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MATHEMATICAL MODEL OF THE MODIFIED ROLL
FOR SPIRAL BEVEL GEARSMILLING MACHINES

Piotr Skawinski, Marek Kret

Summary

This paper contains the description of conventional roll modification mechanism used for spiral bevel
gears generation and presents several possible solutions for the implementation of this mechanism
using mathematical equations. Accuracy of each method has been compared with respect to nominal
values, and mathematical derivation has been discussed. Possible practical application in numerical
machine control units and geometric simulation environments has been outlined.
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Matematyczny model modyfikacji odtaczania frezarek do kot stozkowych o kotowo-tukowej
linii zeba
Streszczenie

W pracy przedstawiono idee mechanizmu modyfikacji odtaczania dla két stozkowych o kotowo-
tukowej linii zeba. Przedstawiono réwniez kilka mozliwosci realizacji tego mechanizmu za pomoca
rébwnan matematycznych. Prowadzono analize doktadnosci kazdej metody z uwzglednieniem
wartosci nominalnych oraz omdwiono sposoby ich matematycznego wyprowadzenia. Podano
mozliwosci ich praktycznego zastosowania w sterownikach numerycznych urzadzeh uzywanych do
obroébki kot stozkowych, takze w geometrycznych srodowiskach symulacyjnych.

Stowa kluczowe: kota zebate stozkowe, obrabiarki sterowane numerycznie, modyfikacja odtaczania,
SGM

1. Introduction

Bevel gearsets are one of the basic power and mutosfer mechanisms
operating in modern automotive and aircraft industrhey allow to design
machineries with non-parallel and crossing axled tlas a tremendous impact
on product optimization process. Although spiravdlegears have a great
number of operational advantages, their designufaaturing and optimization
processes require substantial engineering skileyTare very time and cost
consuming what is essential when deciding to launobw product.
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There are several methods of manufacturing spaaglbgears on the basis
of which numbers of different machines using vasiotools have been
developed. Of course modern production methodsfaresed mainly on the
CNC (Computerized Numerical Control) machines thate the capability of
unifying different manufacturing methods on a singlumerically controlled
machine. Each of these methods produces specHjsesbf the teeth and have
different performance characteristics [1-7].

Let us focus on one of the most widely used bewakg cutting method in
the industry that is Gleason’'s SGM (Spiral Generatdified Roll). Pinion is
generated using a single indexing cutting procdsat tutilizes the roll
modification mechanism with a separate cutterhead dach, convex and
concave, tooth face. This “modified roll” procesmsists of acceleration and
deceleration of a roll movement during tooth faemeyation which leads to a
head and heel additional undercut (Fig. 1). The ifisadion of pinion flank
geometry results from a tooth shape adjustment ithaecessary for correct
mesh with a straight flank gear. Other case isusege of so called numbered
blades, where number represents the pressure ainiggecutting edge, that lead
to thepressure angldistortion and has to be compensated with a rolfement
modification. It is important to mention that theag is acknowledged to be
fixed and all of the pinion-gear pair modificaticer® applied only to the pinion.

GEAR
Modified profile

<R
!

Nominal profile

PINION Nominal proﬁle

Fig. 1. Idea of the face flank modification in tBé&eason SGM method

2. Modified roll mechanism mathematical models

In a conventional process the circumferential mostmmodification
AO, is obtained by means of special mechanisms compafsadgle-eccentric

elements coupled with the worm and modified rolior&ransmission gears
(Fig. 2). Kinematic chain that couples cradle rotatwith the worm-wheel
rotation is described by the following equation:
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(1)

where: ©g. — worm-wheel rotation anglep, — cradle rotation angle,, —
modified roll ratio, C =C, [C,[C,[..[C, — constant gear sets transmission
ratio.

