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A SOLUTION OF NON-LINEAR DIFFERENTIAL PROBLEM WITH
APPLICATION TO SELECTED GEOTECHNICAL PROBLEMS

A. MILEWSKA!

A certain non-linear differential equation containing a power of unknown function being the
solution is considered with application to selected geotechnical problems. The equation can be
derived to a linear differential equation by a proper substitution and properties of operations G and
S.
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1. INTRODUCTION

Contact issues [3], where one can consider many interaction problems, e.g. in parti-
cular the “stick-slip” phenomena, lead mainly to non-linear problems with differential
operators.

Similarly, as a specific geotechnical problem, a model of an interaction between
geosynthetic and the subsoil in a given situation (Fig. 1) — [12] can be considered as
a linear problem or non-linear one.

Such problem of the equilibrium can be presented in form of a differential equation
of the second order (elliptic or hyperbolic), furthermore, a large set of formulations is
discussed in e.g. [13].

Another example is the problem of vibration of a foundation loaded with dynamic
forces with using an isolation layer (Fig. 2) — [9]; this problem can be again analyzed
as a linear or non-linear one.

In the analysis of the process of pile driving into the soil (Fig. 3), or in the process
of driving an open pile with a soil plug creation, or models showing the interaction
between pile and soil using the basic rheological elements e. g. spring and slide with
a parallel connected piston [6], these problems are non-linear by nature and could be
understood as relevant geotechnical ones.
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non-deformable soil-layer

Fig. 1. Model of an interaction between geosynthetic and subsoil.
Rys. 1. Model wspétpracy geowtdkniny z podiozem

F = Fo cos ot

pillar

m

<—— isolated layer
k b

v R

foundation

Fig. 2. A foundation loaded with dynamic forces with using an isolation layer.
Rys. 2. Fundament obcigzony dynamicznie z warstwg izolacyjng

Settling of banks, diffusion in the porous medium, identifying dynamic geotech-
nical systems, etc., are only some of the problems that can be modelled as a linear or
non-linear one.

Linear models are only a rough approximation of the phenomena and processes
occurring in the soil. Usually they lead to differential equations, linear equations, or
systems of equations.

However, their advantage is often the fact that it is possible to find an analytic
solution to these models, which is crucial from the practical point of view.

In the case of the non-linear models, which are closer to reality, it is quite impos-
sible to find any analytic solution for the non-linear differential equations.
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The aim of this paper is to find an analytic solution of the non — linear diffe-
rential equation system, and therefore an introduction of methods of linearization of
the non-linear systems is needed. Such linearization is understood as an approximate
analogue of the non-linear model with the appropriate linear one. Such linearization
procedure is ‘justified’ for ‘soft’ non-linearities occurring in the system in question. In
other cases numerical methods, e.g. genetic algorithms, are used but a disadvantage of
these methods is a difficulty to estimate the error of obtained approximation.

In this paper, a method for solving the above mentioned non-linear problems
without any resort to the approximate methods is described. This is an important
advantage of the method presented below. An additional advantage of the method is
that the results obtained for the non-linear cases can be used, or they are even useful
in the analysis of linear problems.

@ height of the
battering ram
pile N
driver

«—— butt plate — x,
bear-skin ——

TTT7777; RAARAAN
/ \
/ \
/ 5
£ \
/ \
/ \
7 \
s \
/i \
/ \
7 \
/ \
/ \
/ \
/ \
A \
7 \
7 \
1 Q
PR pile ) shaft
; § resistance
7 \
/ \
/ \
/ \
7 \
/ \
7 \
/ \
/ \
7 3
/ \
/i \
/ \
7 \
/ \
/ A
A \
/ X
/ \
11
- |
[T\ 14 tip
12 resistance

Fig. 3. Model of pile driving into the soil.
Rys. 3. Model pala wbijanego w grunt
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This method substitutes the non-linear problem with an equivalent (and not ap-
proximate) linear problem. It is easy to explain all the details and also the way to
create the useful functions on an example. Further considerations require precision and
mathematical accuracy, so they are presented as definitions, theorems and corollaries,
which are of the character of general laws, possible to be used in given geotechnical
situations mentioned above!

In the literature, various types of the non-linear differential equations are analysed.
A detailed analysis of the different classes of the non-linear equations can be found in
e. g [1,2, 11].

In this paper, a special type of non-linear differential equation is considered, which
in a sense corresponds to the special case presented in the form of an equation derived
in [10].

The method by which a certain non-linear differential equation can be brought to
a linear differential equation is presented. In this method some properties of non-linear
operation G" defined in [7, 8] and some properties of the operation S defined in [4,
5] are used. The above-mentioned method enables to determine an explicit solution of
the analyzed non-linear differential equation, or an explicit solution of linear equation
corresponding to it, or at any rate some representations of solutions of the differential
equations being a member of a certain class.

