)𝐿𝑐𝑎 + 𝐿𝑦𝑎 .

(2)

Fig. 2 illustrates the flow chart of the developed tool path smoothing method
based on the ACR spline.

Fig. 2. CFlow chart of the developed tool path smoothing method
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In this process, the tool tip position p =
[
𝑥, 𝑦, 𝑧

]T and tool orientation
𝚿 =

[
𝑅𝐴, 𝑅𝐶

]
are independently smoothed within WCS and MCS, respectively.

The maximum deviations introduced by local smoothing for both the tool tip posi-
tion and orientation are constrained within predetermined limits. Finally, synchro-
nization between the tool tip position and tool orientation is achieved by replacing
the remaining linear segments with ACR splines.

2.1. Introduction of the ACR spline

In this subsection, the ACR spline, derived from the quasi-Catmull–Rom spline
described in [36], is presented. The ACR spline is designed to achieve C3 continuity
while effectively controlling deviation errors and preventing the formation of cusps
and self-intersections. It should be emphasized that avoidance of cusps and self-
intersections is not an exclusive or automatic property of any single spline family.
Classical polynomial B-splines and NURBS can also be designed to avoid such
defects via appropriate knot placement and control-point design. The ACR formu-
lation used here was chosen for three practical reasons: (1) interpolation property –
ACR interpolates the specified control points which simplifies preservation of key
corner points; (2) local support – each curve segment depends only on four control
points, enabling local modification without global reparameterization; (3) analyti-
cal C3 basis – this facilitates explicit derivation of synchronization constraints used
in Section 4. At the same time, ACR introduces two shape parameters 𝜅, 𝜆 ∈ 𝑅

that require careful selection. In this work, control points are constructed according
to Eqs. (12)–(16) and 𝜅, 𝜆 are chosen by the optimization procedure in Section 3.
Under these construction and parameter-selection rules, the ACR curves used in
our simulations avoid cusps and self-intersections while meeting the prescribed
deviation tolerances (see Table 2 and Section 5).

For a series of control points (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖), where 𝑖 = 0, 1, . . . , 𝑛, the CR spline
within the interval 𝑥𝑖 ∈ [𝑥𝑖 , 𝑥𝑖+1] can be expressed as:

𝑅𝑦,𝑖 (𝑥) =
3∑︁
𝑗=0

𝑏 𝑗

(𝑥 − 𝑥𝑖

Δ𝑥

)
𝑦𝑖+ 𝑗−1 ,

𝑅𝑧,𝑖 (𝑥) =
3∑︁
𝑗=0

𝑏 𝑗

(𝑥 − 𝑥𝑖

Δ𝑥

)
𝑧𝑖+ 𝑗−1 , 𝑖 = 1, 2, . . . , 𝑛−2,

(3)

where Δ𝑥 = 𝑥𝑖+1 − 𝑥𝑖, 𝑖 = 0, 1, . . . , 𝑛−1; 𝑏 𝑗 (𝑡) denote three basis functions related
to the spline in this interval. In order to realize C3 continuity and adjustable of ACR
spline, the degree of basis functions is set to seven, and two additional parameters
are introduced to them. The term degree is used to denote the polynomial degree,
whereas order is reserved for the approximation order (i.e., order = degree + 1 in
the approximation-theory sense). The polynomials in Eq. (5) are septic, that is,
they have degree 7 and therefore approximation order 8. To avoid ambiguity, this
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paper uses degree exclusively for polynomial degree and order only when referring
to approximation order. And then the following basis functions can be obtained:

𝑏0(𝑡) = 𝜅𝑙0(𝑡) + 𝜆𝑚0(𝑡),
𝑏1(𝑡) = 𝜅𝑙1(𝑡) + 𝜆𝑚1(𝑡) + 𝑛1(𝑡),
𝑏2(𝑡) = −𝜅𝑙0(𝑡) + 𝜆𝑚2(𝑡) + (1 − 𝑛1(𝑡)),
𝑏3(𝑡) = −𝜅𝑙1(𝑡) − 𝜆 (𝑚0(𝑡) + 𝑚1(𝑡) + 𝑚2(𝑡)) ,

(4)

where 𝑡 ∈ [0, 1], 𝜅, 𝜆 ∈ 𝑅 are two additional adjustment parameters and

𝑙0(𝑡) = −𝑡+20𝑡4−45𝑡5+36𝑡6−10𝑡7, 𝑙1(𝑡) = 15𝑡4−39𝑡5+34𝑡6−10𝑡7,

𝑚0(𝑡) = 𝑡2−10𝑡4+20𝑡5−15𝑡6+4𝑡7, 𝑚1(𝑡) = −2𝑡2+25𝑡4 − 54𝑡5+43𝑡6−12𝑡7,

𝑚2(𝑡) = 𝑡2−20𝑡4+48𝑡5−41𝑡6+12𝑡7, 𝑛1(𝑡) = 1−35𝑡4+84𝑡5−70𝑡6 + 20𝑡7.

(5)

It is not difficult to obtain from Eq. (4) that
3∑︁
𝑖=1

𝑏𝑖 (𝑡) = 1 and 𝑏𝑖 (1 − 𝑡) =

𝑏3−𝑖 (𝑡), which verifies the unitary and symmetry of the constructed basis functions,
respectively; besides, the following relationship can be obtained from Eq. (4) to
verify the interpolate property and continuity of the ACR spline:

𝑏0(0) = 0, 𝑏1(0) = 1, 𝑏2(0) = 0, 𝑏3(0) = 0,
𝑏0(1) = 0, 𝑏1(1) = 0, 𝑏2(1) = 1, 𝑏3(1) = 0,

(6)

𝑏′0(0) = −𝜅, 𝑏′1(0) = 1, 𝑏′2(0) = 𝜅, 𝑏′3(0) = 0,
𝑏′0(1) = 0, 𝑏′1(1) = −𝜅, 𝑏′2(1) = 0, 𝑏′3(1) = 𝜅,

(7)

𝑏′′0 (0) = 2𝜆, 𝑏′′1 (0) = −4𝜆, 𝑏′′2 (0) = 2𝜆, 𝑏′′3 (0) = 0,
𝑏′′0 (1) = 0, 𝑏′′1 (1) = 2𝜆, 𝑏′′2 (1) = −4𝜆, 𝑏′′3 (1) = 2𝜆,

(8)

𝑏′′′0 (0) = 0, 𝑏′′′1 (0) = 0, 𝑏′′′2 (0) = 0, 𝑏′′′3 (0) = 0,
𝑏′′′0 (1) = 0, 𝑏′′′1 (0) = 0, 𝑏′′′2 (1) = 0, 𝑏′′′3 (0) = 0.

