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Abstract

Some eutectic stripes have been generated in a hexagonal (Zn) - single crystal. The stripes are situated periodically with the constant inter-
stripes spacing. The eutectic structure in the stripes consists of strengthening inter-metallic compound, Zn¢Ti, and (Zn) — solid solution.
The rod-like irregular eutectic structure (with branches) appears at low growth rates. The regular lamellar eutectic structure is observed at
middle growth rates. The regular rod-like eutectic structure exists exclusively in the stripes at some elevated growth rates. A new
thermodynamic criterion is recommended. It suggests that this eutectic regular structure is the winner in a morphological competition for
which the minimum entropy production is lower. A competition between the regular rod-like and the regular lamellar eutectic growth is
described by means of the proposed criterion. The formation of branches within irregular eutectic structure is referred to the state of
marginal stability. A continuous transitions from the marginal stability to the stationary state are confirmed by the continuous
transformations of the irregular eutectic structure into the regular one.

Keywords: Eutectic structure selection, (Zn) — single crystal, Branching phenomenon

. the Ti - solute segregation should appear in the single crystal bar.
L. Introduction In fact, the segregation has already been revealed and described
for the inter-stripes region, [2]. The description was possible due

The (Zn) — hexagonal single crystal can be produced by the . .
Brid thod with ately i 4 both tant to an equation developed generally for some hypo-eutectic alloys,
riagman method with- appropriafely imposed both a constan [3]. The mentioned equation is associated with the solute

growth rate, v, and a constant positive thermal gradient, G, [1]. segregation and redistribution after back-diffusion.
Usually, the stationary state is e;nsured for the smgle cry;tal The reinforcement of the (Zn) — single crystal as a whole
formation by the directional solidification. The investigated zinc depends on the stripes width and on the type of eutectic structure

alloys contain a small gdditions of titanium and  cooper. in the stripes. The origin of the stripes appearance results from the
Therefore, some eutectic stripes are expected to appear in the (Zn)

- single crystal morphology, [1]. Moreover, the phenomenon of
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nature of the Zn-Ti phase diagram in which the eutectic point is
situated near the Zn, [4].

The eutectic stripes are localized periodically along the (Zn) —
single crystal bar, Fig. la. The structure transformations in the
stripes occur in terms of the applied growth rate, v, [1].

Since the back-diffusion intensity depends on the crystal
growth rate, v, [5], the small adjustments of the stripe width are
possible through the growth rate choice. It occurs, because the
crystal growth rate,v, decides on the creation of an additional

precipitate, that is the non-equilibrium eutectic precipitate, iy (v) ,

[5]. First of all, the stripe width depends on the nominal titanium
concentration, N,, in an alloy subjected to the unidirectional

solidification. The choice of the N,- nominal solute content

decides on the appearing of the equilibrium eutectic precipitate,
ip(Ny), [5], and in the consequence on the stripe width. The

higher is the solute concentration in a hypo-eutectic alloy the
bigger is an amount of the equilibrium eutectic precipitate, i, . It

becomes obvious, that the (Zn) — single crystal strengthening can
be controlled experimentally not only by an application of the
proper crystal growth rate, v, to the Bridgman system but
additionally, by the selection of theN,- nominal titanium

concentration in the studied Zn-Ti-Cu alloy as well.

In the current model, some transitions from one to another
eutectic structure in the stripes will be confirmed theoretically
with the use of a new thermodynamic criterion which is
recommended. The criterion suggests that this eutectic regular
structure, lamellar or rod-like, is the winner in a morphological
competition for which the minimum entropy production is
localized lower. Additionally, a concept of marginal stability will
be introduced to justify the appearance of a branching
phenomenon in the irregular eutectic structure.
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2. Experiment

The growth of the (Zn) — single crystal was performed by the
Bridgman system equipped with the moving temperature filed.
The applied growth rates were situated within the range:
3<v<16 [mm/h]. The thermal gradient created at the solid /
liquid (s/l) interface of the growing single crystal was about:
G =80 [K/cm]. A graphite crucible was used in the experiments.
Additionally, a protective argon atmosphere was applied to the
Bridgman system furnace. Some ingots of the ZnTi0.01, ZnTi0.02
and ZnTi0.1[wt %] alloys, were prepared as a charge to the
Bridgman system. The size of the produced (Zn) — single crystals
was 26x6x120 [mm].

