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Pinning synchronization of the drive and response
dynamical networks with lag

BOHUI WEN, MO ZHAO and FANYU MENG

This paper investigates the pinning synchronization of two general complex dynamical
networks with lag. The coupling configuration matrices in the two networks are not need to be
symmetric or irreducible. Several convenient and useful criteria for lag synchronization are ob-
tained based on the lemma of Schur complement and the Lyapunov stability theory. Especially,
the minimum number of controllers in pinning control can be easily obtained. At last, numerical
simulations are provided to verify the effectiveness of the criteria.
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1. Introduction

It is universally acknowledged that there are many complex networks in various
fields of the real world, such as social networks, biological networks [1, 2], world-wide
web [3], and food webs [4]. In the past few years, several kinds of network models have
been proposed for the purpose of describing the real world more realistic [1, 5, 6, 7, 8].
In the complex dynamical networks, one of the most remarkable phenomena is their
spontaneous synchronization, and so many types of synchronization, such as complete
synchronization [9], phase synchronization [10], projective synchronization [11, 12, 13],
impulsive synchronization [14, 15, 16], and cluster synchronization [17, 18, 19] have
deeply caught the eyes of the researchers in the past few decades. However, the phe-
nomenon of synchronization also can be classified into ‘inner synchronization’ [14, 20]
and ‘outer synchronization’ [21, 22] from another point of view. ‘Inner synchroniza-
tion’ means a collective behavior within a network, while ‘outer synchronization’ refers
to the synchronization occurring between two or more coupled networks regardless of
happening of the inner synchronization. In nature, many phenomena can explain the
phenomenon of outer synchronization, such as the infectious disease spreads between
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different communities, the avian influenza spreads among domestic and wild birds, and
the different species development in balance. All these challenging topics show the great
importance of researching the outer synchronization between coupled networks.

In the process of researching inner synchronization, time delay need to be considered
because of the network congestion as well as the finite speed of signal transmission over
the links. Nevertheless, the phenomenon of time delay also occurs in the process of
outer synchronization and effects the dynamical behaviors of nodes in the two networks.
Usually, this kind of time delay is named as lag. Lag synchronization requires the states
of response system to synchronize with the past states of the drive system, and a common
example is the telephone communication system, in which the voice one hears on the
receiver side at time t + τ is the voice from the transmitter side at time t [23]. Therefore,
it is necessary to take into account the impact of lag during the process of modeling.
Pinning control, which was first presented by Hu [24] in 1999, is a useful method by
adding controllers to part nodes in the network to ensure the whole network achieve
synchronization [25]. Because of the complexity of complex networks, the method of
pinning control not only simplifies the coupling topology configuration, but also saves
the costs [20, 21]. Therefore, pinning control has become a hotspot for its advantages.

Motivated by the above discussions, we mainly investigate the lag synchronization
of complex networks via pinning control. Compared with the method proposed by Guo
in [26], there is no need to consider the reducibility of coupled matrix G for obtaining
the criteria of lag synchronization, and there is also no extra constraint imposed on the
inner coupling matrix. Some sufficient conditions for lag synchronization are achieved
by using the Lyapunov stability theorem and adaptive techniques. In addition, we could
obtain the minimum number of controllers in pinning control easily.

The rest of this paper is organized as follows. In Section 2, some general driver
and response complex dynamical network models are introduced, and some necessary
preliminaries are given. In Section 3, based on the Lyapunov stability theorem, some
pinning controllers are designed to ensure the driver and response systems achieve outer
synchronization under different situations. In Section 4, some numerical simulations are
given to verify the effectiveness of proposed theoretical results and the Section 5 is the
conclusion of the paper.