Modified roll
transmition gears

Fig. 2. Typical conventional roll modification mefism

When worm-wheel rotation occurs, the worm in the rrwogear
transmission set is pushed along its axle by thieywand generates the
modification roll component of the cradle movemeritis axial movement is
given by the equation:

hec = Ep Eﬂl— COS@RC) (2)

where E,, is the eccentricity value of a pulley axis relatedhe worm-wheel

axis. Utilizing the rolling radius of the cradle wo wheel ¢, ), we are able to
obtain the cradle rotation angle that derives ftbenworm axial movement:

o, =1k 3)

Mk
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During the spiral bevel gear machining process gitesi is crucial to
maintain the totalworm-wheel rotation angl.. below the value of 100 deg.

In practice, it means that the worm-wheel rotatien each side from its middle
position should be no greater than 50 deg. By tldzli® position we mean the
situation in which the cradle rotation angle dedivfeom the roll modification

mechanism is equal to zey®@, =0. The origin of this requirement comes

from the mathematical simplifications that has bepplied to the conventional
calculation algorithm. Its utilization provides agiigible mistake between the
mathematical roll modification model and its medbahrepresentation on the
real machine. This topic will be discussed in dsthiter in this article. In order
to satisfy this requirement production process, esigh engineer needs to
determine the transmission ratio between the crnatileel and the worm-wheel.
This ratio is called modified roll ratio and candefined by the inequality:

100de
y S0 (4)
0, T

Possible discrepancies resulting from a wrong weimeel rotation range
O are presented in Fig. 3. They lead to an erronflank geometry and at

the best, to the contact pattern misalignment betwgnion and gear. In the
worst case, this mistake can lead to the machineda.
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Fig. 3. Graphical representation of improper
worm-wheel rotation range setup

On conventional machines, the adjustable gear ddgdras to be coupled
to produce the transmission radio as close tolberetical value as possible.
Inaccurate selection may cause serious differernicesroll modification
comparing to the values assumed at the gear gepohetign level. Some more

advanced machines have a capability of worm-whe#ey eccentricity E,,

setup that partially accommodates the discrepamsulting from thei,,

transmission selection.

For numerically driven machines as well as forgeticed simulation
programs we can develop more accurate approactedBas the previous
assumption we can derive the maximum allowablerrextiifoll ratio:

100deg

R — 5

M max G)o C ( )
According to the Figure number 3 it correspondshi® situation that the
worm-wheel rotates in the desired + 50 deg. infefBacause in the numerical
approach we do not have to select the transmidsyothe gears availability
table, we do not lose any accuracy. The next stefp icalculate the pulley

eccentricity valuek,, from the relation:
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kM :CM [EM [ﬂMZ (6)

where K, is the roll modification factor that is obtainedorin the basic

technology calculation results. Reordering the givermula will give us the
desired equation:

_Cu

Ey =2 (7)

Im
whereC,, is a value specific to a given machine tool andefined as:

C2
2 0,

(8)

Cw

When we know all of the input values we can intmgihem to the
equation that describes the complete cradle rotatimle that is derived from
the roll modification mechanism:

AG, = Ev [1- co®xc)

(9)

Mk

From this point we have several ways for furthealeation, first of which
is the cradle angular movement time frame approdehle 1 presents the
complete computational process for the specificr ged (Pinion/Gear ration:
18/43, Axle angle: 70deg., CC flank — detailed bastchnology data obtained
from KONTEPS - bevel gears design software is pteskin Tab. 2) and using
actual bevel gear generator geometrical data (8aEt8). Now we can plot the
cradle circumferential movement derived from thedification mechanism
against its nominal angular position (Fig. 4). Frtra theory of the teeth flank
modification developed by Gleason we know that theface should be
superimposed with a polynomial of 4-th order, homrevthe described
methodology refers to the machines equipped withhaeism that allows only
2-nd order representation. It has been proved Iperence, that this level of
approximation is sufficient for high quality geagts manufacturing. On this
basis it has been assumed to the best fit of dleemodification movement vs.
cradle nominal movement curve with the cubic funet{Fig. 4). This relation
can be directly applied in the CNC bevel gears gpes as well as in the
geometrical simulation environments and it is gitgrthe equation:
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0Oy (t) = A2 (t) + B, (t) (10)

where Aand B are the cubic function coefficients obtained frdma 2-nd order
trend line.

