archives
of thermodynamics
Vol. 35(2014), No. 3, 81–103
DOI: 10.2478/aoter-2014-0022

Micro-macro model for prediction of local
temperature distribution in heterogeneous
and two-phase media
PIOTR FURMAŃSKI∗
MIROSŁAW SEREDYŃSKI
PIOTR ŁAPKA
JERZY BANASZEK
Institute of Heat Engineering, Warsaw University of Technology,
Nowowiejska 25, 00-665 Warszawa, Poland

Abstract Heat ﬂow in heterogeneous media with complex microstructure follows tortuous path and therefore determination of temperature distribution in them is a challenging task. Two-scales, micro-macro model of
heat conduction with phase change in such media was considered in the paper. A relation between temperature distribution on the microscopic level,
i.e., on the level of details of microstructure, and the temperature distribution on the macroscopic level, i.e., on the level where the properties were
homogenized and treated as eﬀective, was derived. The expansion applied
to this relation allowed to obtain its more simpliﬁed, approximate form corresponding to separation of micro- and macro-scales. Then the validity of
this model was checked by performing calculations for 2D microstructure
of a composite made of two constituents. The range of application of the
proposed micro-macro model was considered in transient states of heat conduction both for the case when the phase change in the material is present
and when it is absent. Variation of the eﬀective thermal conductivity with
time was considered and a criterion was found for which application of the
considered model is justiﬁed.
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Nomenclature
–
–
–
–
–
–
–
–
–
–
–
–
–
–
–
–
–

c
(ρc)
GT
h
Lm
n
q
Q̇
S
t
T
Tm
wi
V
x
ℓ
{− }

speciﬁc heat, J/kgK;
volumetric speciﬁc heat, J/m3 K,
Green function
speciﬁc enthalpy, J/kg
latent heat of melting, J/kg
external, normal unit vector
heat ﬂux, W/m2 ,
heat ﬂow rate, W
microstructure function
time
temperature, K
melting temperature, K
velocity of the solid-liquid interphase
volume
vector of location, m
characteristic micro-dimension
macroscopic value

Greek symbols
α
δ
ε
θ
φ
λ
ρ
τ
ψ
Ω

–
–
–
–
–
–
–
–
–
–

heat transfer coeﬃcient
Dirac function or thickness of a composite
volume fraction of the constituent
structure function
microstructure function
thermal conductivity, W/m2 K
density, kg/m3
dummy variable corresponding to time
microstructure function
conﬁguration of components distribution

Subscripts
c
e
ef
k
m
f
l
r
s
ST

–
–
–
–
–
–
–
–
–
–

convective
external surface
eﬀective
type of constituent
matrix
ﬁbre
liquid
reference value
solid
time independent form of the respective function
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Introduction

Heterogenous media are characterized by complex form of constituent distribution (e.g,. composites, thermal insulations, building materials, soil)
[6,7]. Heat transfer processes in these media are sometimes assisted by
phase transformations, which lead to formation and variation in the media
microstructure (e.g., two-phase region known as „mushy zone” in solidifying
alloys) [1,8]. Numerical analysis of heat and mass transfer in heterogeneous
media with highly dispersed constituents is very tedious and is usually out
of nowadays computing capabilities [4,11]. Therefore, in the mathematical description and numerical simulation of transfer processes occurring in
heterogeneous media it is common to replace a medium with locally stepwise varying properties with a continuous (eﬀective) medium with constant
or smoothly varying macroscopic (eﬀective) properties [5]. Such two-scale
type approach allows for a signiﬁcant simpliﬁcation and quicker analysis of
transfer processes in heterogeneous media. In processes where the structure is developed, i.e., alloy solidiﬁcation, or local thermal stresses aﬀect
durability of a material local (on the microscopic level) temperature, the
species concentration or thermal deformations are of importance [9]. Then a
question can be raised if from the knowledge of medium microstructure and
macroscopic distributions of temperature, species concentration or deformation obtained on the macroscopic level, i.e., using the eﬀective medium
approach it is possible to derive information about these distributions on
the local (microscopic) level [9]. In the case of microstructure formation
the question is posed of what kind of the microstructure is developed and
how it evolves in time. A few approaches to micro-macro modelling of microstructure formation in crystallizing alloys with a diﬀerent success were
proposed in literature [2,3,9,10].
In the paper two problems were analyzed. The ﬁrst one refers to determination of the local temperature distribution from the macroscopic one. The
second problem is related to limitations placed on scope of application of the
eﬀective properties, i.e., in what case the eﬀective medium approach is applicable. In both problems it was assumed that the heterogeneous medium
was made from regularly arranged cylindrical inclusions (ﬁbres) in a matrix
material. The heat transfer process was limited to heat conduction but the
transient state of heat transfer was considered and in some cases the phase
change occurring in the ﬁbres was accounted for. Initially a comparison
has been carried out between temperature distribution in a heterogeneous
material obtained directly from numerical simulation with step-wise vary-
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ing properties with temperature distribution obtained via solution of the
macroscopic temperature distribution using eﬀective medium approach. In
the second part of the paper the eﬀective thermal conductivity was calculated from transient temperature and heat ﬂux distributions. It was studied
for what time, counting from the beginning of the heat transfer process, the
macroscopic approach could be used as justiﬁed by the observed, constant
value of the eﬀective thermal conductivity.