2. THE NON-LINEAR OPERATION G AND CERTAIN NON-LINEAR DIFFERENTIAL EQUATION

Definition 1. We denote

def dx
2.1 Sx =b(t) —
(2.1) X ()dt

where x € C' (< 11,1 >,R) ,b(t) # 0 for t €< 11,1, > .
Definition 2. By induction we define a sequence of operations G", n € N, such as

(2.2) G"(x) = SG" ' (x) + xG" ' (x)

2.3) GO0 x

where x € C" (< t;,10 >, R).
Corollary 1. For n=1 one obtains

24 G'(x) = Sx + x°.
For n=2 we have

(2.5) G? (x) = 8%x + 3xSx + x°.
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For n=3 we have
(2.6) G (x) = $3x + 3(Sx)* + 4x8%x + 6x°Sx + x*.

Remark. The operation G" is a non-linear operation.
Definition 3. We denote

x def _ ' x ()
2.7 E' = exp( L b(T)dT).

where

xeC’(<t,t >,R).

It can be proved by induction that the operation G" formulated in definition 2
possesses the following properties:

(2.8) G" ((Sx)x_l) = (S"”x)x_l, xeC"'(<t,t >,R), x¢€lny

(2.9) S"(E*) = E*G" ' (-x), xeC"(<t1,,>,R).
Let us consider a differential equation in the following form
2.10)  @1G" (=) + a,G" (=x) + a,-1G" (=x) + -+ + a1G° (=x) + ap = 0,

where a; € CO(< H,h >R)fori=0,1,2,....n+1, xeC"(<t,tr > R).
Corollary 2. For n=1 the non-linear first-order differential equation is obtained

2.11) arSx = a2x2 —apx + a.

For n=2 one gets the non-linear second-order differential equation
(2.12) as (Szx - 3xSx) +aSx = —a3x3 + a2x2 —a|x + ayp.
For n=3 one gets the non-linear third-order differential equation

ay (S3x —3(Sx)* — 4xS8%x + 6x2Sx) + a; (Szx - 3xSx) +a)Sx =

3

(2.13) i ;
=a4X —azx +ax" —aix + q.

Taking into account the above formulations it is possible to show, that using the
operation G'

(2.14) Sx = dix* + dox + ds

where
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xeC'(<t,tn > R),dy,dr € C'(<t;,t >,R),dy € C' (< t1,t >,R), d5 € Inv,

can be written in the form (2.11), with a» o 1. Let us substitute
(2.15) x=-dyy', yeCl(<t,t>R), yeln

to the equation (2.14). From the substitution (2.15) and from definition of the operation
S we get the following relation

(2.16) Sx = [=(Sd3)y +d3 (Sy)]y~2,

so the equation (2.14) can be rewritten to the following form

(2.17) [— (Sd3)y +ds (Sy)]y™2 = didyy™* — dadsy™" + d,
SO
(2.18) Sy = y* +(Sd; — dad3) d3'y + dy ds.

Corollary 3. We can write a differential equation (2.14) using the operation G', i.e.
equation (2.14) can be transformed to the from (2.11). In this case a, = 1,
a1 S = (Sds — dods) 5", ay = dyd.

3. METHOD OF TRANSFORMATION OF A LINEAR EQUATION

Theorem 4. The non-linear differential equation (2.10) can be brought about to a
linear differential equation

3.1 A1 8™y + a4, 8"y + a1 Sy + -+ a1 Sy + agy = 0,

def
where y € C"*' (< #1,1, >,R) and x = = (Sy)y™', y € Inv.
Proof. Substituting

(3.2) x=—(Sy)y"

into the equation (2.10) we get

an1 G ((S))Y™") + @G ((Sy)y™") + an 1 G2 ((Sy)y ™) + -+ +

(3-3) +a,G° ((Sy) y_') +ag=0.

Using the properties of the operations G we can write the previous equation in
the following form

BA) e (S™19)y +an (SN @ (S7)y T+ @ (Sy)y T a0 =0,
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SO
(3.5) a1 (S"1Y) + @y (") + @y (S™'y) + -+ + a1 (Sy) + ag = 0.

Theorem 5. We can bring the differential equation (3.5) to the differential equation
def
(2.10), where y = E*.
Proof. Substituting ydgf E* into the equation (3.5) we get

(B6)  dpur (S"EY) + 4y (S"EY) + @y (S"EY) + -+ ay (SEY) + agE* = 0.
From properties of the operation G" we get the equation

37 a1 E*G" (=x) + a,E*G"™' (—x) + a4y 1 E*G" % (=x) + -+ +
' +a1E*G° (—x) + agE* = 0

Based on the previous equation one achieves the following equation

3.8) Ap1G" (=x) + a,G" ' (=x) + a1 G" 2 (=) + - + a1G° (=x) + ap = 0.

Corollary 6. There exists an equivalence between the differential equation (3.5) and
the non-linear differential equation (2.10). Thus, the differential equation (2.11), i.e.