Table 1. Cradle angular movement time the frameasmbr data for 18/43-70 gear set

2 s 3 2 o |2 =2 = = B =
g | = £ 2588|828 oo | B £8 |s5% -
= s 8 2|ls=s|38:2| 8% = 8 |28 3
b= 2 [£E5|ES|(8S|T5S8 = ag 5 S = = S &%=
S 2= ([E8([88 |22 = = = S5 8 3 = oy § S
8 SFf |E8|=2|x2|5%8| o8 2= £ [85ES
= 5 = 2= (285|235 | & 8 28 == |R2=¢g
£ = 5 Te|g22|E 8 E= g2 68
= S CS S S & | =2 = S S 2 2=
3 Basic Technology Saratov 528
variable rL @i &) (@) (8) (1) 9
8o(t) 8, K rg c i Mmax Eum Cu Orc Ok
[deg] [deal 1] [mm] [11 Jil [mm] [1/mm] [deql [deal
1,06 42,52 0,074 | 600,000 | 2,083 1,129 16,055 0,00362 2,500 0,001
2,13 42,52 0,074 | 600,000 | 2,083 1,129 16,055 0,00362 5,000 0,006
319 42,52 0,074 | 600,000 | 2,083 1,129 16,055 0,00362 7,500 0,013
4,25 42,52 0,074 | 600,000 | 2,083 1,129 16,055 0,00362 10,000 0,023
1,06 42,52 0,074 | 600,000 | 2,083 1,129 16,055 0,00362 2,500 0,001
2,13 42,52 0,074 | 600,000 | 2,083 1,129 16,055 0,00362 5,000 0,006
319 42,52 0,074 | 600,000 | 2,083 1,129 16,055 0,00362 7,500 0,013
4,25 42,52 0,074 | 600,000 | 2,083 1,129 16,055 0,00362 10,000 0,023
5,32 42,52 0,074 | 600,000 | 2,083 1,129 16,055 0,00362 12,500 0,036
6,38 42,52 0,074 | 600,000 | 2,083 1,129 16,055 0,00362 15,000 0,052

Table 2. Detailed basic technology data
obtained from KONTEPS

PINION - FINISHING - CONCAVE FLANK
18/43-70 - GENERATED GEAR

CUTER DIAMETER Do |153.162 mm
RADIAL SETTING U | 68.573mm
ANGULAR SETTING Q| 86%0
MACHINE ROOT ANGLE S| 16°48'
HEAD SETTING Xp | -1.373 mm
SLIDING BASE Xg| .532mm
VERTICAL OFFSET A | 6.293mm
RATIO OF ROLL R, 317
MODIFIED ROLL COEFFICIENT |Ky|  .074
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Cradle angular movement generated by roll modificaion mechanism
—— 4-thorder trend line

2-nd order trend line /
0,500 }

y = -1,6346E-07x*- 4,2866E-07x> + 1,2950E-03x? - 8,5873E-06x
R? =1,0000E+00

Cradle angular movement generated by Roll modificat
mechanism, dag
g

0,000 }
0,00 5,00 10,00 15,00 20,00 25,00

Nominal cradle angular movement, dag

Fig. 4. Cradle angular movement time frame apprdesh fit
with the polynomial function

The biggest disadvantage of this approach is tietalculation algorithm
and best fit procedure have to be repeated for gaahbeing analyzed.

During a series of experiments certain regularggween cubic function
coefficients A andB) and basic technology parametékg, and ©,) has been

noticed and developed into the second, more corepsite approach of roll
movement modification evaluation (Tab. 3). It ha=ei determined that the
coefficient a is dependent only ork,, and can be characterized with an

expression:

A=15838E - 7k, (11)

whereas coefficienb is dependent also only dfy, , but it's additionally scaled
by ©, and can be described by expression:

B=3.2861F - 4k, [©, (12)
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Table 3. Regularity observed during a series of expnts

a- 6,(0° | b- 6,(t) a- 8,(0)° | acoeff. b - 6,(t) b/ ©
S0 | ku coefficient | coefficient b7 8 (8o ku coefficient | DIFFERENCE | coefficient b7 8 DIFFiREN‘:.‘E
10 | 0,00 [0,000E+00 |0,000E+00 | 0,000+00 | 20 | 0,00 [0,000E+00| 0,0%  |0,000E+00 [0,000E+00 | 0,0%
10 | 0,01 | 1,584E-04 | 3.286E-05 | 3.286E€-06 | 20 | 0,01 | 1.584E-04 | 0,0% | 6,572E-05 | 3.286E-06 | 0,0%
10 | 0,02 | 3 168E-04 | 6,572E-05 | 6,572E-06 | 20 | 0,02 [ 3.168E-04 | 0,0% | 1,314E-04 | 6,572E-06 | 0,0%
10 | 0,03 | 4,752E6-04 | 9.859E-05 | 9.859€-06 | 20 | 0,03 | 4.752E-04 |  0,0% | 1,972E-04 | 9.859E-06 | 0,0%
10 | 0,04 | 6,3356-04 | 1,314E-04 | 1,314E-05 | 20 | 0,04 [ 6.335E-04 | 0,0% | 2628E-04 | 1,314E-05 | 0,0%
10 | 0,05 | 7.9196-04 | 1,643E-04 | 1,6436-05 | 20 | 0,05 [ 7.919E-04 | 0,0% | 3286E-04 | 1,643E-05 | 0,0%
10 | 0,06 | 9,503E-04 | 1,972E-04 | 1,972E-05 | 20 | 0,06 [ 9.503E-04 | 0,0% | 3943E-04 | 1,972E-05 | 0,0%
10 | 0,07 | 1,109E-03 | 2,300E-04 | 2.300E-05 | 20 | 0,07 | 1,109E-03 | 0,0% | 4.600E-04 | 2,300E-05 | 0,0%
10 [ 0,08 | 1,2676-03 | 2,6296-04 | 2.6296-05 | 20 [ 0,08 [ 1,267E-03 |  0,0% | 5258E-04 | 2.629-05 | 0,0%
10 | 0,09 | 1,4256-03 | 2,958E-04 | 2,9586-05 | 20 | 0,09 | 1,425E-03 |  0,0% | 5916E-04 | 2.958E-05 | 0,0%
10 [ 0,10 [ 1,584E-03 | 3,286E-04 | 3.286E-05 | 20 [ 0,10 [ 1,584E-03 |  0,0% | 6,572E-04 | 3,286E-05 | 0,0%
10 | 0,20 | 3 168E-03 | 6,572E-04 | 6,5726-05 | 20 | 0,20 [ 3.168E-03 |  0,0% | 1,314E-03 | 6,570E-05 | 0,0%
10 [ 0,30 [ 4,7526-03 | 9,859E-04 | 9.659E-05 | 20 [ 0,30 [ 4.752E-03 | 0,0% | 1,972E-03 [ 9,859E-05 | 0,0%
10 | 0,40 | 6,3356-03 | 1,314E-03 | 1,314E-04 | 20 | 0,40 | 6,.335E-03 | 0,0% | 2628E-03 | 1,314E-04 | 0,0%
10 [ 0,50 [ 7,.919€-03 | 1,6436-03 | 1,643E-04 |20 [ 0,50 [ 7.919E-03 | 0,0% | 3.286E-03 | 1,643E-04 | 0,0%
10 | 0,60 | 9,503E-03 | 1,972E-03 | 1,9726-04 | 20 | 0,60 [ 9.503E-03 | 0,0% | 3944E-03 | 1,972E-04 | 0,0%
10 [ 0,70 [ 1,1096-02 | 2,300E-03 | 2.300E-04 | 20 [ 0,70 [ 1,109-02 | 0,0% | 4.600E-03 | 2,300E-04 | 0,0%
10 [ 0,80 | 1,267E€-02 | 2,629£-03 | 2,629-04 | 20 | 0,80 | 1,267E-02 | 0,0% | 5,258E-03 | 2,629E-04 | 0,0%
10 [ 0,90 | 1,4256-02 [ 2,958E-03 | 2,958E-04 | 20 [ 0,90 | 1,4256-02 |  0,0% | 5916E-03 [ 2.958E-04 | 0,0%
10 | 1,00 | 1,584E-02 | 3,286E-03 | 3,286E-04 | 20 | 1,00 | 1,584E-02 | 0,0% | 6,572E-03 | 3.286E-04 | 0,0%