The studied (Zn) — single crystal was doped by an amount of
copper, (0.1 or 0.15 [wt %]). The addition of copper modifies the
specific surface free energy of the s/l interface. In the
consequence, some higher crystal growth rates (up to 16 [mm/h])
could be imposed in the experiment.

Copper does not form any inter-metallic compound with the
zine but is localized in the (Zn) - zinc / titanium solid solution.
The titanium forms the faceted inter-metallic compound with the
zinc, Zn6Ti, Fig. 1b.

When a given nominal solute concentration is fixed, a control
of the stripes width is possible by the selection of the growth rate,
v, only. It is obvious, because the imposed growth rate,v,

decides on the value of the back-diffusion parameter, o(v),
during solidification, [5] and finally on the amount of the non-
equilibrium eutectic precipitate, i, , as mentioned. The stripes

appear in the (Zn) — single crystal in a cyclical manner with a
constant inter-stripe spacing, Fig. la.

oy /'F_,WA —
e B ,,,M” s i g
SEPY
»;;;» i SR
et i) e el a— ',é'i
oy OV it
it ) ,.,uu//' !':'31

©)

Fig. 1. (Zn) single crystal, a)stripes localized periodically in the (Zn) — single crystal along its axis (scheme) b) regular rod-like

morphology of the stripe, (Z

n)=a , c) crystallographic orientation of the Zn,sTi — eutectic phase and localization of stripes within the

single crystal
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The regular eutectic morphology appears in the stripes in the
following manner:
1) for the 0<v<v, growth rates range, the areas of regular L-

shape rods exist inside a generally irregular rod-like eutectic
morphology,
2) for the v,<v<v, growth rates range, the transitions from

irregular rods into regular rods (disappearing of branches)
and next into the regular lamellae occur; so, rods and
lamellae co-exist in the stripes morphology,

3) for the v, <v<v, growth rates range, the regular lamellae

are the exclusive form,
4) for the v, <v<v, growth rates range, regular rods appear in

the stripes, only.
The threshold growth rates are: v, =5, v; =5.8, v,=10 and
v, =16 [mm/h].

3. Thermodynamics of the stripe
morphology formation

The eutectic morphology formation in the stripes is justified
thermodynamically.

First of all, a steady-state growth is ensured because the
constant crystal growth rate,v, and a constant positive thermal
gradient, G, are applied during solidification in the Bridgman
system.

Generally, two eutectic morphologies are distinguished:

a) regular morphology defined by only one selected inter-phase
spacing when a given growth rate is applied; the spacing
corresponds to the minimum entropy production in the
envisaged system,

b) irregular morphology in which the perturbation waves appear
at the s/l interface of the non-faceted phase; consequentially
a branching phenomenon occurs, Fig. 2.

Fig. 2. Generally irregular eutectic structure with some areas of
the regular eutectic structure (the scheme reproduced after, [6])
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When the perturbation evinces its maximal wavelength then
the ms - marginal stability is reached in this area, as assumed in
the current model.

Next, the perturbation wave decays and this local s/l interface
tends to have a parabolic shape, typical for the structure formed
under thess - stationary state. Finally, this ms - maximally
irregular area of structure (with the branch birth) becomes the SS
- regular structure situated inside the generally irregular eutectic
structure, Fig. 2.

A& - perturbation maximal wavelength which can appear at the s/l

interface of the & - non-faceted eutectic phase, r, - rod radius of

the f = Zn¢Ti - faceted phase, R, - inter-rod spacing for the
regular eutectic structure, ss - area of the structure formation
(regular one) in the stationary state, ms - area of the structure
formation with the presence of a maximal perturbation of the s/

interface of the non-faceted phase and the birth of the faceted
phase branch.

3.1. Crystal growth in the stationary state

Two types of the regular eutectic morphology appear in the
stripes: rod-like and lamellar one. It involves the calculation of
the entropy production for both mentioned structures formation.
The general definition of the entropy production per unit time,

PSD , (connected with the mass transfer, only) is:
PP = jva dV S=R,L (1)

V' - volume selected in the system (inside the V', all essential
fluxes must occur, [7]);
o - entropy production per unit time and unit volume,

|:mole fr2/ (m3s)} calculated for a constant temperature,(

T, - AT (v) ), of the s/l interface of the growing eutectic stripe;

where AT is the s/l interface undercooling;
subscript: S =R,L ,is: R - for rod-like, L - for lamellar structure
formation.

c=ReC'(1-C)' DV’C  (la)

