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Abstract. The paper considers the failure study of concrete structures loaded by the pressure wave due to detonation of an explosive

material. In the paper two numerical methods are used and their efficiency and accuracy are compared. There are the Smoothed Particle

Hydrodynamics (SPH) and the Finite Element Method (FEM). The numerical examples take into account the dynamic behaviour of concrete

slab or a structure composed of two concrete slabs subjected to the blast impact coming from one side. The influence of reinforcement in the

slab (1, 2 or 3 layers) is also presented and compared with a pure concrete one. The influence of mesh density for FEM and the influence

of important parameters in SPH like a smoothing length or a particle distance on the quality of the results are discussed in the paper.
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1. Introduction

In the recent years the description of the critical infrastructure

security has become a very important topic [1, 2]. General-

ly, the problem is connected with the acts of terrorism. First

cases appear more than 2000 years ago [3] so it means that

it is not a new phenomenon. To protects the buildings and

to increase their security of the new designed ones and those

which exist, they are redesigned and reinforced by some ad-

ditional elements [4]. The goal is to adapt these buildings to

the new requirements and improve their safety. The crucial is

to assure the safety of the structures under exceptional loads,

such as the pressure wave caused by explosion[5,6] or missile

impact [7].

The rules which significantly improve the safety are usu-

ally created based on the essential conditions derived directly

from experiments and previous experiences and observations.

To reduce the expensive experiments in foreseeing the final

effects the numerical simulations could be successfully used.

The numerical models are accepted only if all parts of the

structure as well as the description of processes are modelled

accurately. The simulations of the experiments with explosives

and missile impacts are crucial for better understanding what

could happen in buildings or its parts in critical situations.

Computer simulations can successfully help to determine the

damage or even destruction of the whole building or its struc-

tural part [8].

This work focuses on determination of the damage and

structural failure using two numerical methods the Finite El-

ement (FE) and the Smoothed Particle Hydrodynamic (SPH)

and on comparison of the quality of obtained results. The

analyses of the pure single and double slabs and also rein-

forced concrete slabs subjected to impact pressure loadings

generated by the explosion serve for the comparison of the

two mentioned numerical methods.

2. The object under analyses

The structure under consideration is a concrete slab or the set

of two parallel concrete slabs with a gap between them. The

dimensions of the square slab, which is presented in Fig. 1, are

1 m by 1 m with the thickness of 0.2 m. The slabs are fixed on

perimeter and the distance between slabs in the second case is

0.1 m. The considered structure is loaded by the wave pressure

caused by explosion of TNT and the mass of charge varies

between 25 kg and 600 kg. The charge is placed in a distance

of 1.8 m from the slab’s surface, see Fig. 1. The details on

the wave intensity and modelling the pressure distribution that

acts on an obstacle (slab) could be found in literature [9].

Fig. 1. The geometry of the concrete slabs

The slabs are made of a concrete B30. The quasi-static

uniaxial compressive strength is equal to 30 MPa. The quasi-

static and dynamic mechanical behaviour of the considered

concrete is presented in Fig. 2. The stress-strain curve for

uniaxial compression and tension is presented in Fig. 2-A.

The failure curve in the space of plane stresses is presented

in Fig. 2-B. The compressive and tensile dynamic increase

factors versus strain rates are shown in Figs. 2-C and 2-D,

respectively. It is well known from experiments that increase

factors are growing substantially with the rate of deformations

reaching the values over 2 for compression and of order 10

for tension.
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Fig. 2. Quasi-static and dynamic behaviours of concrete B30; A – uniaxial compression and tension, B – failure curve in plane state of

stress, C – Compressive Dynamic Increase Factor CDIF versus strain rate, D – Tensile Dynamic Increase Factor TDIF versus strain rate

3. Numerical model

The two numerical methods are used to analyse the prob-

lem of dynamic behaviour of concrete slabs subjected to the

explosion pressure wave. First the Finite Element Method –

FEM [10] is considered and second the Smoothed Particle

Hydrodynamics – SPH [10–12] is employed. There are dif-

ferent possibilities to model the distribution of pressure wave

on the structure. It can be done by the analysis of travelling

waves in the space which ends with the estimation of pressure

on the obstacle [9]. In our consideration to avoid the complex

analysis of the moving waves in the air the ConWep loading

function is used to simulate the explosive pressure wave [13].