2

Relation between microscopic and macroscopic
temperature in the heterogeneous medium

Heat transfer in a heterogeneous medium with possible phase change appearing in the constituents, in absence of convection and thermal radiation
as well as for known distribution of constituents is described by the following
equation [1]:
∂t (ρk hk ) = ∇ · qk ,
(1)
where the symbol k denotes the respective constituent and in particular
corresponds to solid s or liquid phase l, i.e. k = s, l; ∂t is the time derivative, ρk and hk are the density and speciﬁc enthalpy, respectively while the
symbol qk stands for the heat ﬂux vector in kth constituent.
Balance of energy should be satisﬁed not only in interior of constituents
but also at the interfaces between them. In particular for a constituent
undergoing phase transformation it should be satisﬁed at the liquid/solid
interphase, which moves with a velocity wi , i.e.:
[−ρs hs wi + qs ] · ns + [−ρl hl wi + ql ] · nl = 0 ,

(2)

where wi is the velocity of the solid-liquid interphase, ns , nl are the external,
normal unit vectors to solid or liquid interphase.
After rearrangement and introduction of the latent heat of the phase change
Eq. (2) leads to the expression
(qs − ql )ns = −ρs (hl − hs )wi · ns = −ρs Lm wi · ns .

(3)

Additionally it was assumed that at the liquid/solid interphase the melting
(freezing) temperature is held Ts = Tl = Tm and that the heat ﬂux q in each
constituent (phase) is described by the Fourier law with assumed isotropic
properties of materials:
qk = −λk ∇T ,
(4)
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where λk is the thermal conductivity of kth constituent.
All quantities appearing in the above equations, including speciﬁc heats
and thermal conductivities are dependent on location x and on the way
(conﬁguration) the constituents are distributed in the heterogeneous material, which is described by the symbol Ω.
Before the macroscopic description is used it is convenient to introduce
the generalized function [5]
X
f (t, x|Ω) =
θ(t, x|Ω)fk (t, x|Ω) ,
(5)
k

which allows to write all equations in one, generalized way accounting for
the presence of many constituents (phases) in the material. The function θ
is known as the structure function and is deﬁned in the following way [1]:

1 for x ∈ Vk ,
θk = θk (t, x|Ω) =
(6)
0 for x ∈
/ Vk
where Vk denotes the volume of kth constituent (here solid and liquid phases
are treated as distinct constituents). The structure function satisﬁes the
following relations [1]:
X
θk (t, x) = 1 ,
(7)
k

∂t θk + wi · ∇θk = 0 ,

(8)

∇θk = −nk δ(x, xi ) ,

(9)

where the symbol δ denotes the Dirac pseudo-function, xi describes location
of the solid/liquid interphase while the vector nk is a unit, external vector
normal to boundary of kth constituent (phase).
Any function f dependent of the constituent conﬁguration can be statistically averaged over a set of allowed distributions Ω. The average ‘·’
(macroscopic value) denotes therefore the statistically awaited average. If
the function f corresponds to the structure function θk then:
{θk (t, x)} = εk (t, x) .

(10)

Variation of temperature in a heterogeneous material is aﬀected by heat
conduction in the constituents, energy accumulation and generation (or absorption) of heat due to the phase transformation. The macroscopic energy
equation, independent of the particular distribution of constituents, can be
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obtained via multiplying the microscopic energy Eq. (1) by the structure
function θk . This leads to the equation
∂t (θk ρk hk ) + ∇ · (θk qk ) = [∂t θk ]ρk hk + ∇θk · qk .