2. Network model and preliminaries

In this section, a general complex dynamical network consisting of N identical nodes
with linearly diffusive coupling will be introduced, and the state equation of the drive
complex dynamical network is described by

ẋi(t) = f (xi(t))+ c
N

∑
j=1

gi jAx j(t), i = 1,2, · · · ,N. (1)
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where xi(t) = (xi1(t),xi2(t), . . . ,xin(t))T ∈ Rn is the state variable of the ith node, f (xi) :
Rn −→ Rn is a nonlinear vector valued function describing the dynamics of nodes and
c > 0 is the coupling strength of the whole network. The matrix G = (gi j) ∈ RN×N is the
outer coupling configuration matrix, in which gi j ∈ R is defined as follows: if there is a
coupling from node i to node j (i ̸= j) , gi j > 0; otherwise, gi j = 0. At the same time,
the diagonal elements of G are defined as gii =−∑N

j=1, j ̸=i gi j. The inner coupling matrix
A denotes the inner coupling relation between every two nodes.

Compared with the drive system mentioned above, the response complex network
with pining controllers is designed as


ẏi(t) = f (yi(t))+ c

N
∑
j=1

gi jAy j(t)+ui(t), i = 1,2, · · · , l

ẏi(t) = f (yi(t))+ c
N
∑
j=1

gi jAy j(t), i = l +1, · · · ,N.
(2)

where yi(t) = (yi1(t),yi2(t), . . . ,yin(t))T ∈ Rn denotes the state variables of the response
system, and other parameters involved in the system (2) all have the same meanings with
the corresponding parameters in system (1).

Remark 1 In these two system models mentioned above, the outer coupling configura-
tion matrix G does not need to be symmetric or irreducible.

In the following, some needed definition, assumption and lemmas will be presented.

Definition 1 [27] The drive system (1) and the response system (2) are defined to
achieve lag synchronization at time τ, if

yi(t)− xi(t − τ)→ 0 , t → ∞ , i = 1 , · · · , N. (3)

where τ is a positive time-delay.

Lemma 1 (Schur complement) [28] The following linear matrix inequality (LMI)(
A(x) B(x)

(B(x))T C (x)

)
> 0,

where A(x) = (A(x))T ,C (x) = (C(x))T is equivalent to one of the following conditions:
(a) A(x)> 0 and C (x)−B(x)T A(x)−1B(x)> 0;
(b) C (x)> 0 and A(x)−B(x)C (x)−1B(x)T > 0.

Lemma 2 [29] Assume that Ā =
(

A1 A3
AT

3 A2

)
,B̄ =

(B1 0
0 0

)
, where Ā, B̄ ∈ RN×N , A1,B1 ∈

Rr×r(1 ¬ r < N),B1 = diag{b1, . . . ,br} ia a diagonal positive matrix, AT
1 = A1, and

AT
2 = A2. Then Ā− B̄ < 0 is equivalent to A2 < 0 for large enough bi(1¬ i¬ r).
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Throughout this paper, the following assumption will be required and the sign ∥ ∗ ∥
represents the Euclid norm.

Assumption 1 [30] The nonlinear function f (·) satisfies the following Lipschitz condi-
tion:

∥ f (y(t))− f (x(t))∥ ¬ δ∥ (y(t)− x(t))∥ , ∀ x , y ∈ Rn, (4)

where δ is a known positive constant.

It has been verified that many typical chaotic systems such as Lorenz system, Chen
system, Lü system, and the unified chaotic system all satisfy the above assumption.

3. Main Results

In this part, two kinds of pinning controllers will be designed to make the system (1)
and system (2) achieve synchronization with lag.

Define error vectors as

ei(t) = yi(t)− xi(t − τ), i = 1,2, ...,N, (5)

where τ > 0 denotes a lag between the drive and response systems.
According to (1), (2) and (5) , the following equations would be acquired

ėi(t) = f (yi(t))− f (xi(t − τ))+ c
N
∑
j=1

gi jAe j(t)+ui(t), i = 1,2, · · · , l

ėi(t) = f (yi(t))− f (xi(t − τ))+ c
N
∑
j=1

gi jAe j(t), i = l +1, · · · ,N.
(6)

In this paper, we choose Ĝ as a modifying matrix of G via replacing the diagonal
elements gii by (ρmin/γ)gii, where γ = ∥A∥ and ρmin denotes the maximum eigenvalue
of matrix A+AT

2 . The matrix
(

Ĝ+ĜT

2

)
(N−l)(N−l)

is the principal submatrix of Ĝ+ĜT

2 by

removing the first l rows and columns, and λ(N−l) denotes the maximum eigenvalue of

matrix
(

Ĝ+ĜT

2

)
(N−l)(N−l)

.

