I

www.czasopisma.pan.pl E\g www.journals.pan.pl

POLSKA AKADEMIA NAUK

BULLETIN OF THE POLISH ACADEMY OF SCIENCES
TECHNICAL SCIENCES, Vol. 61, No. 4, 2013
DOI: 10.2478/bpasts-2013-0098

A Lyapunov functional for a neutral system
with a time-varying delay

J. DUDA*

AGH University of Science and Technology, Faculty of Electrical Engineering, Automatics, Computer Science and Engineering
in Biomedicine, Department of Automatics and Engineering in Biomedicine
30 Mickiewicza Ave., 30-059 Cracow, Poland

Abstract. The paper presents a method of determining of the Lyapunov functional for a linear neutral system with an interval time-varying
delay. The Lyapunov functional is constructed for the system with a time-varying delay with a given time derivative, which is calculated on
the trajectory of the system with a time-varying delay. The presented method gives analytical formulas for the coefficients of the Lyapunov

functional.
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1. Introduction

The Lyapunov functionals are used to test the stability of the
systems. For example Fridman [1] introduced the Lyapunov-
Krasovskii functional for examination the stability of the lin-
ear retarded and neutral type systems with discrete and dis-
tributed delays, which were based on equivalent descriptor
form of the original system and obtained delay-dependent
and delay-independent conditions in terms of linear matrix
inequality (LMI). Ivanescu et al. [2] proceeded with the delay-
depended stability analysis for the linear neutral systems, con-
structed the Lyapunov functional and derived sufficient delay-
dependent conditions in terms of linear matrix inequalities
(LMIs). Han [3] obtained a delay-dependent stability criteri-
on for the neutral systems with a time-varying discrete delay.
This criterion was expressed in the form of LMI and was ob-
tained using the Lyapunov direct method. Han [4] developed
the discretized Lyapunov functional approach to investigate
the stability of linear neutral systems with mixed neutral and
discrete delays. The stability criteria, which are applicable
to linear neutral systems with both small and non-small dis-
crete delays, are formulated in the form of LMIs. Han [5]
studied the stability problem of linear time delay systems,
both retarded and neutral types, using the discrete delay N-
decomposition approach to derive some new more general
discrete delay dependent stability criteria. Han [6] employed
the delay-decomposition approach to derive some improved
stability criteria for linear neutral systems and to deduce some
sufficient conditions for the existence of a Lyapunov functional
for a system with k-non-commensurate neutral time delays of
a delayed state feedback controller, which ensure asymptotic
stability and a prescribed H1 performance level of the cor-
responding closed-loop system. Gu and Liu [7] investigated
the stability of coupled differential-functional equations using
the discretized Lyapunov functional method and delivered the
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stability condition in the form of LMI, suitable for numerical
computation.

The Lyapunov functionals are also used in calculation of
the robustness bounds for uncertain time delay systems. For
illustration Kharitonov and Zhabko [8] proposed a procedure
of construction of the quadratic functionals for the linear re-
tarded type delay systems which could be used for the robust
stability analysis of time delay systems. This functional was
expressed by means of Lyapunov matrix, which depended on
the fundamental matrix of a time delay system. Kharitonov [9]
extended some basic results obtained for the case of retarded
type time delay systems to the case of neutral type time delay
systems, and in [10] to the neutral type time delay systems
with a discrete and distributed delay. Han [11] investigated
the robust stability of uncertain neutral systems with discrete
and distributed delays, which has been based on the descrip-
tor model transformation and the decomposition technique,
and formulated the stability criteria in the form of LMIs.
Han [12] considered the stability for the linear neutral sys-
tems with norm-bounded uncertainties in all system matrices
and derived a new delay-dependent stability criterion. Neither
model transformation nor bounding technique for cross terms
is involved through derivation of the stability criterion.