(11)

The r.h.s. of this equation can be transformed, using expression (2) to the
form
∂t (θk ρk hk ) + ∇ · (θk qk ) = [ρk hk (−wi ) + qk ] · ∇θk .
(12)
The Eq. (12), valid for each constituent (phase), can be subsequently summed
up over all constituents giving
∂t (ρh) + ∇ · q = 0 .

(13)

If the volumetric speciﬁc heats (products of density and speciﬁc heats) as
well as the latent heat of melting are assumed constant then the energy
equation can be cast to the form
∂t (ρcT ) + ∇ · q = wi Lf ∇θl .

(14)

The Eq. (13), when statistically averaged, leads to the macroscopic form of
the energy equation:
∂t {ρh} + ∇ · {q} = 0 .
(15)
Using the same assumptions as earlier stated Eq. (14) can be expressed,
after introduction of Eq. (1) and averaging in its macroscopic form:
∂t {ρcT } + ∇ · {q} = −Lm ∂t εl ,

(16)

where εl is the volume fraction of the ﬂuid. When the enthalpy formulation of the energy equation, Eq. (15), is utilized in analysis the location
of solid/liquid interphase on the macroscopic level is determined from the
relation between the enthalpy and melting temperature Tm .
In order to solve the macroscopic energy equation relations between the
mean values of {ρh} and {q} appearing in Eqs. (15) or (7) with the macroscopic temperature {T } are needed. They could be easily derived if the
relations between the microscopic T and macroscopic one {T }is known. In
order to ﬁnd these relations the generalized form of the Fourier law
q = −λ∇T

(17)
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was introduced in the energy equation (1), where the thermal conductivity,
λ, is deﬁned in the following way:
λ=

4
X

θk (t, x|Ω)λk .

(18)

k=1

The microscopic energy equation was then transformed to the form
ρr cr ∂t T − λr ∇2 T − FT = 0 ,

(19)

where the source function FT has been deﬁned as
FT = ∇ · (λ′ ∇T ) − ∂t (ρh − ρr cr h)

(20)

λ′ = λ − λr ,

(21)

and

where the subscript r denotes the reference value.
The boundary condition, assumed on the external boundary of the heterogeneous material, was written as
q · ne − αc (T − T∞ ) = fT ,

(22)

where the ambient temperature, T∞ , convective heat transfer coeﬃcient, αc
and the function fT , depend on location and time but are independent of
the way the constituents are distributed in the material, i.e., on Ω and ne
is the unit vector normal to the external surface. The above equations were
supplemented with the initial condition in the form
T (t = 0, x |Ω) = To (x) .

(23)

Subsequently the Green function, GT , as deﬁned by the set of the following
equations, has been introduced:
λr ∇2 GT + ∂x (x, y)∂t (t, τ ) = −ρr cr ∂t GT for x ∈ V ,
(λr ∇GT ) · ne − αc GT = 0 for x ∈ A ,
GT (t, x; τ, y) = 0

for t ≤ τ ,

(24)
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where V is the the medium volume.
Using the Green function theory Eq. (19) can be formally solved for the
local temperature:
Z tZ
Z
∇GT · [λ′′ ∇T ]dV ′ dτ +
ρr cr GT To dV −
T =
0
V
V
Z tZ
GT ∂τ (ρh − ρr cr T )dV ′ dτ +
−
0
V
Z tZ
+
GT [fT ]dA′ dτ .
(25)
0

A

Statistically averaging of the above equation and its subsequent subtraction
from the Eq. (25) leads to the following relation between the microscopic
and macroscopic temperatures:
Z tZ


∇GT · (λ′ ∇T − {λ′ ∇T }) dV ′ dτ +
T = {T } −
0
V
Z tZ


(26)
GT ∂t (ρh − ρr cr T ) − {ρh − ρr cr T } dV ′ dτ .
−
0

V

The volumetric speciﬁc enthalpy ρh is dependent on the material temperature and can be expanded in series around the macroscopic temperature. The diﬀerences between the microscopic and macroscopic enthalpy
appearing in this expansion can be introduced into Eq. (26). This procedure
leads to the following form of the latter equation:
Z tZ
Z tZ
ψ∂τ {T }dV ′ dτ ,
(27)
φ · ∇′ {T }dV ′ dτ +
T = {T } + S +
0