3.1. Pinning Control of the Lag Synchronization

In this section, several sufficient conditions for lag synchronization will be provided
by adopting different control schemes.

First, some simple state feedback pinning controllers will be designed as follows:{
ui(t) =−kiei(t), i = 1,2, · · · , l
ui(t) = 0, i = l +1, · · · ,N.

(7)

where ki > 0 denotes the feedback gain.
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Theorem 2 Suppose the Assumption 1 holds, if there exists a natural number 1¬ l < N
satisfying λ(N−l) <− δ

cγ , and the positive constant k =min(k1,k2, . . . ,kl) is large enough,
the drive network (1) and the response network (2) can realize lag synchronization with
the controllers (7).

Proof Construct a Lyapunov function as follows:

V (t) =
1
2

N

∑
i=1

ei
T (t)ei (t) , (8)

Differentiating V (t) with respect to time along the solution of (6) yields

V̇ (t) =
N

∑
i=1

eT
i (t)ėi(t)

=
N

∑
i=1

eT
i (t)

[
f (yi(t))− f (xi(t − τ))+ c

N

∑
j=1

gi jAe j(t)

]
−

l

∑
i=1

eT
i (t)kiei(t)

¬
N

∑
i=1

eT
i (t)δei(t)+c

N

∑
i=1

N

∑
j=1
j ̸=i

gi jeT
i (t)Ae j(t)

+c
N

∑
i=1

giieT
i (t)

A+AT

2
ei(t)−

l

∑
i=1

eT
i (t)kiei(t)

¬
N

∑
i=1

δeT
i (t)ei(t)+

N

∑
i=1

N

∑
j=1
j ̸=i

cγgi j ∥ei(t)∥
∥∥e j(t)

∥∥
+

N

∑
i=1

cgiiρmineT
i (t)ei(t)−

l

∑
i=1

eT
i (t)kiei(t)

= eT (δIN + cγĜ−K)e

= eT
(

δIN + cγ
Ĝ+ ĜT

2
−K

)
e, (9)

where

e = (∥e1(t)∥,∥e2(t)∥, . . . ,∥eN(t)∥)T ,

K = diag( k1, . . . , kl︸ ︷︷ ︸
l

, 0, . . . , 0︸ ︷︷ ︸
N−l

),

and IN is an N × N dimensional identity matrix. Because of the symmetry of ma-
trix (Ĝ + ĜT )/2 and Lemma 2, δIN + cγ Ĝ+ĜT

2 − K < 0 is equivalent to δIN−l +
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cγ
(

Ĝ+ĜT

2

)
(N−l)(N−l)

< 0 for large enough ki, i = 1,2, . . . , l. Thus, with the conditions

in Theorem 1, it is clear that if there exists a natural number 1 ¬ l < N satisfying
δ+ cγλ(N−l)< 0, the matrix inequality δIN−l+cγ

(
Ĝ+ĜT

2

)
(N−l)(N−l)

< 0 will hold, where

l denotes the number of nodes needed to add controllers. Therefore, when the parameter
k = min(k1,k2, . . . ,kl) is chosen large enough and the inequality λ(N−l) < − δ

cγ holds,
the drive system can achieve lag synchronization with the response system by using the
controllers in (7). Then, the proof is completed.