The analyses contain the influence of the mesh size (FEM)

and particle distance (SPH). The accurate description of the

influence of SPH method parameters like particle distance,

smoothing length etc is presented in detail in Appendix A.

Complex material model to simulate dynamic behaviour

of concrete is important to describe properly different effects

[12, 14]. In the work we have used the model which consists

of the material of the elastic-plastic behaviour with initiation

of damage in accumulative form [15]. The evolution of dam-

age and failure is mode dependent and regularisation has to

be introduced here also in energetic form. The strain rate ef-

fects are also introduced into the model. The more detailed

description is presented below.

The continuous damage surface cap model is used to sim-

ulate the concrete behaviour and properties [14, 16]. The pa-

rameters presented below are considered in material simula-

tions. The elastic state is fully described by only two parame-

ters G and K . The first is the shear modulus and the second

one is the bulk modulus, respectively. The material density ρ
needs to be also defined in dynamic analysis while the iner-

tia forces play an important role. In the model the associated

flow rule is used. The yield criterion is used in the following

form:

f (J1, J
′

2, J
′

3, κ) = J ′

2 −ℜ2F 2
f Fc, (1)

where J1 is the first invariant of stress tensor, J ′

2 is the second

invariant of stress deviator, J ′

3 is the third invariant of stress

deviator and κ is the cap hardening parameter. The shear fail-

ure surface Ff is expressed in the following form:

Ff = α − λe−βJ1 + θJ1. (2)

The material parameters α, β, λ and θ describe the shear

failure surface, see Table 1. In Eq. (1) the Rubin scaling func-
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tion ℜ is used to reduce the concrete strength in torsion and

under triaxial tension. This function is of the following form:

ℜ =

[

Q1 = α1 − λ1e
−β1J1 + θ1J1

Q2 = α2 − λ2e
−β2J1 + θ2J1

torsion

triaxial extension
. (3)

Table 1

Parameters for concrete B30

G = 11460 MPa K = 12550 MPa

ρ = 2320 · 10−12 t/mm2 α = 14.5 MPa

α1 = 0.7473 α2 = 0.66

λ = 10.5 MPa λ1 = 0.17

λ2 = 0.16 β = 0.01929 MPa−1

β1 = 0.07057 MPa−1 β2 = 0.07057 MPa−1

θ = 0.2965 θ1 = 1.151 · 10−3 MPa−1

θ2 = 1.387 · 10−3 MPa−1 R = 5

B = 100 pwrc = 5

X0 = 90.54 MPa Gfc = 6.838 MPa·mm

Nt = 0.48 W = 0.05

D = 0.1 Nc = 0.78

D1 = 2.5 · 10
−4 MPa Gft = 0.06838 MPa·mm

η0t = 6.176 · 10
−5 s D2 = 3.49 · 10

−7 MPa2

Gfs = 0.06838 MPa·mm η0c = 1.003 · 10
−4 s

pmod = 0 pwrt = 1

Srate = 1 τ0c = 0.1322 MPa0.5

τ0t = 0.0152 MPa0.5 repow = 1

κ0 = 45 MPa

The material parameters α1, α2, β1, β2, λ1, λ2, θ1 and θ2

describe the Rubin scaling function, see Table 1. The plastic

potential functionf (J1, J
′

2, J
′

3, κ) is limited by a cap harden-

ing function in the case of triaxial compression. The function

Fc is presented as follows:

Fc (J1, κ) = 1 −
[J1 − L (κ)] [|J1 − L (κ)| + J1 − L (κ)]

2 [X (κ) − L (κ)]
2 .

(4)

In Eq. (4) two other functions appear L (κ) and X (κ), where:

L (κ) =

[

κ

κ0

if

if

κ > κ0

κ ≤ κ0

and X (κ) = L (κ) + RFf (L (κ)) .