(9)

The interpolate property of ACR spline can be verified by adding two control
points (𝑥−1, 𝑦−1, 𝑧−1) and (𝑥𝑛+𝑖 , 𝑦𝑛+𝑖 , 𝑧𝑛+𝑖) to Eq. (3):

𝑅𝑦,𝑖 (𝑥𝑖) = 𝑦𝑖 , 𝑅𝑦,𝑖 (𝑥𝑖+1) = 𝑦𝑖+1 ,

𝑅𝑧,𝑖 (𝑥𝑖) = 𝑧𝑖 , 𝑅𝑧,𝑖 (𝑥𝑖+1) = 𝑧𝑖+1 , 𝑖 = 1, 2, . . . , 𝑛−1
(10)

which means that ACR splines always interpolates these given control points.
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The C3 continuity of ACR spline can be derived by combining Eq. (3) and
Eqs. (7)–(9):

𝑅′
𝑦,𝑖 (𝑥𝑖+1) =

𝜅

Δ𝑥
(𝑦𝑖+3 − 𝑦𝑖+1) = 𝑅′

𝑦,𝑖+1(𝑥𝑖+1),

𝑅′
𝑧,𝑖 (𝑥𝑖+1) =

𝜅

Δ𝑥
(𝑧𝑖+3 − 𝑧𝑖+1) = 𝑅′

𝑧,𝑖+1(𝑥𝑖+1),

𝑅′′
𝑦,𝑖 (𝑥𝑖+1) =

2𝜆
Δ𝑥2 (𝑦𝑖+1 − 2𝑦𝑖+2 + 𝑦𝑖+3) = 𝑅′′

𝑦,𝑖+1(𝑥𝑖+1),

𝑅′′
𝑧,𝑖 (𝑥𝑖+1) =

2𝜆
Δ𝑥2 (𝑧𝑖+1 − 2𝑧𝑖+2 + 𝑧𝑖+3) = 𝑅′′

𝑧,𝑖+1(𝑥𝑖+1),

𝑅′′′
𝑦,𝑖 (𝑥𝑖+1) = 0 = 𝑅′′′

𝑦,𝑖+1(𝑥𝑖+1), 𝑅′′′
𝑧,𝑖 (𝑥𝑖+1) = 0 = 𝑅′′′

𝑧,𝑖+1(𝑥𝑖+1),

(11)

Since two additional parameters 𝜅 and 𝜆 are incorporated into the basis func-
tion presented in Eq. (4), the shape of the ACR spline can be modified by adjust-
ing these parameters without altering the associated control points. Moreover, as
demonstrated in Eq. (3), each ACR spline function 𝑅𝑖 (𝑥) is influenced by only
four control points (𝑥𝑖+ 𝑗 , 𝑦𝑖+ 𝑗 , 𝑧𝑖+ 𝑗), where 𝑗 = 1, 2, 3. Consequently, modifying
any one control point will affect the shape of only the four ACR spline segments
associated with it, thereby confirming the local support property of the ACR spline.

2.2. Scope and collision-avoidance considerations

The smoothing/interpolation procedure presented in this paper is formulated as
a post-processing step that operates on an input tool path. The method assumes that
the input path (sequence of tool poses) has been generated by a prior planning stage
and is collision-free and reachable by the target machine. The proposed algorithm
preserves interpolation at specified key poses and enforces explicit bounds on
positional and orientation deviation (see Section 2.3 and 2.4), so that the smoothed
path remains within a prescribed geometric tolerance of the original path. Under
these conditions, and provided that the original path has a clearance larger than
the chosen positional tolerance, the smoothed trajectory will not introduce new
collisions with the workpiece or fixtures.

Nevertheless, full processing pipelines in practice require an explicit collision-
checking step. Two practical integration options are: (i) offline verification: after
smoothing, the path is sampled densely and checked against the CAD model of the
workpiece and fixtures using standard collision detection libraries (collision of tool
swept volume or tool-tip geometry), and inverse-kinematics / reachability checks
are performed to ensure the required poses are achievable without joint-limit or
singularity violations; (ii) constrained smoothing: collision-avoidance constraints
(positional deviation bounds, orientation limits or explicit inequality constraints
derived from clearance margins) are incorporated into the smoothing optimiza-
tion so that the solver enforces collision-related limits during path generation.
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We discuss implementation choices and trade-offs below and recommend ap-
plying a collision verification pass in the post-processing stage before NC code
generation.

2.3. Tool tip position corner smoothing method

In this subsection, the tool tip position corner ∠P𝑖−1P𝑖P𝑖+1 depicted in Fig. 3
is selected as an illustrative example of the developed tool tip smoothing method,
where P𝑖−1, P𝑖 and P𝑖+1 are three endpoints of the adjacent linear segments. The
ACR spline described in Section 2.1 is employed to smooth the tool tip position at
this transition corner, while ensuring that the deviation remains within the specified
error tolerance 𝜀𝑝.

Fig. 3. Corner smoothing of tool tip position

In order to ensure the tangential continuity of the constructed ACR spline
and the original line segment, considering the continuity and local property of the
constructed CR spline, the control points Q0−Q3 and Q7−Q10 are located on the
linear segments −−−−−→P𝑖−1P𝑖 and −−−−−→P𝑖P𝑖+1, respectively. Besides, to realize the geometric
symmetry of the inserted ACR splines with respect to the bisector of the angle
formed by adjacent position segments, and to avoid cusps and self-intersections at
the same time, the following control points are constructed:

Q5 = P𝑖 + T𝑝𝑚𝐿𝑝 , Q3 = P𝑖 −
2T𝑝0𝐿𝑝

sin(𝜃𝑝/2)
, Q7 = P𝑖 +

2T𝑝1𝐿𝑝

sin(𝜃𝑝/2)
,

Q2 = 1.5Q3 − 0.5P𝑖 , Q8 = 1.5Q7 − 0.5P𝑖 , Q1 = 2Q3 − P,

Q9 = 2Q7 − P𝑖𝑖 , Q0 = 2.5Q3 − 1.5P𝑖 , Q10 = 2.5Q7 − 1.5P𝑖 ,

Q4 = 0.9R𝑝1 + 0.1R𝑝2 , Q6 = 0.1R𝑝1 + 0.9R𝑝2 ,

(12)
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where

T𝑝0 =
−−−−−→P𝑖−1P𝑖

/ 


−−−−−→P𝑖−1P𝑖




 , T𝑝1 =
−−−−−→P𝑖P𝑖+1

/ 


−−−−−→P𝑖P𝑖+1




 ,
T𝑝𝑚 = (T𝑝1 − T𝑝0)/∥T𝑝1 − T𝑝0∥,
R𝑝1 = Q3/3 + 2

(
P𝑖 − T𝑝0𝐿𝑝/sin(𝜃2)/2

)
/3,

R𝑝2 = Q7/3 + 2
(
P𝑖 − T𝑝2𝐿𝑝/sin(𝜃2)/2

)
/3,

𝐿𝑝 ⩽ 𝜀𝑝 ,

(13)

where 𝜃𝑝 = arccos(T𝑝0 • T𝑝1).
Since each linear segment is shared by two corners (except of the first and

the last linear segments), therefore, one third of the segment is retained to adjust
the synchronization of the tool tip position and tool orientation, that is, the linear
segment used to construct ACR spline should be less than one third of the total
length of the segment:


−−−→Q0P𝑖




 ⩽ 


−−−−−→P𝑖−1P𝑖




 /
3,




−−−−→P𝑖Q10




 ⩽ 


−−−−−→P𝑖P𝑖+1




 /
3. (14)

Substituting Eq. (12) into Eq. (14) and combining with the error tolerance
constraint of 𝐿𝑝 ⩽ 𝜀𝑝, the final constraints of 𝐿𝑝 can be obtained as:

𝐿𝑝 = min
©­­«𝜀𝑝,




−−−−−→P𝑖−1P𝑖




 sin(𝜃𝑝/2)

12∥T𝑝0∥
,




−−−−−→P𝑖P𝑖+1




 sin(𝜃𝑝/2)

12∥T𝑝1∥
ª®®¬ . (15)

2.4. Tool orientation corner smoothing method

In this subsection, the tool orientation corner ∠𝚿𝑖−1𝚿𝑖𝚿𝑖+1 shown in Fig. 4
is chosen as an example to illustrate the developed tool orientation smoothing
method, where 𝚿𝑖−1, 𝚿𝑖 amd 𝚿𝑖+1 are three end points of the adjacent linear

Fig. 4. Corner smoothing of tool orientation
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segment. The ACR spline described in Section 2.1 is utilized to smooth the tool
orientation at this transition corner under the error tolerance 𝜀𝑝.

Similar to the method of determining control points of tool tip spline described
in last subsection, the control points of the tool orientation ACR spline can be
determined by the following equations:

𝚽5 = 𝚿𝑖 + T𝑜𝑚𝐿𝑜 , 𝚽3 = 𝚿𝑖 −
2T𝑜0𝐿𝑜

sin(𝜃0/2)
, 𝚽7 = 𝚿𝑖 +

2T𝑜1𝐿𝑜

sin(𝜃0/2)
,

𝚽2 = 1.5𝚽3 − 0.5𝚿𝑖 , 𝚽8 = 1.5𝚽7 − 0.5𝚿𝑖 , 𝚽1 = 2𝚽3 − 𝚿𝑖 ,

𝚽9 = 2𝚽7 − 𝚿𝑖 , 𝚽0 = 2.5𝚽3 − 1.5𝚿𝑖 , 𝚽10 = 2.5𝚽7 − 1.5𝚿𝑖 ,

𝚽4 = 0.9R𝑜1 + 0.1o2 , 𝚽6 = 0.1R𝑜1 + 0.9o2 ,

(16)

where

T𝑜0 =
−−−−−−→
𝚿𝑖−1𝚿𝑖

/ 


−−−−−−→𝚿𝑖−1𝚿𝑖




 , T𝑜1 =
−−−−−−→
𝚿𝑖𝚿𝑖+1

/ 


−−−−−−→𝚿𝑖𝚿𝑖+1




 ,
T𝑜𝑚 = (T𝑜1 − T𝑜0)/∥T𝑜1 − T𝑜0∥,
R𝑜1 = 𝚽3/3 + 2 (𝚿𝑖 − T𝑜0𝐿𝑜/sin(𝜃0/2)) /3,
R𝑜2 = 𝚽7/3 + 2 (𝚿𝑖 − T𝑜1𝐿𝑜/sin(𝜃0/2)) /3,
𝐿𝑜 ⩽ 𝜀𝑜 ,

(17)

where 𝜃𝑜 = arccos(T𝑜0 • T𝑜1).
Besides, one third of the segment should be retained to adjust the synchroniza-

tion of the tool tip position and tool orientation:


−−−−→𝚽0𝚿𝑖




 ⩽ 


−−−−−−→𝚿𝑖−1𝚿𝑖




 /
3,




−−−−−→𝚿𝑖𝚽10




 ⩽ 


−−−−−−→𝚿𝑖𝚿𝑖+1




 /
3. (18)

Substituting Eq. (16) into Eq. (18) and combining with the error tolerance
constraint of 𝐿𝑜 ⩽ 𝜀𝑜, the constraints of 𝐿𝑜 can be obtained as:

𝐿𝑜 = min
©­­«𝜀𝑜,




−−−−−−→𝚿𝑖−1𝚿𝑖




 sin(𝜃0/2)

12∥T𝑜0∥
,




−−−−−−→𝚿𝑖𝚿𝑖+1




 sin(𝜃0/2)

12∥T𝑜1∥
ª®®¬ . (19)

In practical application, the tool orientation error 𝜀𝑜𝑤 should be constrained in
WCS, as shown in Fig. 5, while the error tolerance parameter 𝜀𝑜 utilized in Eq. (19)
is constrained in the MCS. Therefore, the relationship between 𝜀𝑜 and 𝜀𝑜𝑤 should
be established.

The deviation of the tool orientation vector induced by the local smoothing in
the WCS, as shown in Fig. 5, should satisfy the following relationship:

ΔO ⩽ 2 sin(𝜀𝑜𝑤/2). (20)
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Fig. 5. Tool orientation error in the WCS

Since the deviation tolerance of tool orientation vector is generally small, the
linear approximate relationship between the tool orientation deviation in WCS and
the joint rotation deviation in MCS can be obtained:

Δ𝑂 ≈ J • 𝜺𝑜 , (21)

where J is the Jacobian matrix of the tool orientation and can be obtained by
differentiating Eq. (1):

J =


cos(𝑅𝐴) sin(𝑅𝐶) sin(𝑅𝐴) cos(𝑅𝐶)
cos(𝑅𝐴) cos(𝑅𝐶) − sin(𝑅𝐴) sin(𝑅𝐶)

− sin(𝑅𝐴) 0

 . (22)