From the conclusion in Theorem 1, if the response system with linear state feedback
controllers in (7) intend to synchronize with the drive system at time τ, the controller gain
should be large enough. However, in the real applications, to obtain a high gain is usually
at the expense of system’s stability and may generate a phenomenon of turbulence. Thus,
it is a good idea to design some adaptive pinning controllers to make the drive and
response systems achieve lag synchronization.

Theorem 3 Under the Assumption 1 , if there exists a natural number 1 ¬ l < N satis-
fying λ(N−l) < − δ

cγ , the drive network (1) can synchronize with the response system (2)
at time τ by using the following adaptive controllers:{

ui(t) =−pi(t)ei(t), ṗi(t) = qiei
2(t), i = 1,2, · · · , l

ui(t) = 0, i = l +1, · · · ,N.
(10)

where qi is a positive constant.

Proof Define a Lyapurov function as follows:

V (t) =
1
2

N

∑
i=1

eT
i (t)ei(t)+

1
2

l

∑
i=1

(pi(t)− p)2

qi
. (11)

where p is a sufficient large positive constant to be determined.
The derivative of V (t) along the trajectory (6) is

V̇ (t) =
N

∑
i=1

eT
i (t)ėi(t)+

l

∑
i=1

1
qi
(pi(t)− p)ṗi(t)

=
N

∑
i=1

eT
i (t)[ f (yi(t))− f (xi(t − τ))]+ c

N

∑
i=1

N

∑
j=1

eT
i (t)gi jAe j(t)

−
l

∑
i=1

eT
i (t)pi(t)ei(t)+

l

∑
i=1

(pi(t)− p)∥ei(t)∥2

¬
N

∑
i=1

δeT
i (t)ei(t)+ c

N

∑
i=1

N

∑
j=1, j ̸=i

eT
i (t)gi jAe j(t)
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+ c
N

∑
i=1

giieT
i (t)

A+AT

2
ei(t)−

l

∑
i=1

peT
i (t)ei(t)

¬
N

∑
i=1

δeT
i (t)ei(t)+ c

N

∑
i=1

N

∑
j=1, j ̸=i

γgi j∥ei(t)∥∥e j(t)∥

+ c
N

∑
i=1

giiρmineT
i (t)ei(t)−

l

∑
i=1

peT
i (t)ei(t)

= eT
(

δIN + cγ
Ĝ+ ĜT

2
−D

)
e, (12)

where D = diag{p, . . . , p︸ ︷︷ ︸
l

,0, . . . ,0︸ ︷︷ ︸
N−l

}, e = (∥e1(t)∥,∥e2(t)∥, . . . ,∥eN(t)∥)T .

According to Lemma (2), δIN + cγ Ĝ+ĜT

2 − D < 0 is equivalent to δIN−l +

cγ( Ĝ+ĜT

2 )(N−l)(N−l) < 0 for a large enough p. However, from the Theorem 1, it has been
known that if there exists a natural number 1 ¬ l < N satisfying δ+ cγλ(N−l) < 0, the

inequality δIN−l + cγ( Ĝ+ĜT

2 )(N−l)(N−l) < 0 could be established, where l denotes the
number of nodes needed to add controllers. Therefore, with the conditions in Theorem
2 and a large enough positive constant p, the inequality δIN + γ Ĝ+ĜT

2 −D < 0 holds.
That is, the error vector E = (eT

1 ,eT
2 , . . . ,eT

N)
T → 0 as t → +∞. Then, the proof is thus

completed.

Remark 2 For resolving the problem of lag synchronization, Guo gave two useful the-
orems in [26] while this paper provides two simpler criteria without considering the
reducibility or irreducibility of the matrix G.

Remark 3 From the Theorem 2, it not only can judge whether the two networks achieve
lag synchronization, but also know the minimum number of controllers needed. In ad-
dition, the inequality λ(N−l) < − δ

cγ in Theorem 2 reflects the relationship between the
number of controllers l and the coupling strength c. Base on this relationship, it is easy
to change the number of nodes to be pinned by adjusting the coupling strength c.