The Lyapunov functionals are also used in computation of
the exponential estimates for the solutions of the time delay
systems. For instance Kharitonov and Hinrichsen [13] used the
Lyapunov matrix to derive exponential estimates for the solu-
tions of exponentially stable time delay systems. Kharitonov
and Plischke [14] formulated the necessary and sufficient con-
ditions for the existence and uniqueness of the delay Lyapunov
matrix for the case of a retarded system with one delay. The
numerical scheme for construction of the Lyapunov function-
als has been proposed by Gu [15]. This method starts with the
discretisation of a Lyapunov functional. The scheme is based
on LMI techniques.
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The Lyapunov quadratic functionals are also used to cal-
culation of a value of a quadratic performance index of quality
in the process of the parametric optimization for the time de-
lay systems. One constructs a Lyapunov functional for the
system with a time delay with a given time derivative whose
is equal to the negatively defined quadratic form of a system
state. The value of that functional at the initial state of the
time delay system is equal to the value of a quadratic per-
formance index of quality. For the first time such Lyapunov
functional was introduced by Repin [16] for the case of the
retarded type time delay linear systems with one delay. Re-
pin [16] delivered also the procedure for determination of the
functional coefficients. Duda [17] used the Lyapunov quadrat-
ic functional, which was proposed by Repin in the parametric
optimization process for systems with a time delay of retard-
ed type and extended the results to the case of a neutral type
time delay system in [18]. Duda [19, 20] conducted also the
parametric optimization process for the neutral system with
two non-commensurate delays and a P-controller, to this end
there were used the results presented in [21].

There is another method to achieve a value of a quadrat-
ic performance index presented by Goérecki and Popek [22]
which bases on a characteristic quasipolynomial. Gérecki and
Biatas published two articles [23, 24] whose concern relations
between roots of the transcendental equations and their coef-
ficients. These results are helpful in the stability analysis of
the time delay systems.

There are papers whose regard the quadratic Lyapunov
functionals such that their coefficients are given by the ana-
lytical formulas. Duda [25] presented a method of determin-
ing of the Lyapunov functional for a linear dynamical system
with two lumped retarded type time delays in the general case
with non- commensurate delays and presented a special case
with commensurate delays in which the Lyapunov functional
could be determined by solving of the ordinary differential
equations set. Duda [26] presented also a method of deter-
mining of the Lyapunov functional for a neutral system with
k-non-commensurate delays and in [27] for a linear system
with both lumped and distributed delay, and in [28] for a
system with a time-varying delay.

This paper presents a method of determining of the Lya-
punov functional for a linear neutral system with an interval
time-varying delay. The Lyapunov functional is constructed
for the system with a time-varying delay with a given time
derivative which is calculated on the trajectory of the system
with a time-varying delay. We assume that a time derivative
of the Lyapunov functional is a quadratic form. This assump-
tion enables calculation the value of the integral quadratic
performance index for the parametric optimization of a neu-
tral system with an interval time-varying delay. The present-
ed method gives analytical formulas for the coefficients of
the Lyapunov functional. The novelty of the result lies in the
extension of the Repin method to the neutral system with an
interval time-varying delay. To the best of author’s knowledge,
such extension has not been reported in the literature. There
is also presented an example illustrating that method.
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2. A mathematical model of a linear neutral
system

The linear neutral systems are often used in control theory
and in a regulation system. For example if we consider the
regulation system with an object with time delay and a PD
regulator we obtain a neutral system.

Let us consider a neutral system with a time-varying de-
lay, whose dynamics is described by the functional-differential
equation (FDE)

du(t) . da(t—r(t)
S - ST — Aa(t) + Ba(t - 7(0)
J)(to) =1x9 € R" M

z(to +0) = @(0),
where ¢ > tg, 0 € [—r,0) , 7(¢) is a time-varying delay sat-

dr(t
isfying the condition 0 < 7(¢) < r; % # 1 where r is
a positive constant A, B, C' € R™*™ and C is non-singular,

z(t) € R™, ® € Wh2 ([—r,0),R").

W12 ([-r,0),R") is a space of all absolutely continuous
functions [—7,0) — R™ with derivatives in L?([—7,0),R") a
space of Lebesgue square integrable functions on an interval
[—7,0) with values in R™.

The norm in W12 ([—r,0),R™) is defined by

9 2
12 a= [ (| o) I3 + | 5 ) e
RW,
where || - ||z~ is an arbitrary norm in R".

The space of initial data is given by the Cartesian product
R"™ x WhH2([-r,0),R").

The theorems of existence, continuous dependence and
uniqueness of solutions of Eq. (1) are given in [29].