Since the tool orientation error Δ𝑂 is defined as the minimum deviation
between the original tool orientation and the smoothed tool orientation, it can
be obtained that:

Δ𝑂 ⩽ ∥J • (𝚿𝑖 −𝚽5)∥ . (23)

Substitute Eq. (14) and Eq. (20) into the above equation:

𝜀𝑜 ⩽
2 sin(𝜀𝑜𝑤/2)
∥J T𝑜𝑚∥

. (24)

Substitute it into Eq. (21), the final constraints of 𝐿𝑜 can be obtained as:

𝐿𝑜 = min
©­­«
2 sin(𝜀𝑜𝑤/2)
∥J T𝑜𝑚∥

,




−−−−−−→𝚿𝑖−1𝚿𝑖




 sin(𝜃0/2)

12∥T𝑜0∥
,




−−−−−−→𝚿𝑖𝚿𝑖+1




 sin(𝜃0/2)

12∥T𝑜1∥
ª®®¬ . (25)
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3. Constraint of the tool tip position and tool orientation error

Based on the local support property of the ACR spline, it can be inferred that,
when an ACR spline is used to smooth a transition corner, not only does a smoothing
error (𝜀𝑝 and 𝜀𝑜) arise, but a deviation between the spline curve and the original
linear segment (𝑒𝑝 and 𝑒𝑜) is also induced, as illustrated in Fig. 6. Consequently,
it is essential to control this deviation error by adjusting the spline’s shape. In this
subsection, an analytical optimization method is developed to minimize deviation
errors 𝑒𝑝 and 𝑒𝑜 by optimizing the adjustment parameters 𝜅 and 𝜆.

(a) Tool tip position (b) Tool orientation

Fig. 6. The smoothed tool tip position and tool orientation

Taking the segments between control points Q2 = (𝑥2, 𝑦2, 𝑧2) and Q3 =

(𝑥3, 𝑦3, 𝑧3) as an example, the error between the spline segment and the origi-
nal linear segment can be defined as:

𝑒𝑝 (𝜅, 𝜆) =
𝑥3∫

𝑥2

(
𝑅𝑦,2(𝑥) − 𝑦(𝑥)

)2 +
(
𝑅𝑧,2(𝑥) − 𝑧(𝑥)

)2 d𝑥, (26)

where 𝑅𝑦,2(𝑥) and 𝑅𝑧,2(𝑥) are ACR spline functions in the interval 𝑥 ∈ [𝑥2, 𝑥3]
with control points Q1, Q2, Q3 and Q4; 𝑦(𝑥) and 𝑧(𝑥) are the functions of linear
segment between Q2 and Q3, which can be expressed as:

𝑦(𝑥) = 𝑦2 +
(𝑦3 − 𝑦2) (𝑥 − 𝑥2)

𝑥3 − 𝑥2
, 𝑧(𝑥) = 𝑧2 +

(𝑧3 − 𝑧2) (𝑥 − 𝑥2)
𝑥3 − 𝑥2

. (27)
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Substituting Eq. (4) into Eq. (3), the ACR spline functions 𝑅𝑦,2(𝑥) and 𝑅𝑧,2(𝑥)
in the interval 𝑥 ∈ [𝑥2, 𝑥3] can be rewritten as:

𝑅𝑦,2(𝑥) = 𝐴𝑦,2(𝑥)𝜅 + 𝐵𝑦,2(𝑥)𝜆 + 𝐶𝑦,2(𝑥),
𝑅𝑧,2(𝑥) = 𝐴𝑧,2(𝑥)𝜅 + 𝐵𝑧,2(𝑥)𝜆 + 𝐶𝑧,2(𝑥),

(28)

where

𝐴𝑦,2(𝑥) = 𝑙0(𝑡)𝑦1 + 𝑙1(𝑡)𝑦2 − 𝑙0(𝑡)𝑦3 − 𝑙1(𝑡)𝑦4 ,

𝐵𝑦,2(𝑥) = 𝑚0(𝑡)𝑦1 + 𝑚1(𝑡)𝑦2 + 𝑚2(𝑡)𝑦3 −
(
𝑚0(𝑡) + 𝑚1(𝑡) + 𝑚2(𝑡)

)
𝑦4 ,

𝐶𝑦,2(𝑥) = 𝑛1(𝑡)𝑦2 +
(
1 − 𝑛1(𝑡)

)
𝑦3 ,

𝐴𝑧,2(𝑥) = 𝑙0(𝑡)𝑧1 + 𝑙1(𝑡)𝑧2 − 𝑙0(𝑡)𝑧3 − 𝑙1(𝑡)𝑧4 ,

𝐵𝑧,2(𝑥) = 𝑚0(𝑡)𝑧1 + 𝑚1(𝑡)𝑧2 + 𝑚2(𝑡)𝑧3 −
(
𝑚0(𝑡) + 𝑚1(𝑡) + 𝑚2(𝑡)

)
𝑧4 ,

𝐶𝑧,2(𝑥) = 𝑛1(𝑡)𝑧2 +
(
1 − 𝑛1(𝑡)

)
𝑧3 ,

(29)

where 𝑡 = (𝑥 − 𝑥2)/(𝑥3 − 𝑥2). The following optimization model can be derived by
substituting Eq. (28) into Eq. (26):

min 𝑒𝑝 (𝜅, 𝜆) = 𝐷1𝜅
2 + 𝐷2𝜆

2 + 𝐷3𝜅𝜆 + 𝐷4𝜅 + 𝐷5𝜆 + 𝐷6

s.t. 𝜅, 𝜆 ∈ 𝑅,
(30)

where

𝐷1 =

𝑥3∫
𝑥2

( (
𝐴𝑦,2(𝑥)

)2 +
(
𝐴𝑧,2(𝑥)

)2
)

d𝑥,

𝐷2 =

𝑥3∫
𝑥2

( (
𝐵𝑦,2(𝑥)

)2 +
(
𝐵𝑧,2(𝑥)

)2
)

d𝑥,

𝐷3 =

𝑥3∫
𝑥2

(
𝐴𝑦,2𝐵𝑦,2 + 𝐴𝑧,2𝐵𝑧,2

)
d𝑥,

𝐷4 =

𝑥3∫
𝑥2

(
𝐴𝑦,2(𝑥)

(
𝐶𝑦,2(𝑥) − 𝑦(𝑥)

)
+

(
𝐴𝑧,2(𝑥)

(
𝐶𝑧,2(𝑥) − 𝑧(𝑥)

) ) )
d𝑥,

𝐷5 =

𝑥3∫
𝑥2

(
𝐵𝑦,2(𝑥)

(
𝐶𝑦,2(𝑥) − 𝑦(𝑥)

)
+

(
𝐵𝑧,2(𝑥)

(
𝐶𝑧,2(𝑥) − 𝑧(𝑥)

) ) )
d𝑥,

𝐷6 =

𝑥3∫
𝑥2

( (
𝐶𝑦,2 − 𝑦(𝑥)

)2 +
(
𝐶𝑧,2 − 𝑧(𝑥)

)2
)

d𝑥.