3.9 ab(H)X = arx® — a1x + ag
is an equivalent to the differential equation

(3.10) ay (b (D))’ + b (1) (axb’ (1) +a1)y + agy = 0,

where y <
Remark 1If

d
(3.11) S2y+(aoc_1+c)Sy+a0y:O, cEKer(b(t)E), c€lny
or

d
(3.12) Szy+alSy+(a1c—cz)y:O, ceKer(b(t)E), c€lnv,

then the element
y=E°

is a solution of the differential equation (3.11) or (3.12).
Theorem 7. If there exists a solution u € Inv of the differential equation (2.10) then a
differential equation

A1 8™y + a,S"y + a1 Sy + -+ a1 Sy + agy = u,u € CO(< 11,1, >,R)
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is an equivalent to the system of equations
@pS"uy + apo1 8" Ny + -+ dour =u, Sy +uy = u

(is an equivalent to the series connection of the dynamical systems illustrated in Fig. 4).

————a,S"u; +...+3gu; =u Sy +py =u, i

A 4

Fig. 4. Series connection of two dynamical systems.
Rys. 4. Szeregowe polaczenie dwdch uktadéw dynamicznych

Proof. From the previous system of equations we have
(a_nS” Fa S éo) Sy + uy) = u.
In the case for n=3 the following equation
a4S4y + 03S3y + azSzy +a1Sy+apy =u
can be replaced by the equation below
(@387 + @S* + @S + ao) (Sy + uy) = u.

Based on the previous fact, it can be stated that the element u € I/nv is the solution of
the equation (13), i.e.

as (S3x —3(Sx)? — 4xS8%x + 6x25x) + as (Szx - 3xSx) + ar)Sx =
= a4x4 — a3x3 + azxz —ayx + ap.

Coefficients as, @, @i, ay could be determined from the following dependencies

_ def

asz = dg

_ dEf

ap = az — asju

_ def

a; = a; — 3a4Su — asyu + a4,u2

def
aop = ay — 3a452u —2a3Su + SasuSu — arpu + d3/J2 - a4,u3.
Remark. The proof of Theorem 7 is of practical importance because it shows how the
unknown element u and the coefficients @; should be determined.
Remark. Non — linear problems can be replaced with a series connection of two
or more simple systems, as presented in Fig. 5.
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Fig. 5. Series connection of n+1 dynamical systems.
Rys. 5. Szeregowe polaczenie n+1 ukladéw dynamicznych

4. EXAMPLE

Here the equation of beam deflection y(x) with variable stiffness is considered. A beam
placed on an elastic foundation, loaded by axial force P and any transverse loading
q(x), can be written in form of the following differential system of equations:

P
4.1 M (x) + mM x)=qx)
4.2) B(x)y" (x) =M (x)

where M(x) indicates moment, B(x) means variable beam stiffness understood as a
variable foundation parameter.

In practical cases the equation (4.1) is solved based on approximation way by using
the method of series, as well as the numerical methods. However, it often gives no
answer to the following question: does the solution exist and if it exists, is the solution
unique ?

If

By C (1 +caexp (7))

, C1,¢,cER,c#0,c0 0,
czexp(f)

Then, on the basis of the previous discussion, the equation (4.1) can be written as a
series connection of the first order systems, i.e.

1) exp(f)
c (c1 + ¢y exp (f))’

S-w(SM +uM)=gq, where u=- b=1.

Thus, from the previous formula M(x) can be determined.
Afterwards, using the equation (4.2), one can determine y(x) by the double-integration.
Remark. In the purpose of determination of the moment M(x) in general cases
the theorem 7 should be utilized, and as a consequence the equation (4.1) should be
replaced by the following equivalent equation:

(S =) (SM +uM) = q,
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where the element p is the solution of the non-linear differential equation shown below:

P
S/.l:ﬂz-i'm.

5. CONCLUSIONS

The analysis of non-linear differential equations is very important because of problems
of practical use, particularly in geotechnics. The presented method enables transforma-
tion of the non-linear problems into the linear ones and vice versa with very effective
results.

This method is effective for the reason that many non-linear differential equations
created for geotechnical behaviors can be solved analytically with different conditions,
i.e. initial conditions, boundary conditions or initial-boundary ones.

Non-linear geotechnical problems formulated in their differential form can be sub-
stituted with chain-connections with two or more simple systems. The analysis of
the whole system can be therefore investigated with limitation to the analysis of the
separate elements of the chain-connection, where only linear elements of the first-order
are included. As a simple example of usage of this method, the stiffness of a beam
placed on an elastic subground, described by variable quantities is considered.

This particular method presented in this paper evidently shows that future research
can be based on the results presented here which can lead to the non-linear identification
of the geotechnical differential systems.
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PEWNE ROZWIAZANIE NIELINIOWEGO PROBLEMU ROZNICZKOWEGO Z ZASTOSOWANIEM
DO WYBRANYCH ZAGADNIEN GEOTECHNICZNYCH

Streszczenie

Pewne nieliniowe réwnanie rozniczkowe jest analizowane pod katem zastosowarn do rozwigzywania wybra-
nych probleméw geotechnicznych, ktére modelowane sg jako nieliniowe, badZ liniowe o wspdétczynnikach
funkcyjnych. Dane réwnanie rézniczkowe jest sprowadzane analitycznie do réwnania rézniczkowego li-
niowego 1 odwrotnie dzieki wlasciwosciom iteracji operacji G oraz wlasciwo$ciom operacji S.
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