One can obtain a solution of FDE (1) using a step method
[29]. The step method is a basic method for solving FDE with
a lumped delay. A solution is found on successive intervals,
one after another, by solving an ordinary equation without
delay in each interval.

A solution of Eq. (1) is an absolutely continuous function
defined for ¢t > tg — r with values in R".

z(-) € Wh2([tg — r,00), R™), 3)

where W12([tg —r,00),R") is a space of all absolutely con-
tinuous functions with derivatives in a space of Lebesgue
square integrable functions on interval [tg — 7, 00) with val-
ues in R™.

Definition 1. The zero solution of (1) is stable if for any
¢ > 0 there is a 6 > 0 such that

VIl z(to) |

implies || z(t) ||[grn< € for ¢t > .
The zero solution of (1) is asymptotically stable if

2o+ @2, <6

| z(t) |lgn— 0 ast— o0
The difference equation associated with (1) is given by

x(t) = Cx(t — 7(t)), t=>to. 4)

Bull. Pol. Ac.: Tech. 61(4) 2013
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The eigenvalues of the difference Eq. (4) play a funda-
mental role in the asymptotic behavior of the solutions of
the neutral Eq. (1). The difference Eq. (4) is stable when the
spectral radius v(C) of the matrix C' fulfills the condition

7(C) = sup{[A[: A€o (C)} <1, (5)

where the spectrum o (C') is the set of complex numbers A
for which the matrix A\I — C' is not invertible.
We introduce a new function y, defined by term
y(t) = x(t) — Ca(t —7(t)) for t>to. (6)
Thus the Eq. (1) takes a form

dz_it) = Ay(t) + (AC + B) a(t — 7(t))

y(t) = x(t) — Ca(t — 7(t))
y(to) = zo — CP(—7(t))
2(to + 8) = B(9).

(N

We assume that the matrix C' fulfills the condition (5).
The state of the system (7) is a vector

S(t) = l y(®) 1 for > to, (8)

where y(t) € R™, 2, € WbH2([-r,0),R") and z:(0) =
x(t+0) for 0 € [—r,0).
The state space is defined by the formula

X =R" x Wh2([~r,0),R"). )
The norm in the state space X is defined by

IS@) 5=l y(t) [I2n + | 2t 22 for t>to. (10)

The controllability of the systems with time delay is pre-
sented in [30].

3. A Lyapunov functional

Definition 2. A functional V : X — R is positive definite
if and only if it is continuous and V() > 0 for = # 0 and
V(0) =0.

A functional V' : X — R is negative definite if and only
if it is continuous and V' (z) < 0 for = # 0 and V' (0) = 0.

A functional V' : X X [tp,00) — R is positive defi-
nite if it is continuous and there exists a positive definite
functional W : X — R such that V(x,¢t) > W(x) and
V(0,t) =W(0) =0 forz € X and ¢ > to.

Definition 3. A positive definite functional V' : X x [tg, 00) —
R is upper bounded if there exists a positive definite func-
tional W : X — R such that V(x,t) < W(z) for z € X and
t > top.

Definition 4. We define a time derivative of the functional
V(y(t), z, t) at (y(to), P, o) on a trajectory of a system (7)

Bull. Pol. Ac.: Tech. 61(4) 2013

by the formula

dV(y(t0)7 CI), tO)
dt

_ 1
= lim sup z [V (y (to+h),2to1n,to + h)

h—0
=V (y(to), ®,t0)] .

(1)

Definition 5. We say that V' : X x[tg, 00) — R is a Lyapunov
functional if

1. V is a positive definite upper bounded functional

2. V is differentiable

3. A time derivative of V' computed according to a formula
(11) on the trajectory of the system (7) is negative definite

Existence of the Lyapunov functional for the system (7)
is a sufficient condition for asymptotic stability of its zero
solution.