V

0

V

where S, φ and ψ, which are subsequently called the microstructure functions, describe diﬀerences between the local and macroscopic temperature
caused by presence of heat sources or the space and time variation in
the macroscopic temperature. After substitution of the relation (27) into
Eq. (26) the integro-diﬀerential equations for the unknown ‘microstructure’
functions φ, ψ, S were derived:
Z tZ


∇GT · (λ′ (1δt δx + ∇φ) − {λ′ (1δt δx + ∇φ)}) dV ′ dτ +
φ=
0
V
Z tZ

∇GT (ρo co ∂τ φ − {ρo co ∂τ φ}) +
−
0
V

+((wi · ∇θs )φ − {(wi · ∇θs )φ})∆(ρo co ) − ρr cr ∂τ φ dV ′ dτ , (28)
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where 1 is the unit second order tensor, and, and δx , δt denote Dirac functions in respect to location and time.
Z tZ


∇GT · (λ′ ∇ψ) − {λ′ ∇ψ} dV ′ dτ +
ψ=
0
V
Z tZ

∇GT · (ρo co (δx δt + ∂τ ψ) − {ρo co (δx δt + ∂τ ψ)}) +
−
0
V

+((wi · ∇θs )ψ − {(wi · ∇θs )ψ})∆(ρo co ) − ρr cr ∂τ ψ dV ′ dτ , (29)
S=

Z tZ
0

V

Z tZ



∇GT · (λ′ ∇S) − {λ′ ∇S} dV ′ dτ +


GT (ρo co ∂τ S − {ρo co ∂τ S}) + ((wi · ∇θs ) − {(wi · ∇θs )}∆(ρo ho )
0
V

+((wi · ∇θs )S − {(wi · ∇θs )ST })∆ρo co − ρr cr ∂τ S dV ′ dτ .
(30)
−

The superscript ‘o’ in Eqs. (28)–(30) denotes determination of the considered function for the macroscopic temperature {T } while the expression
∆(ρo co ) is related to diﬀerence in the volumetric speciﬁc heats of the constituents undergoing the phase change.
Substitution of the expression (26) into the averaged terms appearing
in the macroscopic forms of the energy equation, Eqs. (15) or (16), leads to
the following relations between the macroscopic heat ﬂux and volumetric
speciﬁc enthalpy on one side and the macroscopic temperature on the other
side:
Z tZ
Z tZ
′
′
{q} = −qST −
λef · ∇ {T }dV dτ −
γef ∂τ {T }dV ′ dτ , (31)
0

V

{ρh} = {ρo ho } + hST +

0

Z tZ
0

V

ςef · ∇′ {T }dV ′ dτ

V

Z tZ
0

V

µef j ∂τ {T }dV ′ dτ ,

(32)
where the macroscopic (eﬀective) properties are deﬁned by the formulae:
λef = {λ(1δx δt + ∇φ)} ,
γef = {λ∇ψ} ,
qST = {λ∇S} ,
hST {ρo co S} ,
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ςef = {ρo co φ} ,
µef = {ρo co ψ} .
The term qST shows the eﬀect of local, temperature dependent, heat sources
existing at solid/liquid interface on the heat ﬂux and the terms containing
the eﬀective properties hST , ςT ef and µT ef , are responsible for the additional heat accumulation in the material. The heat sources appearing at
the boundaries of constituents undergoing phase transformations locally deform temperature distribution and contribute to the additional heat ﬂuxes
and heat accumulation in the material.

3

Simplified relation between the microscopic and
macroscopic temperatures in a heterogeneous
medium following from separation of scales

If the greatest micro-dimension ℓ, e.g., the mean distance between inclusions
in the heterogeneous material, is smaller than the smallest macro-dimension
associated with variation of the macroscopic temperature in the material the
signiﬁcant simpliﬁcation can be obtained based on this scale separation.
The functions φ, ψ, S can be expanded into the inﬁnite series of growing
powers of the micro-dimension ℓ , i.e.,
– for function φ:
φ(t, x; τ, y |Ω )/ℓ2 = φ0 (t, x |Ω )δ(t, τ )δ(x, y)+
+ℓφ1 (t, x |Ω )δ(t, τ )∇δ(x, y) + O(l2 ) ,

(33)

– for function S:
S(t, x; τ, y |Ω )/ℓ2 = S0 (t, x |Ω )δ(t, τ )δ(x, y)+
+ℓS1 (t, x |Ω )δ(t, τ )∇δ(x, y) + O(l2 ) ,

(34)

– for function ψ:
ψ(t, x; τ, y |Ω )/ℓ2 = ψ0 (t, x |Ω )δ(t, τ )δ(x, y)+
+ℓψ1 (t, x |Ω )δ(t, τ )∇δ(x, y) + O(l2 ) .