R" - gas constant, [J / (mole K):| ;
& - thermodynamic factor, [dimensionless];
C - solute content in the liquid, [ar.%] ;
D - diffusion coefficient, [mz / s].
The V' - volume, (adequate for integration, Eq. (1)), is determined
in Fig. 3.
The s/1 interface curvature, z=g(r);z=g(x)), has a crucial

effect on the concentration field in the liquid, [8]. Therefore, the
s/l interface shape is analyzed in the current description, Fig. 3.
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Fig. 3. The V' - volume, applied in calculation of the entropy
production per unit time, Eq. (1); a/ for the rod-like regular
structure, where z = g(r) - function describes the s/l interface
curvature; b/ for the regular lamellar structure, where z =g (x) -
function describes the s/l interface curvature; z,, is a thickness of
the diffusion boundary layer at the s/l interface, [m]

R =2(r,+1,) 4,=2(5,+S,) (1b)

Eq. (la) contains the terms: DV’C(x,z)for the regular
lamellae or DV*C(r,z) for the regular rods growth, respectively.

Therefore, Eq. (1) requires to consider, at least, the simple
solution for diffusion equation with the cosine series common for
both lamellae, [9]. However, a more realistic solution for
diffusion equation with the cosine series treated separately for
each lamella, [10], should be applied.

In this case, the diffusion equation for the stationary regular
eutectic  growth: DV?C(x,z)+vdC(x,z)/0z=0, yields the

following solution:
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a) for the & - eutectic lamella formation (the (Zn) — non-faceted
phase in the Zn — Ti system),

< (2n—1)7rx _(2}'1—1)71'
5C(x,z)—;A2n_lcos(2S jexp[ BT z] )

a
S,

¢ (2n—1)7z'x _
lfa (x)cos(zs dx n=1,2,...(2a)

a

4
A = (2n —1)7[

b) for the S - eutectic lamella formation (the Zn4Ti — faceted
phase in the Zn — Ti system),

5C(x,7)= iBZn—I cos[(zn —1)72'(x—Sa +S’8)Jexp[—(2n —l)ﬂZ]

25, 25,

(2n—l)7rsfsﬁ 2Sﬁ

132,171:_L T fﬂ(x)cos[(zn_l)ﬂ(x_sa+Sﬁ)]dx

(3a)where, f, - function applied to the boundary condition,

J
[at.%] , (j=a,p), respectively; x,z - geometrical coordinates,

[m].

The above solutions, Eq. (2), Eq. (3) satisfy the local mass
balance, Eq. (4), provided the d - faceted phase protrusion, is
taken into account, Fig. 4.

S, Sa+S/3
[oC(x,0)dx+ | 6C(x,d)dx=0 @
0 S,

o«

Ce

‘l e
e
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0C(x, z)+Cy,

So+25p

Fig. 4. Visualization of the faceted phase protrusion, ¢ ; the value
of the d - parameter results from the local mass balance
calculation, Eq. (4), performed for the solute concentration micro-
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field in the liquid, localized in front of the - (& + f ) eutectic
lamellae
The presence of the d - faceted phase protrusion, predicted
theoretically, Fig. 4, has been revealed in the stripe morphology,
as shown in Fig. 5.

(Zn) - matrix
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Fig. 5. The ZncTi phase protrusion, ¢ , revealed in the stripes;
the ( 7,z ) - coordinate system is attached to the s/l interface
advancing in the z - direction with the velocity, v, at stationary
state; the system localizes the Ti — solute concentration micro-
field in front of the (& + f ) — eutectic structure

Additionally, some values of the specific surface free
energies, UéanTi (V); O-(LZn)(V); O-(LZn)—anéTi (v)’ Fig. 6, are to be
introduced into the entropy production calculation based on Eq.
(5), Eq. (6). The energies must satisfy the mechanical equilibrium
considered at the triple point of the s/l interface, (vectors
parallelogram), for each of the crystal growth rate, v, [11].
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Fig. 6. Changes of the specific surface free energy, O'(LG) , and

inter-phase boundary free energy, O'(LG)fzm o in terms of the

growth rate, v ; their values vary with the eutectic phases
anisotropy (with a rotation of the crystallographic orientation of
the both eutectic phases)

The final definition of the entropy production per unit time is
as follows:
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PP =V, v(rﬁ+rm)7l+V2 v(}’ﬁ-i—rm)72+V3 v
2 )

+V, v (rﬁ+ra)+V5 v3(rﬁ+ra)
PP =W, v(S,+8,) +W,v(S,+5,) +W, v
2 (©)

W,V (S, +8,)+ W v (S, +5,)

VW, n=1..,5 coefficients contain material parameters, [12];
ryj=p.a;S,; j=a,f - parameters describe the geometry of

rod-like (R ) and lamellar (L) eutectic structure within the ¥ -
volume, as shown in Fig. 3.