From the assumption that the Lyapunov functional is up-
per bounded results that there exists a functional 1 such that

0<V(y(t),z,t) < W(y(t), ) for t=>to. (12

When the system (7) is asymptotically stable

lim W (y(t), z¢) = 0 implies tlim V(y(t), z, t) = 0.
—00

t—o0

Hence

—dt

7dV<y<t>,xt,t>
dt

= lim V(y(¢), z¢, t) — tll% V(y(t), xe,t) (13)

t—oo

= _V(th_glo(y(t)vxtvt)) = _V(y(tO)a (I)vtO)'

We assume that the time derivative of the Lyapunov functional
V' is given as a quadratic form

AV(y(t), =+, t)

= =yl (t)Gy(t) for t>to,

(14)

where G € R™*"™ is a positive definite matrix.
Taking (13) and (14) into account we obtain a relationship

oo

J = /yT(t)Gy(t)dt = V(yo, ®, o).

to

5)

Corollary 6. If we construct a Lyapunov functional such that
its time derivative computed on the trajectory of the system
(7) will be given as a quadratic form (14) we can not only
investigate the system (7) stability but also we can calculate
a value of a square indicator of quality (15) of the parametric
optimization problem.

To calculate the value of the performance index (15),
which is equal to the value of the Lyapunov functional at
the initial state of the system (7), we need a mathematical
formula of the functional.
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4. Main result.
Determination of the Lyapunov functional

Let us consider a quadratic functional on X X [tg, 00), where
X is defined by (9), given by a formula

V(y(t),ze,t) = y" (H)a(t)y(t)
0
+ [ 05 6+ @) ()0
—7(t)
0 0
+ / /:ctT(Q)(s @+ 7(t),0 +7(t)) x¢(o)dodb
—7(t) 0
for t > to where a €  C!([tg,00), R"*");
g e CcYo,r@),R™>™), & € CHQR™™), Q =
{(0,0): 0€0,7(t)], e €16,0]}; 0 < 7(t) < r, where
C' is a space of all continuous functions with continuous
derivative.

(16)

Conjecture 7. We introduce a procedure of determination of
the functional (16) coefficients to obtain the Lyapunov func-
tional.

We compute the time derivative of the functional (16) on
the trajectory of the system (7) according to the formula (11)

dV (y(t), xs, t) da(t)

T —_
= ATa(t) + a()A+ =

=y (t)

+8(r(1))

y(t) +y" (1) [ (a(t) +a’ () (AC + B)

+80) € +500) (52 1) ]x (1)

0
+ [ o
—7(t)
~dB 0+ (1))
do
+ [ el
—7(t)
+CTT (04 7(t), 7(t)) + 6 (0,6 + 7(t))
0 0
. (d;(tt) - 1) ] 2:(0)d0 + / /xtT(e)
—7(t) 0

Ao (0 +7(t),0c+7(t)) 00(0+7(t),0+7(t))
' dt a 00

s (0 + (1))

ATB (04 7(t)) + p”

+ 670+ 7(t), 7(t)) 1 x¢(0)d6
17

(AC + B)" 36+ 7(t))

06 (0+7(t),0 4+ 7(t))
0o
for ¢ > to where a € C'([tg,00), R"*™);

cro,r@)],R™™); & €  CHQR™™);, Q
{(0,0): 0 €[0,7(t)], 0 €16,0]}; 0 <7(t) <r.

x¢(o)dodd

B €
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The time derivative of the Lyapunov functional should be
negative definite, therefore we identify the coefficients of the
functional (16) assuming that the time derivative (17) satisfies
the relationship (14).

From Egs. (17) and (14) we obtain the set of equations

ATa(t) + a(t)A + d(zl—it) +B(r(t)) = -G,
(a(t) + (1)) (AC+ B) + B(r(t)) C
+3(0) <d:l—$) — 1) =0,

dg (0 + 7(t))
+ - > 77
dt 20)
+ 61 (0 +7(t),7(t)) =0,

(18)

19)

ATB (04 7(1))

_dB 0+ (1)
df

(AC + B) B0+ 7(t)) +CT6T (0 + 7(t), 7(t))
21
150,04 7(2) (d;—f)—l) 0, @b
Ao O+ 71(t),oc+7(t)) 050+ 7(t),0+7(t))
dt B o0
00 (0 +7(t),0 + 7(t)) B
Oo

for t > to; 0 € [—7(¢),0]; o € [0,0] where 0 < 7(t) <.