(35)

The scale separation is valid when the ﬁrst terms on the r.h.s. of the above
expansions are remained. This corresponds to the assumption that gradients
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and time derivatives of the macroscopic temperature are varying slowly in
space and time and therefore the scales associated with them are much
greater than the micro-dimension ℓ.
When the expansions of Eqs. (33)–(35) are substituted into Eqs. (27)–
(30) and condition for separation of scales is invoked, the following relation
between the microscopic and macroscopic temperatures is received


T = {T } + ℓS0 + ℓ φ0 · ∇{T } + O(ℓ2 )
(36)

while the integro-diﬀerential equations for the functions φ, S are reduced to
the form
Z


∇GT · λ′ (1 + ∇φ0 ) − {λ′ (1 + ∇φ0 )} dV ′ ,
(37)
φ0 = −
V

S0 =

Z tZ
0

−

V

Z tZ
0



∇GT · (λ′ ∇S0 ) − {λ′ ∇S} dV ′ dτ +

V



GT (wi · ∇θs ) − {(wi · ∇Θs )} ∆(ρo ho )dV ′ dτ .

(38)

Also the equivalent diﬀerential form of the above equations can be derived
and is given by the formulae:
∇ · λ∇φ = 0 ,

(39)

λ∇φ · n|A = λef · n|A ,

∇ · λ∇S + (wi · ∇θs ) − {(wi · ∇θs )} ∆(ρo ho ) = 0 ,

(40)



′

λ∇S · n|A = λ ∇S · n|A ,

(41)
(42)

where A denotes the external area of the material.
In a similar way after substitution of these expansions into expression
(31) and (32) the following relations for the macroscopic heat ﬂux and mean
volumetric speciﬁc enthalpy are derived:
{q} = −λef · ∇{T } ,

(43)

{ph} = {ρo ho } .

(44)

The eﬀective thermal conductivity appearing in the relation (43), corresponding to the Fourier law for the macroscopic quantities, is deﬁned in
the following way:
λef = {λ(1 + ∇φ0 )} .
(45)

92

P. Furmański, M. Seredyński, P. Łapka and J. Banaszek

Equations (37)-(42) are based on the local coordinates related to the macroscopic ones by the following formula:
ξ = x/ℓ ,
where the origin of these local coordinates is placed in the nearest characteristic point associated with the medium microstructure, e.g., in the centre
of inclusion.
In order to illustrate application of this two-scale model the problem of
heat conduction in the composite shown in Fig.1 was considered. Diﬀerent
temperatures T1 and T2 are applied to the left and right surfaces of the
composite domain. The other surfaces are treated as thermally insulated.

Figure 1: Geometry of a composite for determination of temperature distribution: ℓ is
the characteristic microdimension and λm , λf are the matrix and ﬁbre thermal
conductivities, respectively.

In absence of the phase change Eqs. (39) and (40) were solved for the microstructure vector function φ. As the macroscopic heat ﬂow occurs in
direction x (from higher temperature T2 to lower T1 ) then the component
φx of this function is only of interest and its form is shown in Fig. 2. In
the steady state of heat conduction the gradient of macroscopic temperature {T } is constant for the given boundary conditions and the formula
from Eq. (36) was used to calculate an approximate microscopic temperature distribution. The latter was compared with the temperature distribution obtained from the solution of the original problem on the microscopic
level. The results show very good accuracy of the results predicted via the
macroscopic problem (reconstructed distribution) with the exact ones (real
distribution) – Fig. 3.
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Figure 2: Variation of the x component of the microstructure function λx with distance
and ratio of ﬁbre/matrix thermal conductivities.

Figure 3: Comparison of the microscopic temperature distribution along the centre line of
the composite obtained in the exact way (real distribution) and using Eq. (36)
based on the macroscopic temperature distribution (reconstructed distribution)
for two ﬁbre/matrix thermal conductivity ratios.