(5)

These functions describe the cap hardening limits. The

two parameters R and κ0 describe the shape of the cap hard-

ening function and R is a cap aspect ratio but κ0 is initial

cap hardening. The plot of the plasticity surface including

shear failure surface and cap hardening function is present-

ed in Fig. 3. The cap hardening function serves as the limit

condition for triaxial compression.

The cap moves during plastic deformation (volume

change) according to the rule:

εpl
v = W

(

1 − e−D1(X−X0)−D2(X−X0)2
)

. (6)

The variable εpl
v is a plastic volumetric strain and the parame-

ters W , D1, D2, X0 describe the expansion and contraction

of the cap based on Eq. (6). In the model the scalar damage

variable d is used to describe the stress tensor with damage

σd
ij based on the visco-plastic stress tensor without damage

σvp
ij , as follows:

σd
ij = (1 − d)σvp

ij , (7)

with two independent damage mechanisms in compression

(shear) and in tension. The two criteria of energetic type are

used to describe the damage initiation and evolution. They are

as follows:

τc =

√

1

2
σijεij if

{

J1

τc ≥ τ0c

compression

energy

τt =
√

Eε2
max if

{

J1

τt ≥ τ0t

tension

energy

. (8)

Fig. 3. Plasticity surface in meridian plane

The material parameters τ0c and τ0c describe the initia-

tion values in compression and in tension, see Table 1. The

two softening functions are used independently in shear and

in tension in the following forms:

d (τc) =
dmax

B

[

1 + B

1 + Be−A(τc−τ0c)
− 1

]

ductile damage,

d (τt) =
0.999

D

[

1 + D

1 + De−C(τt−τ0t)
− 1

]

brittle damage.

(9)

The variables A and C are equal characteristic finite element

length lel. Additionally, the variable A may be reduced ac-

cording to the following equation:

A = A(dmax + 0.001)pmod. (10)

The parameters B, D, dmax, pmod describe the shape of the

softening functions in compression and in tension. The above

softening functions, Eq. (9) are presented in Fig. 4 for two

damage mechanisms and different element sizes (particle dis-

tance in SPH).
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Fig. 4. The softening functions in compression (top) and in tension

(bottom)

In the presented model the energy type regularization is

used to obtain the unique solution independently of mesh size.

The fracture damage energy Gf depends on damage mecha-

nism (state of stress) according to the following rules:

Gf = Gfs +

(

J1
√

3J ′

2

)pwrc

(Gfc − Gfs)

for compressive pressure,

Gf = Gfs +

(

−J1
√

3J ′

2

)pwrt

(Gft − Gfs)

for tensile pressure.

(11)

The parameters Gfs, Gft, Gfc describe the fracture energy in

pure shear, in pure compression and in pure tension and pwrt,
pwrc are shear to tension and shear to compression transition

parameters. The visco-plasticity formulation is used to con-

sider the change in the material behaviour due to strain rates:

σvp
ij = (1 − γ)σT

ij + γσp
ij with γ =

∆t/η

1 + ∆t/η
. (12)

The visco-plastic stress tensor without damage σvp
ij is calcu-

lated based on elastic trial stress σT
ij and inviscid stress tensor

(without rate effect) σp
ij . The variable η (an effective fluidity

coefficient) in Eq. (12) is calculated independently for shear

and for tension according to the following rules:

η = ηs +

(

J1
√

3J ′

2

)pwrc

(ηc − ηs)

for compressive pressure,

η = ηs +

(

−J1
√

3J ′

2

)pwrt

(ηt − ηs)

for tensile pressure.

(13)

To calculate the variables ηs, ηt, ηc the following equations

are used:

ηt =
η0t

ε̇Nt

, ηc =
η0c

ε̇Nc

and ηs = Srateηt.

(14)

The material parameters η0t, η0c, Nt, Nc, Srate describe the

fitting for uniaxial tension, compression and shear data. The

variable ε̇ describes the effective strain rate. The fracture dam-

age energy depends on the strain rates according to the for-

mula:

Grate
f = Gf

(

1 +
Eε̇η

f ′
.

)repow

. (15)

The parameter repow is the power which increases the frac-

ture energy with strain rate and f ′ is internally calculated by

the program and it describes the yield strength before applica-

tion of rate effect. The more detailed description of the model

is presented in user’s manual for Ls-Dyna concrete material

model 159 [14, 16].