We introduce the new variables

(22)

E=0+1(1), (23)
n=o+7(t). (24)
We calculate the derivatives
ds(0+7(t),0+7(t)  dS(&n)
dt B dt (25)
_ 90(&m) dr(t) | 96(&,n) dr(t)
96 dt on  dt’
000+ 7). +7(t)) _ 9(&m) _ 9Em) ¢
o0 I T
d5(0+7(t),0+7(t) _ 05(&mn) _ 95(&n) @7
Oo T T
4 (0 +7(t)) _ dp§) 06 _ dBQ) dr(t) o)
dt ode ot de At
dg(0+7(t) dB© s  dp(g) 29)
do Cdg 90 de
The formula (22) takes the form
5(&m) | 96(&m) _
5% o~ 0, (30)

for t > to; 0 € [77_(15)70]; S [9,0], § € [OvT(t)] )
n € [&,7(t)] where 0 < 7(t) <r.
The formula (20) takes the form

dr(t) dp(§) | . T _
(1) D+ 750 + 87 (e ) 0. @D
The formula (21) takes the form
(AC + B)" B(&) + CT6" (¢,7(t))
(32)

+5(0,€) (%—91) —0.

Bull. Pol. Ac.: Tech. 61(4) 2013
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The solution of Eq. (22) is given by a formula

(0 +7(t),0 +7(t) = (&)

—fE—m =00 9
for t > to; 6 € [-7(¢),0]; 0 € [0,0]; 0 < 7(t) < r; where
f € Cl ([773 r]anxn).

From formula (31) we get
5t (&, 7(t) = (€ —7(t)
_(dr(®) dp(§) G4
()89 g

We put the term (34) into (32). After calculations we get

(9 _ (410

-1
T
dé dt 1) BTB(€)+6(0,8).  (35)

From the relation (34) we can determine the term

fdr() ) dET(—€ 4 7(1)
f(—é)—( i —1) s 6

BT (—€+7(1) A

and put it into (35). In this way we get the formula

48 (dr(t) .\ dFT(—€+ (1)
e ( at 1> T

(G2 1) BT - T (e )

(37)

for £ € [0, 7(¢)] where 0 < 7(t) <.

We determine the formula (37) for the new variable
—& 4+ 7(t). After calculations we obtain the formula

(dT(t) B 1> dg€)  dpT(=E+ (1))
dt d¢ d¢

= (2 1) g no)E - ATHO),

In this way we obtained the set of differential equations

C

(38)

dﬁ(g) (dT( ) 1) M
e o\ 4 I
dzsf L 1) BTB(E) =T (=6 +7(1) A
( (1) 1) dpe) _ dpT(—£+ (1), (39)
dt dg dé
= ddt ) BT (=& +7(t)B — ATB(€)

for t > tg, £ € [0,7(¢)] where 0 < 7(t) < r with the initial
conditions 3 (0) and S (7 (t)).

Bull. Pol. Ac.: Tech. 61(4) 2013

We can reshape the set of Egs. (39) to the form

cr PO (40 1)2 dp(8)
3 t dé »
<d:l§f A 1) ATBE) + <d;—§f) - 1) BTB(&)C
—BT (=€ +7(t)) (AC + B)

—E+7(t) (d;(tt) - 1>2

dp(=§ +7(1))

d¢
T 1) ATB(-€ 4 7(0)

(‘”( ) _ 1>IBT6(€+T(15))C

6T(€)(AC+B)<

dt
(40)
for t > tg, £ € [0,7(¢)] where 0 < 7(¢) < r with the initial
conditions 3 (0) and 5 (7 (t)).
There holds the relationship between 5(§) and G(—¢ +
()

BUE) lema= (6470 |ootr - (4D)

We calculate the derivative of Eq. (19) with respect to ¢

da(t)  da’(t) dp(r(t))
<dt +— >(AC+B)+ o C -
dp(0) (dr(t) d*1(t) poon
By (dt _1)+F5(0)_0’
where
dp(0) — dp(§) dr(t)
dt d¢  dt ’ 43)
£=0
dp(r(t)) _ dB(§) dr(t)
e d¢ dt A (44)

From Eq. (40) it results that

ortide (0-.)

d5(0)
dt

d;—f)<d;—f)1)ATﬂ(0)+dg—$)<dg—y)1>—l

-BTp(0)C
d(r (1)) dr(t) _\* dB(r(1))
ot @ ¢ ( dt 1) dt

1) 47000

O gt (w1 (AC + 1)
45)