(31)
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It is straightforward to show that 𝑒𝑝 (𝜅, 𝜆) ≥ 0. Consequently, the minimum of
𝑒𝑝 (𝜅, 𝜆) can be obtained by solving the following equation. A complete derivation
is given in Appendix A.

𝜕𝑒𝑝 (𝜅, 𝜆)
𝜕𝜅

= 0,
𝜕𝑒𝑝 (𝜅, 𝜆)

𝜕𝜆
= 0. (32)

The following equations can be obtained by combining Eq. (32) with Eq. (30):

𝐷1𝜅 + 𝐷3𝜆 = −𝐷4 , 𝐷1𝜅 + 𝐷2𝜆 = −𝐷5 . (33)

The optimal adjustment parameters 𝜅 and 𝜆 corresponding to minimum devi-
ation error 𝑒𝑝 can be obtained by solving Eq. (33).

4. Synchronization of the tool orientation and tool tip position

Although the tool tip position and tool orientation at the corner have been
smoothed independently in previous sections, if the rate of change of the tool
orientation relative to the tool tip displacement does not satisfy C3 continuity at the
junction between the smoothed spline segment and the remaining linear segment,
discontinuities or abrupt variations in velocity, acceleration, and jerk may occur.
Such inconsistencies can lead to similar irregularities in the kinematic responses –
velocity, acceleration, and jerk – of each machine tool joint.

To guarantee the synchronization of the change rate of smoothed tool orienta-
tion and the speed of tool tip displacement, the developed ACR spline is utilized to
replace the remaining position and orientation linear segments after smoothing, as
shown in Fig. 7, where Q0,𝑖, Q1,𝑖, Q2,𝑖 and Q3,𝑖 are control points of the smoothed
position curves of the 𝑖-th corner, Q7,𝑖−1, Q8,𝑖−1, Q9,𝑖−1 and Q10,𝑖−1 are control
points of the smoothed position curves of the (𝑖−1)-th corner, the linear segment

Fig. 7. Synchronization of the tool tip position and orientation
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between Q10,𝑖−1 and Q0,𝑖 is the remaining position linear segment between two
corners. Similarly, 𝚽0,𝑖, 𝚽1,𝑖, 𝚽2,𝑖 and 𝚽3,𝑖 are control points of the smoothed
orientation curves of the 𝑖-th corner, 𝚽7,𝑖−1, 𝚽8,𝑖−1, 𝚽9,𝑖−1 and 𝚽10,𝑖−1 are control
points of the smoothed orientation curves of the (𝑖−1)-th corner, the linear segment
between 𝚽10,𝑖−1 and 𝚽0,𝑖 is the remaining orientation linear segment between two
corners.

To ensure that the rate of change of the smoothed tool orientation is synchro-
nized with the tool tip displacement, the developed ACR spline is employed to
replace the remaining linear segments for both tool tip position and tool orientation
after smoothing, as illustrated in Fig. 7. In this figure, Q0,𝑖, Q1,𝑖, Q2,𝑖 and Q3,𝑖
denote the control points Q8,𝑖−1 of the smoothed position curve of the 𝑖-th cor-
ner, Q7,𝑖−1, Q8,𝑖−1, Q9,𝑖−1, and Q10,𝑖−1 denote the control points of the smoothed
position curves of the (𝑖−1)-th corner, the linear segment between Q10,𝑖−1 and
Q0,𝑖 represents the remaining position segment between two corners. Similarly,
𝚽0,𝑖, 𝚽1,𝑖, 𝚽2,𝑖 and 𝚽3,𝑖 denote the control points of the smoothed orientation
curve of the 𝑖-th corner, 𝚽7,𝑖−1, 𝚽8,𝑖−1, 𝚽9,𝑖−1 and 𝚽10,𝑖−1 are control points of the
smoothed orientation curves of the (𝑖−1)-th corner, and the linear segment between
𝚽10,𝑖−1 and 𝚽0,𝑖 represents the remaining orientation segment between adjacent
corners.

Owing to the local support property of the ACR spline, the curve segment
between control points Q1,𝑖 and Q2,𝑖 is influenced solely by Q0,𝑖, Q1,𝑖, Q2,𝑖 and
Q3,𝑖, all of which lie on the original linear segment; as a result, this curve segment
coincides exactly with the original linear segment. Similarly, the curve segments
between control points Q8,𝑖−1 and Q9,𝑖−1, 𝚽1,𝑖 and 𝚽2,𝑖, 𝚽8,𝑖−1 and 𝚽9,𝑖−1 are also
coincident with the corresponding portions of the original linear segment. There-
fore, C3 continuity between the remaining linear segment and the smoothed curve
segment is achieved, provided that the control points of the remaining segment are
located on the original linear segment.

In this study, the developed ACR splines are employed to replace the remaining
linear segments. For simplicity, the control points Q8,𝑖−1, Q9,𝑖−1, Q10,𝑖−1, Q0,𝑖, Q1,𝑖
and Q2,𝑖 of the two adjacent curve segments are adopted as the control points for
the remaining position linear segments and are subsequently redefined as U0, U1,
U2, U3, U4 and U5, as illustrated in Fig. 7. Similarly, the control points 𝚽8,𝑖−1,
𝚽9,𝑖−1, 𝚽10,𝑖−1, 𝚽0,𝑖, 𝚽1,𝑖 and 𝚽2,𝑖 of the two adjacent curve segments are used as
the control points for the remaining orientation linear segments, and are redefined
as V0, V1, V2, V3, V4 and V5.