The set of all constitutive parameters is presented in Ta-

ble 1. The parameters for concrete B30 are described based

on numerical and experimental tests [14–21]. The results for

uniaxial tension and compression for different strain rates are

presented in Fig. 5. The strain rate hardening of the material

is presented. The softening appears after initiation of damage

and is strain rate sensitive.

These numerical tests are in agreement with real behav-

iour described by Figs. 2-C and 2-D. According to the CEB

recommendations that follow the experimental results the dy-

namic strength of concrete increases together with strain rates.

The existing failure criterion which depends on state of stress

and strain rates is obvious. Failure of concrete is connected

with the accumulation of energy (mainly the elastic energy)

in time. In this case it is possible to describe the time up

to failure according to cumulative failure criterion. The first

time this kind of failure criterion was proposed by Campbell

in 1953 [22]. The generalization of cumulative failure criteria

[3, 22] used to simulate the dynamic behaviour of concrete in

Spall Pressure Hopkinson Bar SPHB tests [3, 23]. The com-

pressive dynamic behaviour of the material is tested using

Split Hopkinson Pressure Bar (SHPB) [24, 25].
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Fig. 5. The strain rate sensitivity for concrete class B30 for tension

and compression

4. Numerical results

Many numerical tests were performed. Selected results are

presented below for the case of one concrete slab and at the

end of this section for the case of concrete slabs set. The re-

sults for reinforced (1, 2 or 3 layers) single concrete slab are

also presented.

Firstly, the single pure concrete slab is considered. The

analyses show the influence of mesh density in FEM and par-

ticle distance in SPH. The results of numerical simulations are

presented in Fig. 6. The two discretisations are shown with

2 mm and 1 mm. The results prove that the blast loading could

estimate properly the structural behaviour for both FEM and

SPH. The maximum pressure and reactions (sum of the all

node forces on perimeter) is independent of the discretisation

density (Fig. 6-B – FEM and Fig. 6-D – SPH) for all consid-

ered mass charges. The pressure and reaction peaks appear in

the same time for coarse and fine discretisation (Fig. 6-A –

FEM and Fig. 6-C – SPH).

The maximum of the reaction forces due to explosion of

charge are similar for two considered numerical methods, see

Table 2. The quantitative difference for fine discretisations is

about 15% (34.6 MN – FEM and 39.3 MN – SPH). The maxi-

mum pressure and the reaction appear at the beginning of the

failure process (from 350 µs to 700 µs dependently on the

mass of charge).

Fig. 6. Comparison of the maximum pressures, reactions and times of its appearance for FEM (A,B) and SPH (C,D)

Table 2

The values of maximum pressure and maximum reaction forces together with the time of its appearance for two considered numerical methods

Mass charge [kg] Results FEM -fine SPH - fine

100 kg

max pressure 51.5 MPa 51.2 MPa

at time 476 µs 479 µs

max reaction force 34.6 MN 39.3 MN

at time 552 µs 521 µs
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The previous results give the global information about the

loading and dynamic response of concrete slabs. The local

analysis was also performed for all considered cases. Below,

the failure pattern of the single concrete slab loaded by ex-

plosion of 100 kg of TNT is presented in two time instants,

Fig. 7. In the case of SPH method, the circular spall is clear-

ly visible together with the distribution of damage parameter

and velocities, see Fig. 8. The maximal velocity of the nodes

in FEM and in SPH are very close and equal to 20 m/s but

in FEM simulation the elements disappear during explosion

loading. The problem of mass disappearing has a big influence

if the parts of the first concrete slab impact onto the second

one. Using the SPH method of the spall particles (Fig. 8) may

impact onto the second slab of the set.

In numerical simulations, the problem appears if two con-

crete slabs placed a certain distance apart which is considered,

see Fig. 1. After an explosion the first slab is damaged but

later the pieces impact the second one and the finite elements

disappear after the failure criterion in concrete is met. The

impact velocity is close to 33 m/s for mass of charge 200 kg

of TNT, see Fig. 9. Most of the finite elements are deleted

in this case, see Fig. 9. The same problem does not exist

when using SPH method. It will be presented later in this

chapter.