4

Limits of application of two-scale model following from transient states of heat conduction -

It is interesting to ﬁnd when the approximation discussed at the end of the
last chapter is valid, i.e., when the microscopic temperature can be approx-
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imated by the formula (36), in which the macroscopic temperature is used.
It can be noticed that also the microscopic and macroscopic temperature
are dependent on location expressed by the vector x and time t the functions φ, S, appearing in Eq. (36), do not depend on time. Therefore also
the eﬀective thermal conductivity, deﬁned in Eq. (45), does not depend on
time. It can thus serve as way to verify validity of the discussed assumption.
The eﬀective thermal conductivity of the composite can be found in the
following way. The divergence of the product of heat ﬂux vector q and the
location vector x was integrated over the whole composite domain, V , to
give
Z
Z
Z
V

∇ · (qx)dV =

V

x∇ · qdV +

qdV .

(46)

V

After substitution of the energy equation, Eq. (1), and converting the volume integral on the l.h.s. of the above equation to the surface integral, the
Eq. (46) was transformed to the form
Z
Z
I
∂ (ρh)
x
qdV ,
(47)
(q · n)xdA = −
dV +
∂t
V
V
A

where the symbol n denotes the external unit vector normal to the domain
surface. The relation between the heat ﬂux vector and temperature, following from the Fourier law, was subsequently substituted into the second term
of Eq. (47) and the volume integral over the temperature gradient changed
into the surface integral giving
I
Z
I
∂ (ρh)
T n dA .
(48)
x
dV + λef
(q · n)xdA = −
∂t
A
V
A
The formula of Eq. (48) can be applied to the rectangular domain – see
Fig. 4. Depending on the location of the origin of the x coordinate axis two
formulas for the eﬀective thermal conductivity can be obtained:
R
∂t (ρh)
Q̇2 δ
− V
xdx ,
(49)
λef,L =
(T1 − T2 )A (T1 − T2 )
R
∂t (ρh)
Q̇1 δ
λef,R =
+ V
xdx ,
(50)
(T1 − T2 )A (T1 − T2 )

where A is the lateral area of the composite sample. The ﬁrst formula
corresponds to the origin of coordinates located on the left surface of the
composite while the second one the origin of coordinates located on the right
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δ/2

(b)

T1
d
Q1

Q2
L

fibre
matrix

T2

δ

Figure 4: Structure of the considered composite material for evaluation of the eﬀective
thermal conductivity: δ – composite thickness, L – composite height, T1 , T2 –
temperatures on the left and right surface of the composite, Q1 , Q2 – heat ﬂux
through the left and right surface of the composite, d – ﬁbre diameter.

surface of the composite. The symbols Q̇1 and Q̇2 describe heat ﬂow rate
through left and right surface of the composite, respectively – see Fig. 4.
The volumetric speciﬁc enthalpy of the constituents was expressed with the
formula
(ρh) = c(T − Tref ) + εl Lm ,

(51)

where εl is the fraction of the solid phase in the elementary volume, Lm –
latent heat of melting and Tref is the reference temperature.
In the further analysis a composite made of two constituents a matrix
with the thermal conductivity λm and cylindrical ﬁbers with the thermal
conductivity λf were assumed. The ﬁbres were unidirectionally aligned and
dispersed in the matrix in the regular fashion as shown in Fig. 4. Heat
conduction occurred in the direction perpendicular to ﬁbres. Moreover, the
ﬁbre material could undergo the phase change. Initial geometry of the composite was shown on the l.h.s. part (a) of Fig. 4. Subsequently the new
structures of the composite were derived from this original structure by increasing the number of ﬁbers from 1 to 8 with the respective decrease in
distance between them – see Fig. 4. During this process of increasing the
dispersion of ﬁbres in the matrix, the total volume fraction of the ﬁbre material in the composite was not changed. Constant but diﬀerent temperatures
T1 , T2 were assumed on the opposite side of the composite domain. The
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other side were thermally insulated. The boundary conditions corresponded
to these for which thermal conductivity of materials is measured using the
steady state method. The energy equation corresponding to Eq. (1), was
solved using the ﬁnite volume method with unstructured mesh and application of the implicit Euler scheme for integration in time. In the numerical
simulations carried out with commercial software [13] additional data were
also assumed: the volume fraction of ﬁbres was εf = 0.2, composite thickness δ = 0.1 m and the latent heat of melting for the ﬁbre material was
assumed to be Lm = 250 kJ/kg. The left surface of the composite was
kept at temperature T1 = 300 K while the right surface at temperature
T2 = 290 K. The combination of thermal properties, listed in the table
above, were considered.
Table 1: Thermal properties of composite constituents.
λm , W/m K