In addition to these constraints, ensuring the synchronization and C3 continu-
ity of the tool orientation relative to the tool tip position requires that the first-,
second-, and third-order derivatives of the tool orientation R(𝛼) with respect to
the tool tip displacement are equal at the junction between the smoothed spline
and the remaining linear segment. As shown in Fig. 7, at the intersection point
V𝑖, the derivatives of the tool orientation at the curve endpoint with respect to the
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displacement of its tool tip are given by:

𝜕R𝑖−1(𝛼)
𝜕𝑠

����
𝛼=𝛼9,𝑖−1

=

(
𝜕R𝑖−1(𝛼)

𝜕𝛼

𝜕𝛼

𝜕𝑠

)
𝛼=𝛼9,𝑖−1

,

𝜕2R𝑖−1(𝛼)
𝜕𝑠2

����
𝛼=𝛼9,𝑖−1

=

(
𝜕2R𝑖−1(𝛼)

𝜕𝛼2

(
𝜕𝛼

𝜕𝑠

)2
+ 𝜕R𝑖−1(𝛼)

𝜕𝛼

𝜕2𝛼

𝜕𝑠2

)
𝛼=𝛼9,𝑖−1

,

𝜕3R𝑖−1(𝛼)
𝜕𝑠3

����
𝛼=𝛼9,𝑖−1

=

(
𝜕3R𝑖−1(𝛼)

𝜕𝛼3

(
𝜕𝛼

𝜕𝑠

)3
+ 3

𝜕2R𝑖−1(𝛼)
𝜕𝛼2

𝜕𝛼

𝜕𝑠

𝜕2𝛼

𝜕𝑠2

+ 𝜕R𝑖−1(𝛼)
𝜕𝛼

𝜕3𝛼

𝜕𝑠3

)
𝛼=𝛼9,𝑖−1

.

(34)

At the endpoint of the linear segment, the derivatives of the tool orientation
with respect to the displacement of its tool tip are as follows:

𝜕R̃𝑖−1(𝛼)
𝜕𝑠

����
𝛼=𝛼9,𝑖−1

=

(
𝜕R̃𝑖−1(𝛼)

𝜕𝛼

𝜕𝛼

𝜕𝑠

)
𝛼=𝛼9,𝑖−1

,

𝜕2R̃𝑖−1(𝛼)
𝜕𝑠2

����
𝛼=𝛼9,𝑖−1

=

(
𝜕2R̃𝑖−1(𝛼)

𝜕𝛼2

(
𝜕𝛼

𝜕𝑠

)2
+ 𝜕R̃𝑖−1(𝛼)

𝜕𝛼

𝜕2𝛼

𝜕𝑠2

)
𝛼=𝛼9,𝑖−1

,

𝜕3R̃𝑖−1(𝛼)
𝜕𝑠3

����
𝛼=𝛼9,𝑖−1

=

(
𝜕3R̃𝑖−1(𝛼)

𝜕𝛼3

(
𝜕𝛼

𝜕𝑠

)3
+ 3

𝜕2R̃𝑖−1(𝛼)
𝜕𝛼2

𝜕𝛼

𝜕𝑠

𝜕2𝛼

𝜕𝑠2

+ 𝜕R̃𝑖−1(𝛼)
𝜕𝛼

𝜕3𝛼

𝜕𝑠3

)
𝛼=𝛼9,𝑖−1

.

(35)

Since the control points related to the ACR spline between control points𝚽8,𝑖−1
and 𝚽9,𝑖−1, V1 and V2 are all located on the original linear segment. Therefore, it
can be obtained from Eq. (11) that, in order to realize the synchronous of the tool
tip position and tool orientation related the tool tip displacement, it is necessary to
insert four additional control points U6, U7 and V6, V7, as shown in Fig. 7, and the
following formulas must be satisfied:

Since the control points associated with the ACR spline between control points
𝚽8,𝑖−1 and 𝚽9,𝑖−1 (and similarly between V1 and V2) lie entirely on the original
linear segment, it follows from Eq. (11) that, in order to achieve synchronization
between the tool tip position and tool orientation with respect to the tool tip
displacement, two additional control points – denoted here as U6, U7 (V6, V7) –
must be inserted, as shown in Fig. 7. Furthermore, the following conditions must
be satisfied:


−−−−→U0U1




 = 


−−−−→U1U2




 = 


−−−−→U2U6




 , 


−−−−→U5U4




 = 


−−−−→U4U3




 = 


−−−−→U3U7




 ,


−−−−→V0V1




 = 


−−−−→V1V2




 = 


−−−−→V2V6




 , 


−−−−→V5V4




 = 


−−−−→V4V3




 = 


−−−−→V3V7




 (36)
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and then the following equations can be obtained

𝜕R𝑖−1(𝛼)
𝜕𝑠

����
𝛼=𝛼9,𝑖−1

=
𝜕R̃𝑖−1(𝛼)

𝜕𝑠

����
𝛼=𝛼9,𝑖−1

,

𝜕2R𝑖−1(𝛼)
𝜕𝑠2

����
𝛼=𝛼9,𝑖−1

=
𝜕2R̃𝑖−1(𝛼)

𝜕𝑠2

����
𝛼=𝛼9,𝑖−1

= 0,

𝜕3R𝑖−1(𝛼)
𝜕𝑠3

����
𝛼=𝛼9,𝑖−1

=
𝜕3R̃𝑖−1(𝛼)

𝜕𝑠3

����
𝛼=𝛼9,𝑖−1

= 0.

(37)

It should be noted that both adjustment parameters 𝜅 and 𝜆 used in constructing
the remaining ACR spline are set to zero in order to reduce the computational
burden.

5. Numerical simulation

In this section, the effectiveness of the developed C3-continuous tool-path
smoothing method based on ACR splines is evaluated. The test tool path, shown
in Fig. 8, comprises four straight segments and three transitional corners. Relevant
parameters are listed in Table 1. Tolerances for tool-tip position and tool-direction
deviations were specified in millimeters and radians, respectively. For comparison,
the proposed method was benchmarked against the PH-spline–based smoothing
method [30], and the curves before and after optimization were also examined. Fig. 9
presents the comparisons of tool-tip position and tool direction after smoothing.

Fig. 8. The testing tool path utilized in numerical simulation

Fig. 9 clearly demonstrates the effectiveness of the developed method and
the necessity of the optimization step. The unoptimized curve (green) exhibits
pronounced jitter, which is eliminated in the optimized curve (red). Moreover, the
deviation errors of the curves produced by the developed method are less than or
equal to those from the PH-spline–based approach, further confirming the method’s
superior accuracy.
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Table 1. Parameters of the testing tool path

Number of
corners

Number of
tool path

Tool tip position
(𝑥, 𝑦, 𝑧) (mm)

Tool orientation
(𝑂𝑖 , 𝑂 𝑗 , 𝑂𝑘)

1
(240, 200, 220) (0.1, 0.1, 0.9899)

1
(230, 240, 250) (0.1, 0.2, 0.9747)

2
2 (270, 230, 252.2) (0.2, 0.4, 0.8944)

3

3 4
(250, 210, 242) (0.5, 0.1, 0.8602)

(235, 230, 246.8) (0.4, 0.3, 0.8660)

(a) Tool tip position (b) Tool orientation

Fig. 9. The smoothed tool tip position and tool orientation

The deviation errors for the tool tip position and tool orientation in WCS,
measured against the preset tolerances, are presented in Table 2. It is evident that
the maximum deviation errors for both the tool tip position 𝜀𝑝 and orientation 𝜀𝑜 do
not exceed the prescribed tolerances. Moreover, since the tool tip position 𝑒𝑝 and
orientation 𝑒𝑜 are controlled by adjustment parameters 𝜅 and 𝜆, Table 2 confirms
that 𝑒𝑝 and 𝑒𝑜 are sufficiently small to ensure that the discrepancies between the
smoothed tool path and the original tool path remain within acceptable limits (the
corresponding adjustment parameter values are provided in parentheses).