Fig. 7. The comparison of the velocities after explosion of 100 kg of TNT for two considered methods: FEM (top) and SPH (bottom)

Fig. 8. The spall in concrete slab modelled by SPH due to explosion of 100 kg of TNT
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Fig. 9. Annihilation of the finite elements during explosion impact of 200 kg of TNT – independently of the mesh size

The next analyses use the SPH method. The examples

consider a single slab and the set of two slabs. The results for

only one mass of charge equal 200 kg of TNT are present-

ed. The other simulations for all considered masses of charge

and for fine SPH particles distance were also considered. We

can conclude that the particle distance in SPH or finite ele-

ment size in FEM have not a crucial influence on quality and

quantity of numerical results in both methods after taken into

account the information which are discussed in Appendix A.

In Fig. 10 the field of velocity is presented for a single

plate and mass of charge 200 kg. The maximal velocity of

spall which appears in this case is about 33 m/s. In case of

single plate this large part of the pure concrete structure flies

(after spalling) – move with this high velocity. It may impact

onto the second obstacle (slab) which may save the structure

interior and people behind this obstacle.

We consider also the case with two parallel concrete slabs

with the gap of 10 cm between them, see Fig. 1. Using the

second slab has a positive influence on the velocity of the

spall in the first one which is created after explosion. The

spall impacts onto the second slab with the velocity 33 m/s.

The maximal velocity of the second slab is 13 m/s but it does

not collapse the second plate due to energy dissipation. The

total kinetic energy of the system is close to zero at the end

of the process. In Fig. 11 we see failure pattern of the first

slab and only a few parts of the second one are damaged. For

larger mass of charge the situation is different and the system

collapses due to explosion connected with impact.

The cases of reinforced single slabs are also discussed and

the results are presented in Fig. 12. We assumed 34GS steel

bars with diameter 4 mm (space 100 mm). The reinforcement

is build with 1, 2 or 3 layers. The authors have assumed that

the SPH particle are also the nodes of beam elements. The re-

inforcement (beam elements) is embedded into SPH particles.

In Fig. 12-A the displacement of reinforced slab (1 lay-

er) is presented for three charges 25, 50 and 100 kg. The

reinforcement decrease the slabs failure and the maximal dis-

placements are respectively about 75 mm, 127 mm and 220

mm. When using reinforcement also the velocity decrease af-

ter reaching the maximal value of 13 m/s, 26.2 m/s and 44.7

m/s. The important results of presented simulations are also

that the use of additional layers of reinforcement dose not in-

fluence the maximal velocities too much. For two layers the

maximal velocities are respectively 12 m/s, 24 m/s and 41

m/s. After adding the third layer of reinforcement in the mid-

dle of slab the maximal velocities are 11 m/s, 22 m/s and 41

m/s. The reinforcement carries the huge part of the explosion

power and concrete is damaged only locally (opposite side).

Fig. 10. Velocity field for single plate SPH model and mass of charge 200 kg for two time instances
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Fig. 11. Damage field for case of two concrete slab and mass of charge 200 kg

Fig. 12. A – Displacement of reinforcement slab (1 layer) for three charges; B – Velocity of reinforcement slab (1 layer) for three charges;

C – Velocity of reinforcement slab (2 layer) for three charges; D – Velocity of reinforcement slab (3 layer) for three charges

5. Final conclusions

In the paper the efficiency and usefulness of two methods, of-

ten used in numerical simulations, are compared. The mech-

anisms of failure of the single concrete slab and a set of two

concrete slabs are discussed. The influence of the mass of

charge is also presented. The influence of reinforcement lay-

ers is discussed as well.

The several crucial conclusions can be drown below:

• The dependency for simulation of slab failure due to ex-

plosion was checked. Using the regularised material model
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from ls-dyna library, the problem of mesh dependency on

numerical results is under control.

• Both methods predict very similar times of appearance of

the maximum pressure and maximum reactions indepen-

dent of the finite element size and the particles distance.