(ρc)m , MJ/m3 K

λf , W/m K

(ρc)f , MJ/m3 K

a

1

1.596

0.3

2.175

b

1

2

0.3

2

c

1

1.596

1

2.175

Case

Subsequently the numerical results were expressed in the dimensionless
form, i.e., the ratio of the eﬀective to matrix thermal conductivity and
the dimensionless time – Fourier number. The latter number: Fo = aℓm2 t ,
was based on the thermal diﬀusivity of the matrix material am while the
characteristic length l was assumed to be the distance between ﬁbres.
No phase transformation At the ﬁrst no phase transformation was
considered in the composite. In all carried out calculations it was found that
that the eﬀective thermal conductivity values obtained from independent
relations (49) and (50) assumed the identical values already after two time
steps – see, eg., Fig. 5.
For the cases (a) and (b) the eﬀective thermal conductivity, after the
initial stage of an increase attained the maximum value and then decreased
with time tending to the asymptotic value for long times after the process
had been initiated – Figs. 6a and 7a. During the period of decrease the
eﬀective thermal conductivity was diﬀerent for diﬀerent dispersion of ﬁbre
material in the composite. Irrespective of a degree of dispersion of the
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Figure 5: The eﬀective conductivity of the composite at the initial stage of heat transfer
versus Fourier number – case (a): λm – thermal conductivity of the matrix,
λL = λef,L , λR = λef,R – see Eqs (49) and (50).

a)

b)

Figure 6: The eﬀective thermal conductivity (or the ratio of the eﬀective to matrix conductivities) versus time (Fourier number) for no phase transformation and
diﬀerent degree of dispersion of ﬁbre material for the case (a) of properties
combination.

ﬁber material the asymptotic value of λef was the same. Moreover, it was
observed that this asymptotic value is attained quicker for the higher degree
of dispersion of the matrix material.
It was then noticed that, irrespective of the diﬀerent degree of dispersion,
all eﬀective thermal conductivity values, after diﬀerent initial time follow
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a)

b)

Figure 7: The eﬀective thermal conductivity (or the ratio of the eﬀective to matrix conductivities) versus time (Fourier number) for no phase transformation and
diﬀerent degree of dispersion of ﬁbre material for the case (b) of properties
combination.

the same trend and attain the same dimensionless values of λef /λm for
the same Fourier number close to 1 – see Figs. 6b, 7b. This result was
obtained for diﬀerent thermal conductivities of composite constituents no
matter whether the volumetric speciﬁc heat were diﬀerent – case (a) or the
same – case (b).
The calculations were also carried out for the case (c) when the volumetric speciﬁc heats of composite constituents were diﬀerent but their thermal
conductivities the same. Then the eﬀective thermal conductivity, equal to
1 W/m K, was attained already at the very short times after the process
initialization not being aﬀected by the ﬁbre dispersion – see Fig. 8.
Nonisothermal phase change At the second series of calculations the
non-isothermal phase change was considered. The phase change was assumed to occur within 1 K around the temperature 295 K. It was also
assumed that the mass fraction of the solid phase is a linear function of
temperature and the latent heat of melting is Lm = 250 kJ/kg. The fraction of melted ﬁbre material is shown in Fig. 10.
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b)

Figure 8: The eﬀective thermal conductivity (or the ratio of the eﬀective to matrix conductivities) versus time (Fourier number) for no phase transformation and
diﬀerent degree of dispersion of ﬁbre material for the case (c) of properties
combination.

a)

b)

Figure 9: The eﬀective thermal conductivity (or the ratio of the eﬀective to matrix conductivities) versus time (Fourier number) for nonisothermal phase transformation and diﬀerent degree of dispersion of ﬁbre material for the case (a) of
properties combination.