_dr(t) dr(t)
o o ac 1) - 00

dt
_drt) (d;—f) — 1)_ BT 3(r(t))C.

at
(46)

From Eq. (18) we obtain
d‘;‘lff) — _ATa(t) — () A — B(r(1) — G. (@7
915
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We put the term (47) into Eq. (42). After calculations we
get

[AT (a(t) + o (1) + (a(t) + T (t)) A] (AC + B)

() + 87 0) (a0 + B) - T 5(0)
4B 430) (40 ) o
dt dt dt

- (G+G") (AC + B).

The matrix «(t), the initial conditions of the system (40)

dp(o) dp(r(t))

—, we obtain by solving the set of alge-

dt
braic Egs. (48), (19), (45), (46) and (41). We write that set of
the equations below

[AT (a(t) + o (1) + (a(t) + T (t)) A] (AC + B)

() + 87 0) (a0 + B) - T 5(0)

_dp(r(®))  _ d5(0) <dT(t) _ 1)

(49)

dt dt dt
- (G+G") (AC+B),

(a(t) + o™ (t)) (AC + B) + B(r(t)) C
+5(0) (dT(t) - 1) -0,

ore (0 )

(50)

dj3(0)
dt

S1Y)

dp(7(t))
dt

crd8() (d:l(tt) B 1)2

d’r( ) o1
7 —237(0) (AC + B)

I (T2 1) aTsr0)

dr(t) (dT(t)

(52)

(1) ssec

ﬁ (f) |§:%: ﬁ (_§ +7 (t)) |§:# .

Having the solution of the set of differential equations (40)
and taking into account the formulas (23), (33) and (36) we
can get the matrices

BO+7(t) =B(E) le=o4rt)s
SO+ 71(t),0+7(t)=f(c—10),

(53)

(54)
(55)

916

where
_ (&) " (p + (1))
ﬂm(dt 1) ap (56)
BT (p+7(t) A
for t > tg; 6 € [—7(t),0]; o € [#,0] where 0 < 7(t) <r.

In this way we obtained all coefficients of the functional
(16). This coeflicients depend on the matrices A, B and C'
of the system (7). The time derivative of the functional (16)
is negative definite. When the matrices «(t), (6 + 7(t)) and
00+ 7(t),0+7(t)) fort > tg;0 € [—7(¢),0];0 € [0,0] are
positive definite the functional (16) becomes the Lyapunov
functional.

The Lyapunov functional for a neutral system with an in-
terval time-varying delay given by formula (16) is more gen-
eral than the functional proposed by Repin [16].

Example 8. Let us consider a system described by equation

de () _ de(t—7(1))
dt dt
x(to) = X0

l‘(to+9):

=ax(t)+ bz (t — 7 (t))
(57)
o(9) €R

t>tg; @ € WH2([—r,0),R); 2 (t) € R; a, b, c € R;0 €
[—7,0) ;] ¢ |< 1; 7(¢) is a time-varying delay satisfying the

condition 0 < 7(t) < r; d:l—gf) # 1; where r is positive
constant.
We can reshape the Eq. (57) to the form
dy(t
% =ay(t) + (ac+ b) x(t — 7(t))
t — t—
y(0) = 2(t) — exlt = (1) .
y(to) = zo — c®(—7(t))
z(to +0) = (0)
t>to; ® € WH2([—r,0),R); z (¢) c|<1;

0 € [—r,0);7(t) is a time-varying delay satisfying the condi-

. dr(t)

tion 0 < 7(¢t) < r; 7t
The Lyapunov functional is given by a formula

V(y (t),m,t) = a(t)y® (1)
0

4 / B8+ (1)) y (t) : (6) do
—7(t)

# 1; where r is positive constant.

(39)

/ /05 0+7(t),0+7(t) 2 () 2 (0) dodb,

—7(t) 0

where
Tt € WLQ([*Tv O)a R)v

z¢(0) = z(t +0) for 6 € [—r,0).