The regular eutectic structure formation is observed when the
solidification occurs in the stationary state. The stationary state is
well described by the criterion of minimum entropy production,
[13], [14]. The criterion (8P” /dr|,=0; or 8P” /9A|,=0) selects

the unique inter-phase spacing, R, or A, , for the regular eutectic

structure. Its application to Eq. (5) and Eq. (6) yields the so-called
growth laws:
a) growth law for the regular rod-like structure formation,

2V5vz(rﬂ+ra)4+mv(rﬂ+ra)3—lfl(rﬂ+ra)=2V2 7
b) the growth law for the regular lamellar structure formation,
2W, v (S, +S,) + W, v(S,+S,) W, (S, +5,)=2W, (8

The minimization of Eq. (5) and Eq. (6) allows for describing
the competition between both regular structures (lamellar and rod-
like) formation in the stripes. This structure (lamellar or rod-like)
is the winner in a thermodynamic competition for which the
minimum entropy production is situated lower as assumed in the
current model. The application of the suggested criterion to the
description of the thermodynamic competition in the stripes is
shown in Fig. 7.

1200
Zn — anﬁTi

— 1000 -
E ——lamellae
~, 800 { ——rods
& N
[}
oS 600 -
E siops
é 400 - !
i irr. rods i

200 - T rods

Eo

2 4 6 8 10 12 14 1
v [mm /h]

Fig. 7. Theoretical visualization of the thermodynamic
competition between regular structures formation in the stripes
strengthening the (Zn) — single crystal; P;™ is the minimal
entropy production calculated on the basis of Eq. (5) and Eq. (6)
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The minimal entropy production is situated lower either for
the regular lamellac or the regular rods formation. This
localization depends on the range of growth rates, Fig. 7.

The analysis, (Fig. 7), does not describe the branching
phenomenon observed over the growth rates range, O0<v<v,,

when irregular eutectic structure is formed. Moreover, this study
does not explain how the decay of branches occurs over the range,

v, <v<v,, when the irregular rod-like structure transforms into

regular lamellar eutectic structure.

When the branching phenomenon occurs, the criterion of
minimum entropy production is not sufficient to describe the
structure formation. The current model suggests to introduce,
additionally, the concept of marginal stability as shown in Fig. 2.

3.2. Crystal growth at the marginal stability

In the case of the irregular eutectic structure formation in the
stripes, (0<v<v,), some areas which can be referred to the

marginal stability are found, Fig. 8. In fact, a freezing of the
stripes s/l interface allowed for showing maximal perturbation of
the s/l interface of the non-faceted (Zn) — phase, Fig. 8.

-~ branching expected

[}
NE
L]

growth direction

frozen s/l interface

&

Fig. 8. The maximal wavelength of the s/l interface perturbation

visible in the stripe area of the extremely irregular morphology;

the dotted line is juxtaposed to show more visibly the undulating
shape of the s/l interface

At the same time, the branching phenomenon is expected in
the area of maximal perturbation, Fig. 8. The just born branch
tends to minimize the distance between two neighboring rods.
Eventually, this distance will reach the R - value which

corresponds well to the stationary state, Fig. 9. At the stationary
state the branch ends to grow.

It can be concluded that the stationary state plays the role of
an attractor in the envisaged system, Fig. 10.
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a)
Fig. 9. Rod-like irregular eutectic structure revealed in the stripe;
a) the minimal R, - inter-rod spacing distinguished in the
generally irregular structure; the dotted line is added to show the
parabolic shape of the s/l interface, (shape characteristic for the
regular morphology, [15]); b) the minimal inter-rod spacing
revealed in the stripe structure; the dashed line is superposed over
the s/l interface to emphasize its characteristic parabolic shape

The maximal wavelength, A, Fig. 8, can be defined as:

A =27(T 1(G=m, Ge)) ©

I, - Gibbs-Thomson capillarity parameter; M - slope of the

(2n)
liguidusline for the (Zn) — phase; G.- solute concentration

gradient at the s/l interface of the (Zn) — eutectic phase which
appears in a given stripe.