Table 2. Tool-tip position and orientation deviations (𝜀𝑝 = 0.8 mm, 𝜀𝑜 = 0.01 rad)

Number of corners 1 2 3

Tool tip
position

𝜀𝑝 (mm) 0.8000 0.8000 0.8000
𝑒𝑝 (mm3) 5.4858e-06 2.3160e-06 6.4518e-05

(𝜅, 𝜆) (0.478, –5.412e-04) (0.511, –1.448e-04) (0.477, 6.106e-04)

Tool
orientation

𝜀𝑜 (rad) 0.0100 0.0100 0.0100
𝑒𝑜 (rad3) 1.0114e-11 1.7870e-36 2.0254e-12

(𝜅, 𝜆) (0.477, 0.006) (–2.300e-15, –1.164e-15) (0.463, –0.002)
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To further verify the effectiveness of the developed five-axis NC milling tool
path smoothing method based on the ACR spline under different error tolerances,
the deviation error thresholds for the tool tip position and orientation were reset to
𝜀𝑝 = 1.2 mm and 𝜀𝑜 = 0.005 rad, respectively. As shown in Table 3, the maximum
deviation errors for both the tool tip position 𝜀𝑜 and orientation 𝑒𝑜 remain below
the newly preset tolerances. Furthermore, both 𝑒𝑝 and 𝑒𝑜 are still sufficiently small
to guarantee that the discrepancies between the smoothed tool path and the original
tool path are maintained within acceptable limits.

Table 3. Tool-tip position and orientation deviations (𝜀𝑝 = 1.2 mm, 𝜀𝑜 = 0.005 rad)

Number of corners 1 2 3

Tool tip
position

𝜀𝑝 (mm) 1.2000 1.2000 1.2000
𝑒𝑝 (mm3) 1.856e-05 7.818e-06 2.1709e-04

(𝜅, 𝜆) (0.478, –8.139e-04) (0.511, –2.172e-04) (0.477, 9.146e-04)

Tool
orientation

𝜀𝑜 (rad) 0.0050 0.0050 0.0050
𝑒𝑜 (rad3) 1.2656e-12 7.2878e-38 2.5308e-13

(𝜅, 𝜆) (0.477, 0.003) (–4.078e-13, –2.823e-16) (0.463, –0.001)

In Section 4, it is deduced that the synchronization errors of the tool orientation
relative to the tool tip displacement at the junctions between the curve splines and
the linear splines are always zero. To validate this deduction, the first-, second-, and
third-order synchronization errors are computed at these junctions, as illustrated
in Fig. 10 and Fig. 11. For comparison, the synchronization errors of the PH-
spline based smoothed tool path obtained using the method described in [30] is
also evaluated on the same test tool path. The results clearly demonstrate that

Fig. 10. Orientation-position synchronization errors of the tool
(𝜀𝑝 = 0.8 mm, 𝜀𝑜 = 0.01 rad)
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the synchronization errors (at the first, second, and third orders) for the tool path
smoothed by the developed ACR-spline-based method are all equal to zero, whereas
the corresponding errors for the method in [30] are non-zero. This confirms that the
developed method achieves C3 continuous synchronization of the tool orientation
with respect to the tool tip displacement.

Fig. 11. Orientation-position synchronization errors of the tool
(𝜀𝑝 = 1.2 mm, 𝜀𝑜 = 0.005 rad)

Since the developed ACR-spline-based C3 continuous corner smoothing method
achieves third-order continuity for both the tool tip position and tool orientation, it
mathematically guarantees continuous jerk commands. For validation, a C3 contin-
uous cubic acceleration profile [37] is employed to interpolate the smoothed tool
path produced by the developed method under error tolerances of 𝜀𝑝 = 1.2 mm and
𝜀𝑜 = 0.005 rad. The maximum velocity, acceleration, and jerk are set to 50 mm/s,
2000 mm/s2, and 10 000 mm/s3, respectively. As shown in Fig. 12, the kinematic
profiles – including displacement, velocity, acceleration, and jerk – for each axis
are smooth and continuous up to the jerk level, further verifying the effectiveness
and practicability of the developed path smoothing method.

The present formulation enforces continuity of the third derivative (jerk) across
segment joins but does not explicitly minimize the magnitude of the jerk. In many
mechanical applications small jerk magnitudes are desirable to reduce dynamic
excitation. The proposed framework can be extended to include jerk-magnitude
minimization by adding an integral cost of the form:

𝐽jerk =

𝑡1∫
𝑡0




𝑟 (3) (𝑡)


 d𝑡 (38)
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(a) Displacement of each axis

(b) Velocity of each axis

(c) Accelerate of each axis

Fig. 12
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(d) Jerk of each axis

Fig. 12. Kinematic profiles of each axis of machine tool

to the optimization objective (where 𝑟 (𝑡) is the vector-valued curve). When the
curve is represented in the chosen basis as 𝑟 (𝑡) =

∑︁
𝑖

𝑐𝑖𝜙𝑖 (𝑡), the third derivative

is linear in the coefficients and the integral above can be written in quadratic form
𝑐T𝑄𝑐 with

𝑄𝑖 𝑗 =

𝑡1∫
𝑡0

𝜙
(3)
𝑖

(𝑡) 𝜙 (3)
𝑗

(𝑡)d𝑡. (39)

Therefore, if the basis functions are fixed (i.e., no nonlinear shape parame-
ters), jerk-magnitude minimization leads to a convex quadratic objective and can
be solved efficiently under linear constraints (e.g., deviation bounds, interpola-
tion/synchronization linear constraints). If the basis depends nonlinearly on shape
parameters (𝜅, 𝜆), the resulting objective is nonlinear in those parameters and stan-
dard nonlinear solvers (e.g., sequential quadratic programming) are applicable. In
practice one may form a weighted multi-objective

min𝛼𝐽deviation + 𝛽𝐽jerk (40)

and tune the weight 𝛽 to trade off geometric fidelity against dynamic smoothness.
For transparency we include below a discrete implementation recipe and recom-
mended metrics to evaluate jerk reduction.
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6. Conclusions

