
Highlights

•	 To calculate quasi-binary sections of multicomponent 
phase diagrams, special materials balance equations are 
needed

•	 The general equations to calculate the numerical constants 
of those equations are derived here

•	 For a k-component system, (k-2) such independent 
equations are needed. 

1. Introduction

Ternary and multi-component phase diagrams are 
important tools in metallurgy and materials science [1-6]. They 
are usually calculated by a Calphad (Calculation of Phase 
Diagrams) algorithm [7-8]. Material balance equations are 
vital parts of this Calphad algorithm. The majority of materials 
balance equations are built within the commercial Calphad 
codes [9-15]. However, when quasi-binary sections of ternary 
or multi-component phase diagrams are of interest [1-6, 16-20], 
the user of those codes should create the appropriate materials 
balance equations. This is usually done in the following format 
(as in Thermo-Calc):

(1)

where I and J present two, arbitrary components in the 
multi-component system, wI and wJ (dimensionless) are 
the mass fractions or mole fractions or volume fractions of 
the components,  while the Greek letters denote numerical 
constants. The goal of this paper is to work out simple equations 
for numerical constants in Eq.(1), being valid for any quasi-
binary section of any multi-component system. 

2. Derivation of the general equations

Let us consider a multi-component system made of 
A-B-C-….-Z components (generally denoted as I or J). We 
are interested in one of its quasi-binary sections, having 
a horizontal concentration axis and a vertical temperature 
axis, with constant value of pressure. The quasi-binary section 
connects two alloys with each other: alloy 1 is denoted as 
Aa1Bb1Cc1…Zz1, while alloy 2 is denoted as Aa2Bb2Cc2…Zz2, 
where a1, b1, c1, …., z1 (generally i1, and j1) and a2, b2, 
c2,…., z2 (generally i2 and j2) are positive numbers defined 
between 0 and 1. They can be mass fractions or mole fractions 
or volume fractions of the components in two alloys. The 
materials balance requires: 

(2a)

(2b)

It is important to underline that wI and wJ in Eq.(1) and 
all parameters in Eq-s (2a-b) must have the same definition: 
they all should be mass fractions, or they all should be mole 
fractions or they all should be volume fractions. 

The x-axis of the quasi-binary diagram connects alloy 1 
with alloy 2, with fraction x increasing from the value equal to 
0 (for alloy 1) to the value equal to 1 (for alloy 2). Then, the 
component fractions for two arbitrary components I and J can 
be written as: 

(3a)

(3b)
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Now, let us express x from Eq.(3a) and let us substitute this 
equation into Eq.(3b), and finally express the result in the 
format of Eq.(1): 

(4)

Comparing Eq.(4) with the general Eq.(1), the following 
expressions are found: 

(5a)

(5b)

(5c)

Eq-s (5a-c) present the final equations of this manuscript. 
When applied to a ternary system, these equations simplify 
back to the equations provided in the Thermocalc manual. 
For a quasi-binary section made of altogether k components 
between alloys Aa1Bb1Cc1…Zz1 and Aa2Bb2Cc2…Zz2, altogether 
(k-1) materials balance equations of type (1) can be written 
between component A and between all other components, with 
the numerical coefficients to be calculated using Eq-s (5a-c). 
However, in fact the number of above equations can be reduced 
by one further equation, as Calphad codes such as Thermo-
Calc has the following built-in material balance equation:

(6)

where I = A, B, C, …. Z.
Thus, the material balance equation for the last 

component may be ignored, and so for a k-component 
system altogether only (k-2) materials balance equations 
of type (1) are needed. Let us note that for a k-component 
system altogether k(k-1)/2 combinations of i-j components 
exists. This is obviously larger than the (k-2) equations 
needed (see Table 1). That gives the user a freedom to select 
arbitrary the (k-2) materials balance equations, with the only 
condition that they should be mathematically independent. 
For example, for a 5-component A-B-C-D-E system in 
principle 10 materials balance equations of type (1) exist. 
However, it is sufficient to write only 3 of them, for example 
those, connecting components A-B, A-C and A-D. Also, in 
principle, equations connecting A-B, A-C and B-C could 
be written; however, this combination is useless, as these 3 
equations are mathematically not independent.  