and is dependent on basic technology parameteys smlit mean that one can

This approach enables us to avoid excessive sldelations for each gear
set and gives us the universal and neat solutibe.rdll modification movement
function can be characterized with the equation:

AOy (t)=(1.5838E - 2Jky B (t)+ (3.28612 - 4Ky [©y9,(t)

(13)

apply it directly to the CNC machine control pragraor to the simulation
environment (Fig. 5).
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Fig. 5. Cubic function coefficient best fitted wiihear functions
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Fig. 6. Comparison of different mathematical modelsuracy
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On the basis of fundamental mathematical relatipsshve can try to solve
the equation (9):

AOy = 'f—M [f1- coOrc) (14)
K
by expanding the cosine function in a Taylor series
= (-2)°

Orc® , Orc’ Ok’
COpe = ) - O™ = e+ = = —FC 4
R nzz(;(zn)! e 2 24 720

(15)

In the simplest case when the factor O the value of the roll modification

AO, =0, so the modification does not occur.
n=0

Increasing the factor value =1 leads to the relation:
2
AOy = Ew geéL (16)

that can be simplified, using equations 1 to 4, to:

ABy =ky [O(t) (17)

n=1

This solution is very plain and convenient sinceedquires only 1 basic
technology parameter.
For n = 2 roll modification expression takes the form:

7o, = v O Orc* (18)
2 T | 2 24

and also can be simplified to:

100)° Oy (t
20, =k, cEeoz (t)—(@—OJ 901_2()} (19)

but now it requires additional basic technologyapagter to provide a solution
as well as a more complex calculus.
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For n = 3 equation is as follows:

2 4 6
AG)K =E_M ORC _ ORC + ORC (20)
o e L 2 24 720

and the simplified version:

AOK - kM EEOOZ (t) _(@j BGL(t) +(@J GGL(':)} (21)
s o) 12 e, 360

In this case, it still requires 2 basic technolggrameters to provide the
final solution, but calculations are even more claxp

Of course the higher tha parameter in Taylor series expansion, the more
accurate the function adjustment. However, it ipantant to keep in mind that

roll modification mechanism does not operate inftiie <0; 271) cosine’s range,

but in the narrowea<0;i—g> range (Fig. 6).

3. Conclusions

Two types of mathematical models have been predeintethis paper:
purely mathematical based on Taylor series exparesml experimental, based
on nominal points approximation. Figure 6 preséimésaccuracy comparison of
all considered approaches. Despite the fact thateinobtained from Taylor
series expansion with parameter 1 (equation 17) is convenient and simple in
application (it requires only one parameter andyveimple calculus),
it generates the biggest mistake of all preserfted.evaluated gearset and for
industrial practice examples this error varies leev0 and 0.1%. Remaining
models generate quite accurate solution with aor devel of less than 0.01%
when comparing to nominal. Experimental solutiosatibed by equation 13
seems to be the desired one, since it requirelowest computational resources
and is the easiest to implement.

As mentioned before, the roll modification mechamimathematical model
can be applied directly into numerical machine panunits as well as in
geometric simulation environments. Figure 7 preseifie pinion geometry
generated from Table 2 settings, but with the ieidily increased roll
modification coefficient. This geometry is a “dumirgxample, but it clearly
illustrates the roll modification mechanism impact the teeth flank geometry.
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In the industrial practice, material excess@sh,As) formed during the

modified roll process varies, depending on the dmgission size, from a few
hundredths to a few tenths of a millimeter.

NO MODIFICATION

Fig. 7. Example of geometry simulation environmese (CC flank only)
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