High-order smoothness of tool paths is essential for computational efficiency
and dynamic performance in multi-axis CNC milling. This study presents an ACR
spline–based method that attains C³-continuous tool-path smoothing. By analyzing
control points at the junctions of discrete linear segments, the method constrains
corner deviation analytically – without iterative computation. Any residual devia-
tions are minimized via a simple, effective optimization. Replacing the remaining
linear segments with ACR splines synchronizes tool-tip position and orientation
with tool-tip displacement under C3 continuity, without additional computational
cost. Numerical simulations show the method meets maximum deviation tolerances
and achieves third-order synchronization of orientation with displacement, yielding
smooth jerk transitions. This approach streamlines computation while improving
real-world machining performance: reduced computational overhead enables faster
processing and lower production costs in high-precision environments. Its fully ana-
lytical, non-iterative nature also facilitates integration with adaptive control systems
and opens pathways for further advances in dynamic performance and efficiency
for future CNC milling applications.

Appendix A. Proof that Eq. (30) defines a convex quadratic
and closed-form minimizer

Define the vector-valued functions on the interval [𝑥2, 𝑥3]

A(𝑥) =
[
𝐴𝑦,2(𝑥)
𝐴𝑧,2

]
, B(𝑥) =

[
𝐵𝑦,2(𝑥)
𝐵𝑧,2

]
, R(𝑥) =

[
𝐶𝑦,2(𝑥) − 𝑦(𝑥)
𝐶𝑧,2 − 𝑧(𝑥)

]
.

Using the definitions from Eq. (31), let:

𝐷1 =

𝑥3∫
𝑥2

∥A(𝑥)∥2 d𝑥, 𝐷2 =

𝑥3∫
𝑥2

∥B(𝑥)∥2 d𝑥,

𝐷3 =

𝑥3∫
𝑥2

A(𝑥) • B(𝑥)d𝑥, 𝐷2 =

𝑥3∫
𝑥2

A(𝑥) • R(𝑥)d𝑥,

𝐷5 =

𝑥3∫
𝑥2

B(𝑥) • R(𝑥)d𝑥, 𝐷6 =

𝑥3∫
𝑥2

∥R(𝑥)∥2 d𝑥,

Then the error function (Eq. (30)) can be written in the quadratic form:

𝑒𝑝 (𝜅, 𝜆) = 𝐷1𝜅
2 + 2𝐷3𝜅𝜆 + 𝐷2𝜆

2 + 2𝐷4𝜅 + 2𝐷5𝜆 + 𝐷6
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which equivalently, in matrix notation:

𝑒𝑝 (𝜅, 𝜆) = vTM V + 2bTv + 𝑐

with

v =

[
𝜅

𝜆

]
, M =

[
𝐷1 𝐷3

𝐷3 𝐷2

]
, b =

[
𝐷4

𝐷5

]
, 𝑐 = 𝐷6 .

Convexity/positive (semi)definiteness: The quadratic part satisfies the inte-
gral identity:

vTM V = 𝐷1𝜅
2 + 2𝐷3𝜅𝜆 + 𝐷2𝜆

2 =

𝑥3∫
𝑥2

∥𝜿A(𝑥) + 𝜆B(𝑥)∥2 ≥ d𝑥 ≥ 0.

Hence M is positive semidefinite and 𝑒𝑝 is a convex quadratic in (𝜅, 𝜆).
Moreover, by the Cauchy–Schwarz inequality:

𝐷2
3 =

(∫
A • B

)2
⩽

(∫
∥A|2

) (∫
∥B∥2

)
= 𝐷1𝐷2

and equality holds if and only if A(𝑥) and B(𝑥) are almost everywhere linearly
dependent. Therefore, in the typical nondegenerate case where A(𝑥) and B(𝑥) are
not almost everywhere proportional, we have:

det M = 𝐷1𝐷2 − 𝐷2
3 > 0

so M is positive definite. In this nondegenerate case 𝑒𝑝 (𝜅, 𝜆) is strictly convex and
its graph is an elliptic paraboloid (a “bowl” with a unique global minimizer). If
𝐷1𝐷2 − 𝐷2

3 = 0 (degenerate case), the quadratic form is only semidefinite and the
minimizer may be non-unique or may not exist as an isolated point.

Closed-form minimizer (consistency with Eq. (32)): Set the gradient to zero:

∇𝑣𝑒𝑝 = 2M v + 2b ⇒ M v = −b.

When det M ≠ 0 (nondegenerate case), the unique solution is

v∗ =

[
𝜅∗

𝜆∗

]
= −M−1b

writing the components explicitly,

𝜅∗ =
𝐷3𝐷5 − 𝐷2𝐷4

𝐷1𝐷2 − 𝐷2
3

, 𝜆∗ =
𝐷3𝐷4 − 𝐷1𝐷5

𝐷1𝐷2 − 𝐷2
3

.

This closed-form result is identical to solving the linear system in Eq. (32).



192 Xu-Lin CAI, Wen-Ming ZHANG, Wen-An YANG, You-Peng YOU

The minimal value attained at v∗ equals:

𝑒𝑝 (𝜅∗, 𝜆2) = 𝑐 − bTM−1b = 𝐷6 −
𝐷2𝐷

2
4 − 2𝐷3𝐷4𝐷5 + 𝐷1𝐷

2
5

𝐷1𝐷2 − 𝐷2
3

provided 𝐷1𝐷2 − 𝐷2
3 ≠ 0.

Degenerate case remark: If 𝐷1𝐷2 − 𝐷2
3 = 0, then M is singular (semi-

definite). In that case the quadratic part has a zero direction; minimization must be
handled by checking compatibility of b with the column space of M. Concretely:

If −b lies in the column space of M, there are infinitely many minimizers
(a line of minimizers); choose the one with smallest norm if desired.

If −b is not in the column space, the gradient equation has no solution and
the minimum is attained at the boundary of the feasible set (or the quadratic is
unbounded below along the zero-direction depending on linear terms).

Conclusion: The displayed derivation justifies that Eq. (30) defines a convex
quadratic in (𝜅, 𝜆); under the mild nondegeneracy condition 𝐷1𝐷2 − 𝐷2

3 > 0 it is
strictly convex (an elliptic paraboloid), and the minimizer is given by the explicit
formula above (consistent with Eq. (32)).
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