Some remaining parts of stripe morphology are in the mid-
states, that is, between the completion of a given branch growth,
Fig. 9, and the beginning of a given branch growth, Fig. 8.
Thermodynamically, these parts of morphology are in the mid-
states situated between A - point (stationary state) and B — point
(marginal stability state), Fig. 10.

Eventually, it can be concluded that the stripes morphology
formation occurs in a cyclical manner.

The paraboloid, Fig. 10b, is cut by the G, = const. - plane, to

show the oscillation between, the 4 and B points situated on the
local parabola, as explained in Fig. 10a. The G, - thermal

gradient is associated with the v, - crystal growth rate which
involves the R, - spacing appearance and with the v, - crystal
growth rate which yields a perturbation wave creation (with the
Al ~wavelength), v, >v,, because the appearance of the
perturbation makes the non-faceted phase growth a little sluggish.
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Fig. 10. A cyclical manner of the irregular eutectic structure
formation in the stripes; a) an oscillation between the 4 -
stationary state, and the B - marginal stability state, shown on
the entropy production parabola which is drawn schematically for
a given thermal gradient, G , b) a paraboloid of the entropy
production (the same paraboloid is assumed to be valid: A) for the
(X,,X.) coordinate system and B) for the (v, ) coordinate
system), X, =G ; X, -thermodynamic force associated with the
heat transfer, X. =G, ; X -thermodynamic force associated
with the mass transport (thermo-diffusion)); the red trajectory
contains the local minima of the paraboloid, and the green

trajectory shows the localization of marginal stability states on the
same paraboloid

The paraboloid of the entropy production, P (r,v), is cut by

the K - plane to show the vanishing of the cyclical manner of
the structure formation at the G, - critical thermal gradient. At
the critical thermal gradient the branching phenomenon is not
possible. Consequentially, the marginal stability cannot appear in
some areas of structure. The analogous situation is created at the
small growth rates, when,v— 0, Fig. 10b. Then, the irregular
eutectic structure transforms perfectly into the regular structure as
confirmed experimentally for the Al-Si system, [16].
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4. Concluding remarks

Two thermodynamic states are distinguished for the eutectic
structure formation in the stripes appearing periodically in the
(Zn) — single crystal:

a) the stationary state defined by the minimum entropy
production referred to the regular structure appearance,

b) the marginal stability state defined by the maximal
wavelength of perturbation referred to the birth of branches
in the irregular structure.

Some structural transformations are observed in the stripes
strengthening the (Zn) — single crystal:

a) regular lamellae transform into regular rods, at the v, -
threshold growth rate,

b) irregular rods transform into regular rods and at the same
time transition from the regular rods to the regular lamellae

occurs, over the v, + v, range of the growth rates.

The regular structure transforms into another regular structure
at the threshold growth rate, immediately, (for example: v, in
Fig. 7).

However, the irregular into a regular structure transition
requires the certain range of growth rates to be applied,
experimentally, (v, + v, in Fig. 7).

The range of growth rates was also necessary to be applied in
the case of the Al-Si irregular lamellar into the regular rod-like
structure transition, [17].

The ranges of growth rate (associated with the structural
transitions) are required by the progressive vanishing of branches,
in both mentioned situations.

When the irregular into the regular structure transition occurs,
it means that the system recedes consequently from the marginal
stability to achieve the stationary state, exclusively, as observed

experimentally in the stripes for, the v, - growth rate.

This phenomenon confirms that the stationary state plays the
role of an attractor for the investigated system.

The recommended thermodynamic criterion connected to the
structural competitions observed in the stripes has been
successfully verified, Fig. 7.

According to the verified criterion the system selects this
regular eutectic structure: lamellar or rod-like, for which the
minimum entropy production is situated lower.

The theoretical predictions, Fig. 7, confirm that the rod-like
regular structure is formed twice, over the 0 <v <v, (locally) and

v, <v <y, rate ranges.

So, the predictions are in good agreement with the
experimental observations of the stripes morphology.

However, the above confrontation is possible provided the
surface energies are treated as the anisotropic energies, Fig. 6.

The use of both
a) criterion of minimum entropy production
b) concept of marginal stability
allows for explaining the cyclical manner of the irregular eutectic
morphologies formation in the strengthening stripes, as shown in
Fig. 10a, (A< B). It occurs, when the crystal growth rates
satisfy the following formula, 0<v<v, .
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