2. conclusions

It is shown that, to calculate quasi-binary sections of 
k-component phase diagrams, (k-2) independent materials 
balance equations should be created in the format of Eq.(1). 
The constants in Eq.(1) are derived here and are written in Eq-s 
(5a-c) for any two arbitrary selected components I and J of any 
quasi-binary section in any multi-component system. 

TABLE 1
The number of components, possible numbers of materials balance 

equations, their requested number to perform calculations, 
and their ratio

k k(k-1)/2 (k-2) ratio
3 3 1 3
4 6 2 3
5 10 3 3.33
6 15 4 3.75
7 21 5 4.2
8 28 6 4.67
9 36 7 5.14
10 45 8 5.63

acknowledgements

The authors acknowledge financial support from the 
Hungarian Academy of Sciences, under the grant number 
K101781. this work is based on the results achieved within 
the tÁMop-4.2.1.B-10/2/Konv-2010-0001 project and 
carried out as part of the tÁMop-4.2.2.A-11/1/Konv-2012-
0019 project in the framework of the New Széchenyi Plan. 

REFERENCES

[1] B. onderka, D. Jendrzejczyk-Hanzlik, K. fitzner, Arch. 
Metall. Mater. 58, 541 (2013).

[2] B. Markovic, D. Zivkovic, D. Manasijevic, M. Sokic, D. 
Minic, N. Talijan, J. Stajic-Trosic. Arch. Met. Mat. 59, 117 
(2014).

[3] J. Miettinen, G. Vassilev, Arch. Met. Mat. 59, 601 (2014).
[4] J. Miettinen, G. Vassilev, Arch. Met. Mat. 59, 610 (2014).
[5] D. Kalisz, Arch. Metall. Mater. 59, 149 (2014).
[6] W. Wolczynski, z. pogoda, G. Garzel, B. Kucjarska, A. sypien, 

t. okane, Arch. Metall. Mater. 59, 1393 (2014).
[7] N.Saunders, A. P. Miodownik, CALPHAD, a Comprehensive 

Guide, UK 1998.
[8] H.L. Lukas, S. G. Fries, B. Sundman, Computational 

Thermodynamics. The Calphad method, Cambridge 2007.
[9] J.Tomiska, Calphad, 26, 143 (2002).
[10] H.yokokawa, s.yamauchi, t.Matsumoto, calphad, 26, 155 

(2002).
[11] B.cheynet, p.y.chevalier, e.fischer, calphad, 26, 167 (2002).
[12] s.l.chen, s.Daniel, f.zhang, y.A.chang, X.y.yan, f.X.Xie, 

r.schmid-fetzer, W.A.oates, calphad, 26, 175 (2002).
[13] c.W.Bale, p.chartrand, s.A.Degterov, G.eriksson, K.Hack, 

R.B.Mahfoud, J.Melancon, A.D.Pleton, S.Petersen, Calphad, 
26, 189 (2002)

[14] R.H.Davis, A.T.Dinsdale, J.A.Gisby, J.A.J.Robinson, 
S.M.Martin, Calphad, 26, 229 (2002).

[15] J-o. Andersson, t. Helander, l. Höglund, p. shi, B. sundman, 
Calphad, 26, 273 (2002).

[16] e.yazhenskikh, t.Jantzen, K.Hack, M.Müller, calphad, 47, 35 
(2014). 

[17] D.Shishin, T.Hidayat, E.Jak, S.A.Decterov, Calphad, 41, 160 
(2013).



77

[18] n.i. yagubov, i. Aliyev, c. veliyev, A.r. Kul, J. Alloys 
Compds, 619, 319 (2015).

[19] S. Hassam, J. Rogez, Z. Bahari, J. Chem. Thermodynamics, 

70, 168 (2014).
[20] e.y. Kononova, s.i. sinyova, G.v. semenova, t.p. sushkova, 

J. Thermal Analysis Calorimetry, 117, 1171 (2014).

Received: 10 January 2015.