4. Numerical Simulations

In this part, various numerical simulations are presented to verify the effectiveness
of the proposed criteria. Select a drive system with six nodes and so does the response
system. The nodes in the drive and response systems are all chosen as Lorenz system,
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which is described as follows:
ẋ1(t) = a(x2(t) − x1(t))
ẋ2(t) = cx1(t) − x1(t)x3(t) − x2(t)
ẋ3(t) = x1(t)x2(t) − bx3(t),

(13)

where a = 10,b = 8/3,c = 28.
Because of the boundedness of the Lorenz system showed in Fig. 1, the Assumption

1 is satisfied and the parameter can be chosen as δ = 60.318.

0

20

40

60

−50

0

50
−20

−10

0

10

20

x1x2

x3

Figure 1. The chaotic attractor of the Lorenz system.

Example 1. In this example, some adaptive pinning controllers will be designed with
the coupling strength c = 40. Meanwhile, choose the outer coupling matrix as

G =



−6 1 2 1 1 1
1 −5 2 1 0 1
2 2 −7 0 1 2
1 1 0 −7 2 3
1 0 1 2 −5 1
1 1 2 3 1 −8


. (14)

which is symmetric and irreducible. The inner coupling matrix is

A =

 1 2 1
0 1 0
2 1 1

 . (15)
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With the help of Matlab, it is easy to calculate the maximum eigenvalue of the princi-
pal submatrix with different orders. Then, according to Theorem 2, the number of nodes
to be pinned will be obtained, and this result is more accurate than the one obtained
in [20] and [21]. After some operations with the parameters given above, only one con-
troller is needed to make the two networks achieve lag synchronization. Without loss of
generality, one node in the response system will be selected as the pinning node ran-
domly. Compared with the results obtained in [26], less controllers are needed to make
the two systems achieve lag synchronization, and this demonstrates that the method in
this paper is more practical and economical in engineering applications. Select the initial
values of x(0),y(0) and p(0) in (0,1) randomly, then the error variables of lag synchro-
nization with τ = 0.5 are shown in Fig. 2, Fig. 3 and Fig. 4.

0 0.2 0.4 0.6 0.8 1
−200

−100

0

100

200

300

400

Time t

ei
1(

t)

Figure 2. The lag synchronization error ei1,(1¬ i¬ 6) between the driver and response networks.

Example 2. In this example, the coupling configuration matrix is chosen with the
characters of reducibility and asymmetry as follows:

G =



0 0 0 0 0 0
0 −1 1 0 0 0
0 2 −2 0 0 0
1 1 0 −7 2 3
1 0 1 2 −5 1
1 1 2 3 1 −8


. (16)

other parameters and the initial values of the state variables in the drive and response
systems are selected as the same as in Example 1. After operations, two controllers are
needed to add on the nodes in the response system. Then, the error variables of the lag
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Figure 3. The lag synchronization error ei2,(1¬ i¬ 6) between the driver and response networks.
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Figure 4. The lag synchronization error ei3,(1¬ i¬ 6) between the driver and response networks.

synchronization between the drive and response systems are obtained in Fig. 5, Fig. 6,
and Fig. 7.
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Figure 5. The lag synchronization error ei1,(1¬ i¬ 6) between the driver and response networks.
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Figure 6. The lag synchronization error ei2,(1¬ i¬ 6) between the driver and response networks.

5. Conclusion

This paper investigates the problem of pinning synchronization between two com-
plex dynamical networks with lag. Pinning controllers are designed and some sufficient
criteria are obtained through the lemma of Schur complement and Lyapunov stability
theorem. Furthermore, the number of controllers in the response system can be adjusted
by changing the values of parameters in the systems, and the minimum number of con-
trollers can be easily obtained. At last, numerical examples are provided to verify the
correctness of the theoretical results.
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Figure 7. The lag synchronization error ei3,(1¬ i¬ 6) between the driver and response networks.
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