• Failure patterns are more adequate and real using the SPH

method. Using the FE method a lot of mass is deleted par-

ticularly for bigger charges that create the non- physical

problems.

• Analysing the dynamic behaviour of the system of concrete

slabs – we can conclude that SPH is better suited, espe-

cially if the parts of the one blasted slab impact onto the

second one.

• Analysing the influence of the reinforcement – we can con-

clude that adding the second or the third layer of reinforce-

ment does not influence very strongly the deformation and

maximal velocity of the concrete slabs.

Future work will consider other safety applications like

slabs with the different dimensions and shapes, other rein-

forcement and configurations - composite of the steel, con-

crete and other composites. Future work can describe also

residual strength of the civil engineering structures [25].

In Appendix the influence of SPH parameters like: load-

ing velocity effect, particles distance effect, smoothing length

effect and computation time effect are presented. The proper

understanding of these parameters has an important influence

on the results of simulations.

Appendix – SPH method

This part of the paper considers the parameters of the SPH

method and also compares some results obtained by SPH and

FEM methods. The SPH method is one of the possibility in

the whole group of meshless methods. It is particle colloca-

tive method which was developed firstly by Lucy, Gingold

and Monaghan [11, 12, 26]. SPH uses Lagrangian formula-

tion of deformation together with dynamic explicit method of

time integration, which is conditionally stable. It solves the

conservation of mass, momentum and energy partial differen-

tial equations [27]. The SPH method was firstly developed to

solve astrophysics problems and later was used to avoid the

problems with extreme mesh deformations in FEM for impact

and penetrations problems in Solids. The accuracy is not high

compared to FE (instability in tension, consistency). The dif-

ference is the absence of the grid. The governing equations

are solved based on particles computational framework.

In comparison of the SPH method with FE method the

simulation of simple compression (uniaxial) is used. The ma-

terial model used in the following simulations has been pre-

sented before in Subsec. 2.1 together with constitutive para-

meters.

Loading velocity effect. For the analysis of the loading

velocity only one SPH model is used (SPH-10), Fig. A-1.

It means that volume 10x10x10 cm is discretized with

10×10×10 grid. Total number of particles in this case is

equal 1000. The vibrations are visible clearly for loading ve-

locity 1000 mm/s. The differences in stiffness and material

strength are observed. Next simulations use loading velocity

100 mm/s. It responds to strain rates equal to 1 1/s. The stiff-

ness and the strength of considered material in SPH-10 (red

line) is far from FE model results (black line), see Fig. A-2

(15% difference). In the next sections the solution variables

change to better agreement of SPH and FE methods.

Fig. A-1. FE and SPH models with different particles density

Fig. A-2. Loading velocity effect

Particles distance effect. In Fig. A-3 there is a presenta-

tion of the main parameters which describe the solution using

SPH. In this section parameter d (particles distance) is con-

sidered. It is an important variable if we want to obtain the

results which are closer to FEM. If the distance between par-

ticles decreases the solution using SPH is closer to the FE

solution, see Fig. A-4. The results for SPH-30 and SPH-40

are almost identical and the solution is very close to FE (5%

difference). In the next Section we consider the next important

SPH parameter the so called smoothing length h to check the

conditions which drives to the better solution.

Fig. A-3. Particle distance effect
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Smoothing length effect. The smoothing length meaning

is presented in Fig. A-4. In this section it is presented how the

smoothing length effects the simulations results. Figure A-5

shows that for smoothing length (1.05) the SPH results coin-

cide with FE (1% of difference). It means that this parameter

is very important in this kind of numerical analyses. In this

case the results are converged and this value of parameters

may be used in the next simulation. The last one variable is

the computation time effect. It is presented in the next section.

Fig. A-4. The main parameters using SPH

Fig. A-5. The comparison of SPH and FE method results for two

particles distance SPH-20 and SPH-40 and different smoothing

element lengths 1.2 (default), 1.3 and 1.05

Computation time effect. The computation time increas-

es with decreasing the loading velocity. Generally, for using

SPH the computation time is higher than for FEM. The cor-

relation with the number of particles is nonlinear in SPH, see

Fig. A-6.

Fig. A-6. Computation time effect
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