We obtain the coeflicients of the functional as below.
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The Eq. (40) takes the form

dp(s)
dg
df (=€ +7(t))
d¢ (60)
_ | v —D2 B(€)
P2 D1 B(=§+7())
for t > tg, £ € [0,7(t)] 0 < 7(¢t) < r, where
dr(t) b
( ;& - 1) a+ d;_(t)c
= . ; (61)
p1 . (dr_(t) ) 1)2
dt
. ac+b ©2)

The fundamental matrix of the differential Eq. (60) is given
by formula

chrg + ELshag —EBshag
Q= P2 P1 ’ (63)
Zohae  ohag - Blshxg
where
b — o (4 - 1)2
e (1)
A= 0 64)
()
Hence
B(€) 5(0)
- 65
[ B(—€ + (1) ] o) l Br) ] (©

for t > to, £ € [0, 7(t)] where 0 < 7(¢t) < r.
We need the initial conditions of the set of differential
Egs. (60) to obtain

O+ 10) =510 i (66)
§O+ 70,0 410 =F(0—0), (6D
1o = (52 1) dﬁ(dip“) —aB o+ (1)) (69

for t > tg; 0 € [—7(t),0]; o € [0,0] where 0 < 7(t) <r.

The initial conditions of the differential Eq. (60) and the
coefficient () we get by solving of a set of Egs. (49) to (53)
which take the form as below

. (_Cm dr(t) diC(Lt()ac_;bz:((tt)) (dr(t) _ 1)) 5(0)
dt

dt dt? dt

T 4T (2 1)) et
= —2w(ac+D),

+ (2 (ac+ b) + cp1

(69)

Bull. Pol. Ac.: Tech. 61(4) 2013

dr(t)
dt

2 (ac+b) a(t) + < - 1) B(0) 4+ ¢B(7(t)) =0, (70)

AT (¢ AT (t)
<ch 72()+p1 P2 g AT() )5
(71
— AT(t AT ()
+<p1 Pz p AT g AT )5(7
A 2
0.45
aft)
0 1 2 3 4 5
time in sec
Fig. 1. Parameter a(t)
70
—B©®
60
50F
401
30r
20}
10
0 . . .
0 0.1 0.2 0.3 0.4 0.5

0<g<n(t)

Fig. 2. Parameter ()

The figures show graphs of functions «(t) and (3(£),
obtained with the Matlab code, for given values of para-
meters a = —1, b = —0.5, ¢ = 05, w = 1, 7(t) =
r (1 — exp (f%)) r = 0.5, T = 1 of the system (57).

From figures implies that the system (58) is stable for
given values of parameters a, b, ¢ because «(t) and 3(&) are
positive.
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5. Conclusions

The paper presents the procedure of determining of the coef-
ficients of the Lyapunov functional given by formula (16) for
a linear system with an interval time-varying delay, described
by Eq. (7). This article extends the method presented by Re-
pin to the neutral system with an interval time-varying delay.
The presented method allows achieving the analytical formu-
las on the coefficients of the Lyapunov functional, which can
be used to examine the stability of the time delay systems
with an interval time-varying delay and in the process of the
parametric optimization for calculation of the square index of
the quality given by formula (15).

Acknowledgments. The author wishes to thank the editors
and the reviewers for their suggestions, which have improved
the quality of the paper.

REFERENCES

[1] E. Fridman, “New Lyapunov-Krasovskii functionals for stabil-
ity of linear retarded and neutral type systems”, Systems &
Control Letters 43, 309-319 (2001).

[2] D. Ivanescu, S.I. Niculescu, L. Dugard, J.M. Dion, and E.L
Verriest, “On delay-dependent stability for linear neutral sys-
tems”, Automatica 39, 255-261 (2003).

[3] Q.L. Han, “On robust stability of neutral systems with time-
varying discrete delay and norm-bounded uncertainty”, Auto-
matica 40, 1087-1092 (2004).

[4] Q.L. Han, “On stability of linear neutral systems with mixed
time delays: a discretised Lyapunov functional approach”, Au-
tomatica 41, 1209-1218 (2005).

[5] Q.L. Han, “A discrete delay decomposition approach to sta-
bility of linear retarded and neutral systems”, Automatica 45,
517-524 (2009).

[6] Q.L.Han, “Improved stability criteria and controller design for
linear neutral systems”, Automatica 45, 1948-1952 (2009).