The calculated eﬀective thermal conductivity was found to vary with time
but gradually tended to the constant asymptotic value – see Figs. 9a and
11a. The same behavior as for no phase change was found, i.e., the asymptotic values were attained earlier for the higher degree of the ﬁbre dispersion.
However oscillations in λef for low times were observed independent of the
case whether the volumetric speciﬁc heats of the composite constituents
were diﬀerent – case (a) or the same – case (b). These oscillations, with
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(a)

(b)

(c)

(d)

Figure 10: The melted ﬁbre material for the case of the nonisothermal phase change and
diﬀerent degree of dispersion (a) 8 ﬁbres (after t = 365 s), (b) 16 ﬁbres (after
t = 401 s), (c) 32 ﬁbres (after t = 726 s), (d) 64 ﬁbers (after t = 743 s).

decreasing amplitude were also seen for Fo < 102 when the dimensionless
values were utilized – see Figs. 9b and 11b. The dimensionless time for
which the asymptotic value of the eﬀective thermal conductivity was again
found for the Fourier number close to unity.

a)

b)

Figure 11: The eﬀective thermal conductivity (or the ratio of the eﬀective to matrix
conductivities) versus time (Fourier number) for non-isothermal phase transformation and diﬀerent degree of dispersion of ﬁbre material for the case (b)
of properties combination.

If the thermal conductivities of composite constituents were the same but
the volumetric speciﬁc heat diﬀered then, for the nonisothermal phase transformation, the asymptotic value of λef = 1 W/m2 K was attained for much
lower values of the Fourier number corresponding to 0.1. No oscillations in
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calculations were observed that were so characteristic for diﬀerent thermal
conductivities of constituents.
The isothermal phase change In the last series of calculations the
isothermal phase change was assumed with the melting temperature Tm =
295 K. The results of simulations for diﬀerent thermal conductivities and
speciﬁc heats of composite constituents are shown in Fig. 12. The results
are very similar to those obtained for the nonisothermal phase change with
the same, observable oscillations being damped for Fo ≥ 102 .

a)

b)

Figure 12: The eﬀective thermal conductivity (or the ratio of the eﬀective to matrix
conductivities) versus time (Fourier number) for the isothermal phase transformation and diﬀerent degree of dispersion of ﬁbre material for the case (a)
of properties combination.

5

Conclusions

It was shown that the microscopic temperature distribution in the heterogeneous medium, in which transient heat conduction with phase change is
present, can be retrieved from the macroscopic temperature determined at
the level where no material microstructure is visible. The method used to
do it is based on the solution of the independent problem, which allows to
ﬁnd the so-called “microstructure” functions φ, S. At the lowest level of approximation, corresponding to assumption of two scales (micro and macro)
separation these functions do not vary in time and depend only on the way
medium constituents are distributed and what are their thermal properties.
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An example of application of the method was presented for steady heat
ﬂow in a composite made from two constituents. The results were found to
compare well to the exact solution of the considered problem – see Fig. 3.
Subsequently, the range of application of such lowest approximation of the
method was studied. The theoretical considerations indicate that in this
case the eﬀective thermal conductivity should not depend on time. Therefore the variation of the eﬀective thermal conductivity with time was investigated. Transient heat conduction with the presence and lack of phase
transformation was analyzed in a ﬁbre-reinforced composite with heat ﬂow
perpendicular to ﬁbres. The ﬁbre material was diﬀerently dispersed in the
medium, i.e., the increasing number of ﬁbres was considered with the total
amount of ﬁbre material unchanged. The eﬀective thermal conductivity of
the composite was determined from numerical simulations using the method
corresponding to the steady state method of thermal conductivity measurement. It was found that if the long enough time of heat conduction process
is considered the eﬀective thermal conductivity attains constant, asymptotic
values in agreement with the two scale approximation discussed earlier. The
asymptotic values of λef were independent of the volumetric speciﬁc heats
of composite constituents, degree of ﬁbre material dispersion or whether
phase transformation was present or absent in the composite. Moreover,
the asymptotic, constant values of λef were attained for shorter times if
the degree of constituent dispersion was greater. If the nondimensional
time (Fourier number) based on the microdimension is introduced all the
thermal conductivity curves merge to the same line for higher Fo numbers
leading to asymptotic, constant value of the eﬀective thermal conductivity
value for Fo > 1. If the phase transformation is present oscillations in variation of λef /λm values with time, when the eﬀective thermal conductivity
tend to its asymptotic value, were observed. These oscillations were signiﬁcantly damped in time. Their origin seems to be of numerical nature.
The latter conclusion was derived from the observation that when the latent
heat of melting was decreased the oscillation had a lower amplitude.
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