[7]1 K. Gu and Y. Liu, “Lyapunov-Krasovskii functional for uni-
form stability of coupled differential-functional equations”, Au-
tomatica 45, 798-804 (2009)

[8] V.L. Kharitonov and A.P. Zhabko, “Lyapunov-Krasovskii ap-
proach to the robust stability analysis of time-delay systems”,
Automatica 39, 15-20 (2003).

[9] V.L. Kharitonov, “Lyapunov functionals and Lyapunov matri-

ces for neutral type time delay systems: a single delay case”,

Int. J. Control 78, 783-800 (2005).

V.L. Kharitonov, “Lyapunov matrices for a class of neutral type

time delay systems”, Int. J. Control 81, 883-893 (2008).

Q.L. Han, “A descriptor system approach to robust stability of

uncertain neutral systems with discrete and distributed delays”,

Automatica 40, 1791-1796 (2004).

(10]

(11]

918

[12]

[13]

[14]
[15]
[16]

[17]

[18]

[19]

[20]

[21]

(22]

(23]

[24]

[25]

[26]

(27]

(28]

[29]

(30]

Q.L. Han, “A new delay-dependent stability criterion for linear
neutral systems with norm-bounded uncertainties in all system
matrices”, Int. J. Systems Science 36, 469—475 (2005).

V.L. Kharitonov and D. Hinrichsen, “Exponential estimates for
time delay systems”, Systems & Control Letters 53, 395-405
(2004).

V.L. Kharitonov and E. Plischke, “Lyapunov matrices for time-
delay systems”, Systems & Control Letters 55, 697-706 (2000).
K. Gu, “Discretized LMI set in the stability problem of linear
time delay systems”, Int. J. Control 68, 923-934 (1997).
Yu.M. Repin, “Quadratic Lyapunov functionals for systems
with delay”, Prikl. Mat. Mekh. 29, 564-566 (1965).

J. Duda, “Parametric optimization problem for systems with
time delay”, PhD Thesis, AGH University of Science and Tech-
nology, Cracow, 1986.

J. Duda, “Parametric optimization of neutral linear system with
respect to the general quadratic performance index”, Archives
of Automatics and Telemechanics 33, 448-456 (1988).

J. Duda, “Parametric optimization of neutral linear system with
two delays with P-controller”, Archives of Control Sciences 21,
363-372 (2011).

J. Duda, “Parametric optimization of a neutral system with a
P-controller”, Archives Des Sciences 66, 534-543 (2013).

J. Duda, “Lyapunov functional for a linear system with two
delays both retarded and neutral type”, Archives of Control
Sciences 20, 89-98 (2010).

H. Gérecki and L. Popek, “Parametric optimization problem
for control systems with time-delay”, 9th World Congress IFAC
IX, CD-ROM (1984).

H. Gérecki and S. Biatas, “Relations between roots and coef-
ficients of the transcendental equations”, Bull. Pol. Ac:. Tech.
58, 631-634 (2010).

S. Biatas and H. Gérecki, “Generalization of Vieta’s formulae
to the fractional polynomials, and generalizations the method
of Graeffe-Lobachevsky”, Bull. Pol. Ac:. Tech. 58, 625-629
(2010).

J. Duda, “Lyapunov functional for a linear system with two
delays”, Control and Cybernetics 39, 797-809 (2010).

J. Duda, “Lyapunov functional for a system with k-non-
commensurate neutral time delays”, Control and Cybernetics
39, 1173-1184 (2010).

J. Duda, “Lyapunov functional for a linear system with both
lumped and distributed delay”, Control and Cybernetics 40,
73-90 (2011).

J. Duda, “Lyapunov functional for a system with a time-varying
delay”, Int. J. Applied Mathematics and Computer Science 22
(2), 327-337 (2012).

H. Goérecki, S. Fuksa, P. Grabowski, and A. Korytowski, Analy-
sis and Synthesis of Time Delay Systems, John Wiley & Sons,
New York, 1989.

J. Klamka, Controllability of Dynamical Systems, Kluwer Aca-
demic Publishers, Dordrecht, 1991.

Bull. Pol. Ac.: Tech. 61(4) 2013



